
Integral Geometry and Valuations

Gil Solanes

Serra Húnter Fellow
Departament de Matemàtiques
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Valuations

Valuations

Definition
ϕ : Kn → R is a valuation if

ϕ(A ∪ B) = ϕ(A) + ϕ(B)− ϕ(A ∩ B)

whenever A,B,A ∪ B ∈ Kn.
Val = {translation-invariant, continuous valuations}.

Proposition (McMullen)

Val =
n⊕

k=0

⊕
ε=±

Valεk

Valn = 〈vol〉, Val0 = 〈χ〉.
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Valuations

Examples

Given B ∈ Kn

volB(A) : = vol(A + B)

=
n∑

j=0

(
n
j

)
V (A[ j ] , B[ n − j ])

=

∫
Rn
χ(A ∩ (x − B))dx

Intrinsic volumes
Let Bn =unit ball, ωn = vol(Bn)

µj(A) : =
1

ωn−j

(
n
j

)
V (A[ j ] , Bn[ n − j ])

=

∫
N(A)

κj

for canonical κj ∈ Ωn−1(SRn).
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Valuations

Smooth valuations

Definition
A valuation ϕ ∈ Val is called smooth if

ϕ(A) =

∫
N(A)

ω + λvol

for some fixed translation-invariant form ω ∈ Ωn−1(SRn).

Denote
Val∞ :=

〈∫
N(·)

ω
〉
ω
⊕ 〈vol〉.
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Valuations
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Valuations

Crofton formulas

µi(A) =

∫
Gri

vol(πE (A))dE

=

∫
Gri

∫
E
χ(A ∩ (x + E⊥))dxdE

=

∫
Grn−i

χ(A ∩ F )dF

Here

dE(Gri) =

(
n
i

)
ωn

ωiωn−i
=:

[
n
i

]
Reproductive property[

i + j
i

]
µi+j =

∫
Grn−i

µj(πE (A))dE
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Valuations

Crofton valuations

Definition

Given a signed mesure m in Gri define Cr(m) ∈ Val+i by

Cr(m)(A) =

∫
Gri

vol(πE (A))dEm
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Valuations

Klain function

Theorem (Klain)
Each valuation ϕ ∈ Val+k is characterized by its
Klain function Klϕ : Grk → R

ϕ(A) = Klϕ(E)volk (A) ∀A ⊂ E ∈ Grk

Proposition

i) Kl(volB)i
(E⊥) = voln−i(πEB), E ∈ Grn−i , B = −B

ii) KlCr(m)(E) =

∫
Gri

cos(E ,F )dF m (cosine transform)

Corollary (Hadwiger)
ValSO(n) = 〈µ0, . . . , µn〉R
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Valuations

Kinematic formulas

Corollary
Kinematic formulas∫

SO(n)
χ(A ∩ gB)dg =

n∑
i=0

ciµi(A)µn−i(B)

More generally∫
SO(n)

µk (A ∩ gB)dg =
n∑

i=k

ci,kµi+k (A)µn−i(B)

Additive kinematic formulas:∫
SO(n)

µn−k (A + hB)dh =
n∑

i=k

ci,kµn−i−k (A)µi(B)

where ci =

[
n
i

]−1

, ci,k =

[
i + k

k

] [
n
i

]−1

.
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Valuations

Irreducibility theorem

Recall

Val =
n⊕

i=0

⊕
ε=±

Valεi

Theorem (Alesker)
Each component in McMullen’s decomposition is an irreducible
representation of GL(n,R).
i.e. Valεi has no closed proper GL(n,R)-invariant subspace.

Corollary

i) 〈volA〉A is dense in Val
ii) im(Cr) is dense in Val+

iii) Val∞ is dense in Val
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Valuations

Isotropic spaces

Suppose G ⊂ O(n) acts transitively on Sn−1. Then
i) ValG admits a finite basis ϕ1, . . . , ϕN (smooth)
ii) ∀ϕ ∈ ValG ∃ci,j such that∫

G
ϕ(A ∩ gB)dg =

N∑
i,j=1

ci,jϕi(A)ϕj(B)

These formulas are encoded by k : ValG → ValG⊗ValG.
iii) ∃a : ValG → ValG⊗ValG such that∫

G
ϕ(A + hB)dh = a(ϕ)(A,B)

iv) ValG is spanned by volGA := k(χ)(A) = a(vol)(A).

