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Normed division algebras

Famously, there are no algebras equipped with a product-compa ble

norm other then the realsR, the complex numbersC, the quaternions
H and the octonions O.

This classical result of Hurwitz is extremely generic. It has to do with

e.g. semisimple Lie algebras, certain Jordan algebras, Hopf fibra ons

or with compact connected Lie groups ac ng transi vely on a unit

sphere [Borel, Motgomery & Samelson]:

SO(n) = SO(Rn);
U(n), SU(n) ⊂ SO(Cn);

Sp(n), Sp(n)U(1), Sp(n)Sp(1) ⊂ SO(Hn);
G2 ⊂ SO(ImO); Spin(7) ⊂ SO(O); Spin(9) ⊂ SO(O2).

Further, this list (almost) agrees with classifica on of non-symmetric

holonomies [Berger, Simons]. Related to the concept of holonomy

and also of individual interest are the canonical invariant forms: ω
(Kähler), Ω (Kraines), φ (associa ve calibra on), Φ (Cayley calibra on)

and Ψ. They live on Cn, Hn, ImO, O and O2, are of degree 2, 4, 3, 4

and 8 and invariant under U(n), Sp(n)Sp(1), G2, Spin(7) and Spin(9).

A closer look at O (and H too)

The 8-dimensional algebra of octonions is just R8, with the standard

basis {1, e1, . . . , e7}, equipped with the involu on: 1 = 1, ei = −ei,
and the algebra product: 1 is the unit, e2

i = −1, eiej = −ejei for i 6= j,

and

y 1 2 3 4 5 6 7
2 3 4 5 6 7 1
4 5 6 7 1 2 3

y, standing for e1e2 = e4, e2e4 = e1, e4e1 = e2, etc.

The inner product is given by 〈u, v〉 = Re(uv), where Re(u) = 1
2(u+u).

One can check that the induced norm is product-compa ble indeed.

The subspace of imaginary octonions is ImO = {u ∈ O; Re(u) = 0}.
The 4-dimensional algebra of quaternions can be viewed as the sub-

algebra of O spanned by {1, e1, e2, e4}. Neither H nor O is commu-

ta ve. O is not even associa ve (!) but s ll at least alterna ve: any

subalgebra generated by two elements (in par cularH) is associa ve.

The Lie groups Spin(9) and Spin(7)

The Lie group Spin(9) is the subgroup of SO(16) generated by{(
Rr Ru

Ru −Rr

)
; r ∈ R, u ∈ O, r2 + |u|2 = 1

}
, where Ru(v) = vu.

Spin(7) is the stabilizer of (1, 0) in Spin(9). It is generated by

{diag(−Ru ◦ Lu, Lu);u ∈ ImO} , where Lu(v) = uv.

Octonion-valued forms

The real Kähler 2-form on Cn is usually given by ω = i
2
∑n

j=1 dzj ∧ dzj,
i.e. in terms of the complex coordinate 1-forms. In other words, it is

regarded as a (very special) element of the algebra C ⊗
∧•(Cn)∗.

In this manner we define the algebra of octonion-valued forms on a

vector space V as
∧•

O V
∗ := O ⊗

∧• V ∗. It is naturally equipped with

the involu on and the 'wedge' product uϕ ∧ vψ := (uv)ϕ ∧ ψ. For

instance, the octonionic coordinates dx, dy onO2 belong to
∧•

O(O2)∗.

The canonical Spin(9)-invariant 8-form Ψ

Over the decades, a variety of integral and algebraic formulas for

Ψ has been presented [Brown & Gray, Berger, Abe & Matsubara,

Castrillón L'opez et al., Parton & Piccinni]. We give a new explicit

formula in terms of octonion-valued forms. Let us denote

Ψ40 := ((dx ∧ dx) ∧ dx) ∧ dx,

Ψ13 := ((dx ∧ dy) ∧ dy) ∧ dy,

Ψ31 := ((dy ∧ dx) ∧ dx) ∧ dx,

Ψ04 := ((dy ∧ dy) ∧ dy) ∧ dy.