Classification of affine isotropic spaces:

SO(n),U(n),SU(n),Sp(n),Sp(n)U(1),Sp(n)Sp(1),G2,Spin(7),Spin(9)
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Valuations

Alesker product

Theorem (Alesker)

There exists a continuous commutative product Val∞×Val∞ → Val∞

such that

volA · volB(C) =

∫
Rn

∫
Rn
χ(C ∩ (x − A) ∩ (y − B))dxdy .

It fulfills:
i)

ϕ · volA =

∫
Rn
ϕ(· ∩ (x − A))dx .

ii) χ = 1.
iii) ϕ ∈ Vali , φ ∈ Valj =⇒ ϕ · φ ∈ Vali+j .
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Valuations

Example

µi · µj(A) = µi ·
∫

Grn−j

χ(A ∩ F )dF

=

∫
Grn−j

µi(A ∩ F )dF

=

[
i + j

j

]
µi+j(A)
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Valuations

Alesker-Poincaré pairing

Proposition

The pairing pd : Val∞×Val∞ → R

pd(ϕ, µ) = (ϕ · µ)n = lim
r→∞

ϕ · µ(rBn)

vol(rBn)

is a nondegenerate bilinear form. In particular the induced map

pd : ValG → ValG
∗

is an isomorphism.

Example: ϕ = Cr(m) ∈ Val+,∞i , φ ∈ Val∞n−i

pd(ϕ, φ) =

∫
Gri

Klφ(E⊥)dEm
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Valuations

Fundamental theorem

Theorem

Considering k(χ) ∈ ValG⊗ValG = Hom(ValG
∗
,ValG), and

pd ∈ Hom(ValG,ValG
∗
),

k(χ) = pd−1.

Proof.

Given A ∈ K consider A ∈ (ValG)∗. Given φ ∈ ValG

〈pd ◦ k(χ)(A), φ〉 = (φ · k(χ)(A))n

= lim
R→∞

1
vol(BR)

∫
G
φ(BR ∩ gA)dg

= φ(A)

= 〈A, φ〉.
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Valuations

Fourier transform

Proposition

There exists a map F : Val+,∞k → Val+,∞n−k , called Fourier transform,
such that

KlF(ϕ)(E) = Klϕ(E⊥)

Proof: Alesker-Bernstein: every ϕ ∈ Val∞,+k has a Crofton measure m.
Hence

Klϕ(E⊥) =

∫
Grk3F

cos(E⊥,F )dm

=

∫
Grn−k3F⊥

cos(E ,F⊥)d⊥∗m

where ⊥ : Grk → Grn−k .
Example: F (µi) = µn−i .
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Valuations

Convolution

Proposition (Bernig-Fu)

There exists a convolution ∗ : Val∞⊗Val∞ → Val∞ such that

volA ∗ volB = volA+B

It fulfills:
i) ϕ ∗ volA = ϕ(·+ A)
ii) φ ∗ vol = φ
iii) ϕ ∈ Valn−i , φ ∈ Valn−j =⇒ ϕ ∗ φ ∈ Valn−i−j .

Example: µn−i ∗ µn−j =

[
i + j

j

]
µn−i−j .

Indeed, V (A1, . . . ,An−k , ·) = (n−k)!
n!

dk

dt1···dtk

∣∣∣
ti=0

vol∑ ti Ai

yields

V (B[n − k ], ·) ∗ V (B[n − l], ·) =
k !l!

n!(k + l − n)!
V (B[n − k − l], ·)
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Valuations

Theorem (Bernig-Fu)
F(ϕ) · F(ψ) = F(ϕ ∗ ψ)

Proof. (Even case) Let ϕ = volA, ψ = volB with A,B symmetric.
Let (volB)i = Cr(mB,i). Then

(F(volA) · F(volB))n =
∑

i
(F volA)i · F((volB)i)

=
∑

i

∫
Grn−i

Kl(FvolA)i
(E⊥)dE⊥∗mB,i · vol

=
∑

i

∫
Gri

Kl(volA)n−i
(H⊥)dHmB,i · vol

=
∑

i

∫
Gri

voli(πHA)dHmB,i · vol

=
∑

i
(µB)i(A)vol = vol(A + B)vol

= (F volA+B)n

so degree n components agree. For lower degree components,
compare Klain functions and use (FvolA)|E = FvolπE A.
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Valuations

Corollary

a(Fφ) = (F ⊗ F )k(φ)

Proof.
From

pd ◦ (F ⊗ F ) = pd

one deduces
(F ⊗ F ) ◦ k(χ) = k(χ) = a(vol)

Therefore

a(Fφ) = (Fφ⊗ vol) ∗ a(vol)

= (Fφ⊗ Fχ) ∗ (F ⊗ F )k(χ)

= (F ⊗ F )((φ⊗ χ) · k(χ))

= (F ⊗ F )k(φ)
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Valuations

Minkowski spaces

Definition
Let (Rn, ‖ · ‖B) be a finite dimensional normed space with smooth
strictly convex unit ball B.
The Holmes-Thompson volume is

volHT
n (A) =

voln(B◦)
ωn

voln(A)

Theorem (Schneider-Wieacker, Álvarez-Fernandes, Bernig)

There exist µB
1 , . . . , µ

B
n ∈ Val+,∞ such that

i) µB
1 extends ‖ ‖B

ii) µB
i extends the i−dimensional Holmes-Thompson volume.

iii) µB
i · µ

B
j =

[
i + j

i

]
ωi+j
ωiωj

µB
i+j .
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Valuations

Proof.

If A ⊂ E⊥ for some E ∈ Grk , then

(volB◦)n−k (A) = voln−k (A)volk (πE (B◦))

= voln−k (A)volk ((E ∩ B)◦)

Put µB
k := ω−1

k (F volB◦)k . For C ⊂ E ∈ Grk

µB
k (C) = volk (C)

volk ((E ∩ B)◦)

ωk
= volHT

k (C).

In particular µB
1 extends ‖ · ‖B.

The µB
k are multiplicative just as the euclidean µk because

F(µB
i · µ

B
j ) = c(volB◦)i ∗ (volB◦)j = c(volB◦)n−i−j = c FµB

i+j
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Integral geometry of isotropic spaces

Orthogonal group

V = Rn,G = SO(n) (Blaschke - Santaló - Federer - Chern)

For i + j ≤ n

µi · µj = ci,jµi+j

µn−i ∗ µn−j = ci,jµn−i−j

In particular,

ValSO(n) =
R[t ]

(tn+1)
, t =

2
π
µ1
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Integral geometry of isotropic spaces

Unitary group

V = Cn,G = U(n) (Alesker,Fu,Bernig-Fu)

Theorem (Alesker)

As an algebra, ValU(n) has two generators:

t =
2
π
µ1

s =

∫
GrC1

vol2(πE )dE

Theorem (Fu)

ValU(n) =
R[t , s]

(fn+1(t , s), fn+2(t , s))
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Integral geometry of isotropic spaces

Monomials

t i · sj = t i
∫

Gr
C
n−j

χ(· ∩ F )dF

=

∫
Gr

C
n−j

t i(· ∩ F )dF

Its Fourier transform is

F (t i · sj) = F (t2n−i) ∗ F (sn−j)

= t2n−i ∗ sn−j

= t2n−i ∗
∫

GrCn−j

vol2j(πF (·))dF

=

∫
GrCn−j

t2n−i(πF (·))dF
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Integral geometry of isotropic spaces

Each ϕ ∈ ValU(n) is smooth;

i. e. ϕ =

∫
N(·)

ω + λ vol, ω ∈ Ω2n−1(SV )U(n)

The space ω ∈ Ω2n−1(SV )U(n) can be described using invariant theory
It is generated by (H.Park)

α, β, γ ∈ Ω1(SCn), dα,dβ,dγ, κ ∈ Ω2(SCn)

where

α(x ,v) = 〈dx , v〉
β(x ,v) = 〈dx , Jv〉
γ(x ,v) = 〈dv , Jv〉
κ(x ,v) = 〈dx , Jdx〉
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Integral geometry of isotropic spaces

Hermitian intrinsic volumes

Proposition (Bernig-Fu)

ValU(n) admits a basis

µk ,q, 0, k − n ≤ q ≤ k/2, 0 ≤ k ≤ 2n

such that

Klµk,q (Cq ⊕ Rk−2q) = 1

Klµk,q (Cr ⊕ Rk−2r ) = 0, r 6= q

These valuations are called hermitian intrinsic volumes. Their Fourier
transform is

F (µk ,q) = µ2n−k ,n−k+q
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Integral geometry of isotropic spaces

Proposition (Bernig-Fu)

t · µk ,q =
ωk+1

πωk
((k − 2q + 1)µk+1,q + 2(q + 1)µk+1,q+1).

Proof.

t · µk ,q = F (t2n−1 ∗ µ2n−k ,n−k+q)

and

t2n−1 ∗ ϕ(A) =
d
dr

∣∣∣∣
r=0

volrB1 ∗ ϕ(A)

=
d
dr

∣∣∣∣
r=0

ϕ(A + rB1)
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Integral geometry of isotropic spaces

Proposition (Abardia-Gallego-S.)

sj =
j!
πj

j∑
q=0

1
4j−q

(
2j − 2q

j − q

)
µ2j,q

Proof.