Theorem [JK]. The (octonion-valued) form

Ψ40∧Ψ40+4 Ψ31∧Ψ31−5
(
Ψ31 ∧ Ψ13 + Ψ13 ∧ Ψ31

)
+4 Ψ13∧Ψ13+Ψ04∧Ψ04

is a non-trivial real mul ple of the Spin(9)-invariant 8-form Ψ.

This and analogical expressions for Ω, φ and Φ can be found in [1].

Valuations on convex bodies

Let K denote the family of non-empty compact convex sets in Rn.

A func onal µ :K → C is called a valua on if

µ(K ∪ L) = µ(K) + µ(L) − µ(K ∩ L)
whenever K,L,K ∪ L ∈ K. The space of transla on-invariant and

con nuous (w.r.t. the Hausdorff metric) valua ons is denoted by Val.
Let G be a compact subgroup of SO(n) and let ValG denote the sub-

space of G-invariant elements in Val. Then
Theorem [Alesker]. dim ValG < ∞ if and only if G acts transi vely on

the unit sphere Sn−1.

ValG has been described exhaus vely for SO(n), U(n), SU(n),
Sp(2)Sp(1), G2 and Spin(7) [Hadwiger, Alesker, Bernig, Fu, Park,

Solanes et al.]. In the other cases, descrip on of ValG remains an

open problem. There is an extremely rich algebraic structure on ValG
[Alesker, Bernig, Fu et al.]. The first task, however, is to get a basis.

Spin(9)-invariant valuations

Consider the case G = Spin(9) ac ng on R16 ∼= O2. dim ValG = 143
[Bernig & Voide]. How to find a basis?

First, anyµ ∈ ValSpin(9) is smooth [Alesker], i.e. µ(·) = λ vol16(·)+
∫
nc(·) τ

for some λ ∈ C and a Spin(9)-invariant differen al 15-form τ on the

sphere bundle SO2 . This transforms the problem to the search for

appropriate invariant differen al forms.

However, there are more such forms than desired. In fact [Bernig,

Bröcker],
∫
nc(·) τ = 0 precisely when Dτ = 0 and π∗τ = 0. Here

π : SO2 → O2 is the projec on. To define the Rumin differen al Dτ ,
recall the canonical contact 1-form α on SO2: α(x,v)(w) := 〈v, dπ(w)〉
and that a form is called ver cal if it is a mul ple of α. Then there is

a unique ver cal 15-form ξ such that Dτ := d(τ + ξ) is ver cal.

Further, since Spin(9) acts transi vely on SO2, any invariant differ-

en al form is determined in a point, say (0, (1, 0)), i.e. by a Spin(7)-
invariant form on the tangent space T(0,(1,0))SO2 ∼= Rv⊕T ⊕T , where
T = ImO ⊕ O. A er factorizing the ver cal forms out (for they are

vanished by D), all what we need is [
∧15(T ⊕ T )∗]Spin(7).

Spin(7)-invariant forms

It turns out that this space is built of the same kind of 'building

blocks' as the canonical invariant 8-form above!

Theorem [JK, TW]. The algebra [
∧•(T ⊕ T )∗]Spin(7) is generated by

96 (real) elements of
∧•

O(T ⊕ T )∗. All the generators are composed

en rely of the octonionic coordinates θ1, θ2, ω1, ω2 on T ⊕ T .

In order to compute the Rumin differen al, one needs to know the

exterior deriva ve of the respec ve differen al forms of course.

Let us regard a Spin(9)-invariant differen al form on SO2 as the

formal expression of the corresponding Spin(7)-invariant alternat-
ing form on T ⊕ T in terms of θ1, θ2, ω1, ω2. Then

Theorem [JK, TW]. The exterior deriva ve of a Spin(9)-invariant dif-
feren al form on SO2 is obtained applying the anti-deriva on property

of d together with the following rules:

dθ1 = −ω1 ∧ θ1 − θ2 ∧ ω2,

dθ2 = θ1 ∧ ω2 − ω1 ∧ θ2 + θ2 ∧ ω1,

dω1 = −ω1 ∧ ω1 − ω2 ∧ ω2,

dω2 = ω2 ∧ ω1.
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