Apply convolution with d
dt voltA to both sides and check they agree ∀A.

RHS: Rumin operator.
LHS: let C ⊂ 〈v〉

d
dt

voltA ∗ s(C) =

∫
N(C)

hA · β ∧ dS(v⊥)
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Integral geometry of isotropic spaces

Proposition (Bernig-Fu)

µk ,q = pk ,q(s, t)

with explicit polynomials pk ,q ∈ R[s, t ].

ValU(n) =
R[s, t ]

(pn+1,0,pn+2,0)
.

This leads to explicit kinematic formulas.
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Valuations on manifolds

Valuations and curvature measures

Let Mn be a smooth manifold. A smooth valuation on M is a functional
µ : P(M)→ R of the form

µ(A) =

∫
N(A)

κ+

∫
A
ω, A ∈ P(M).

where
P(M) is some class of sufficiently nice compact subsets A ⊂ M
N(A) ⊂ SM is the normal cycle of A,
κ ∈ Ωn−1(SM), ω ∈ Ωn(M)

A curvature measure is

Φ(A,U) =

∫
N(A)∩π−1U

κ+

∫
U
ω, A ∈ P(M), U ⊂ M Borel.
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Valuations on manifolds

V(M) and C(M)

Let

V(M) = {µ valuation on M}
C(M) = {Φ curvature measure on M}

Canonical globalization map glob : C(M)→ V(M) given by

glob(Φ) = Φ(·,M).

V(M) is a commutative algebra with 1 = χ (Chern: χ ∈ V(M))
C(M) is a module over V(M).
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Valuations on manifolds

Kinematic formulas in isotropic spaces

Let Mn be a manifold, and G a group of isometries acting transitively
on SM.
Then dim(CG(M)) <∞.

Theorem (Fu’90)

Let Φ1, . . . ,Φm be a basis of CG(X ). Then∫
G

Φk (A ∩ gB,U ∩ gV )dg =
∑
i,j

ckijΦi(A,U)Φj(B,V )

for certain constants ckij .
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Valuations on manifolds

Isotropic spaces

Classification of isotropic spaces:

Affine isotropic spaces: (Rn,SO(n)), (Cn,U(n)), . . .

Rank one symmetric spaces:
Sn,Hn,CPn,CHn,HPn,HHn,OP2,OH2.
Exceptional spheres: (S6,G2), (S7,Spin(7)).

Howard’s transfer principle
Local kinematic formulas depend only on the isotropy group.
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Valuations on manifolds

Real space forms

M = Sn,G = SO(n + 1)

V(Sn)G =
R[t ]

(tn+1)

with t = µ1|M , or t = k(χ)(Sn−1).
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Valuations on manifolds

Complex space forms

M = CPn,G = Isom(M) ( Abardia-Gallego-S., Bernig-Fu-S. )

The algebra of invariant valuations V(CPn)G has two generators:

s = k(χ)(CPn−1) =

∫
G
χ(· ∩ gCPn−1)dg

t = i∗(µ1)

where i : CPn ↪→ RN is any isometric embedding (Weyl principle).
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Valuations on manifolds

Unitary curvature measures

Invariant curvature measures:

C(CPn)G ≡ C(Cn)U(n) ≡ 〈Bk ,q〉 ⊕ 〈Γk ,q〉

In Cn hermitian intrinsic volumes have non-unique localizations:

µk ,q = globCn (Bk ,q) = globCn (Γk ,q)

Hermitian intrinsic volumes in CPn
λ

µk ,q := globCPn (Bk ,q)
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Valuations on manifolds

Proposition

t =
∞∑

k ,q=0

∂k+qg(x , y)

∂xk∂yq

∣∣∣∣
(0,0)

µ2k+2q+1,q

with g(x , y) explicit.

Proposition

s · µk ,q = ak ,q µk+2,q + bk ,q µk+2,q+1

both in Cn and CPn with the same ak ,q,bk ,q.
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Valuations on manifolds

Algebra isomorphism

Theorem (Bernig-Fu-Solanes)

In CPn

µk ,q = (1− s)pk ,q(t
√

1− s, s).

Corollary

There exists an isomorphism of algebras I : ValU(n) → V(CPn) given
by I(s) = s, I(t) = t

√
1− s.
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