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Valuations

Valuations

Definition
¢: K" — R is a valuation if
(AU B) = (A) +¢(B) — (AN B)

whenever A,B,AU B € K".
Val = {translation-invariant, continuous valuations}.

Proposition (McMullen)

n
Val = H €p Vali

k=0 e==%

Val, = (vol),  Valy = (x).
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Valuations

Examples

Given B e K"
volg(A) : = vol(A+ B)

—Z() (ALj]. BLn—J])

= / X(AN(x — B))dx
Rn
Intrinsic volumes
Let B” =unit ball, w, = vol(B")
1 n , ,
ui(A) - = (1) V(AL B0 J))

Wn_j

N(A)

for canonical x; € Q"~1(SR").
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Valuations

Smooth valuations

Definition
A valuation ¢ € Val is called smooth if

A= [ W

for some fixed translation-invariant form w € Q"' (SR").

Denote

Val® = </N(.)w>w @ (vol).
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Valuations

Smooth valuations

Definition
A valuation ¢ € Val is called smooth if

w(A) = / w + Avol
N(A)

for some fixed translation-invariant form w € Q"' (SR").

Denote

Val® = </N(.)w>w @ (vol).
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Valuations

Crofton formulas
(A = [ vol(re(A)dE
fi
:/ /X(Am(x+EL))dxdE
GI’,‘ E

_ / (AN F)dF
Grn—i

dE(Grj) = <7> W,ZZ,,- - [ i ]

Reproductive property

Here

[ i } iy = [ i(me(A)dE

Fn—i
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Valuations

Crofton valuations

Definition
Given a signed mesure m in Gr; define Cr(m) € Val by

Cr(m)(A) = /G vol(me(A))dem

Gil Solanes (UAB) Integral Geometry and Valuations 5/11/2018

5/36



Klain function

Theorem (Klain)
Each valuation o € Val/ is characterized by its
Klain function Kl,: Grx — R

o(A) = Kl (E)volg(A) VA C E € Grg

Proposition
) Kloig),(ET) = volo_j(neB), ~ E€Gr,, B=-B
i) Klemy(E) = / cos(E, F)dem (cosine transform)

Gr;

Corollary (Hadwiger)
VaISO(n) = </’LOa oo 7/"”>R
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Valuations

Kinematic formulas

Corollary
Kinematic formulas

n
/X(A N gB)dg =3 cini(AYpn_i(B)
SO(n) i—0

More generally
n
/ k(AN gB)dg = Cikptisk(A)n—i(B)
SO(n) i—k
Additive kinematic formulas:

n
/ pin—k(A+ hB)dh =" ¢ kptn—i—k(A)ui(B)
SO(n) i—k
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Irreducibility theorem

Recall
n

Val = @ €p Val;

=0 e=+

Theorem (Alesker)

Each component in McMullen’s decomposition is an irreducible
representation of GL(n, R).

i.e. Val; has no closed proper GL(n, R)-invariant subspace.

Corollary
i) (vola)a is dense in Val
ii) im(Cr) is dense in Val™
i) Val> is dense in Val
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Valuations

Isotropic spaces

Suppose G C O(n) acts transitively on S"~'. Then
) Val® admits a finite basis 1, . . ., on (smooth)
ii) Vi € Val® 3¢;; such that

N
/G AANgB)dg = S ci0i(A)e(B)
i j=1

These formulas are encoded by k: Val® — Val®® Val®.
iii) Ja: Val® — Val®® Val® such that

/G H(A+ hB)dh = a()(A, B)

iv) Val® is spanned by vol§ := k(x)(A) = a(vol)(A).

SO(n), U(n), SU(n), Sp(n), Sp(n)U(1),Sp(n)Sp(1), Gz, Spin(7), Spin(9)
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Alesker product

Theorem (Alesker)

There exists a continuous commutative product Val* x Val* — Val*™
such that

vol - volg(C) = / / A(CN (x—A)N (y — B))dxdy.

It fulfills:
i)
p-volg = / o(-N(x — A))dx.
Rn
i) x=1.
iii) ¢ € Valj,¢ € Val; = ¢ - ¢ € Valy,.

Gil Solanes (UAB) Integral Geometry and Valuations 5/11/2018

10/36




Valuations

Example

X(AN F)dF

i - i (A) = i /

Grn,j

= /u,-(A N F)dF

Gl'n_/'

= [ ierj } pit(A)
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Valuations

Alesker-Poincaré pairing

Proposition
The pairing pd: Val* x Val* — R

pd(p, 1) = (9~ p)n = lim ‘m

is a nondegenerate bilinear form. In particular the induced map
pd: Val® — val®

is an isomorphism.

Example: ¢ = Cr(m) € Val"™, ¢ € Valy®;
pd(¢, ¢) = /G Kls(E-)dgm
fi
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Fundamental theorem

Theorem

Considering k(x) € Val® @ Val® = Hom(Val®", Val®), and
pd € Hom(Val®, val®),

k(x) =pd~".

Proof.

Given A € K consider A € (Val®)*. Given ¢ € Val®

{pd o k(x)(A); ¢) = (¢ k(X)(A))n

Rllnoo Vol / ¢(Br N gA)dg
o(A)
(A, 0).

[]
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Valuations

Fourier transform

Proposition

There exists a map F : Val,"> — Val'"%, called Fourier transform,
such that
Klg()(E) = KI,(E*)

Proof: Alesker-Bernstein: every ¢ € Valf”+ has a Crofton measure m.
Hence

KI (EL) = / cos(E*, F)am
GrgdF

= / cos(E, F)dL,m
Grn,kaFl
where L: Gry — Gro_g. O
Example: F(u;i) = pin_i-
Integral Geometry and Valuations 5/11/2018 14/36



Valuations

Convolution

Proposition (Bernig-Fu)
There exists a convolution x: Val®™ @ Val>* — Val* such that

vola * volg = volg, g

It fulfills:
i) pxvolg=p(-+ A)
i) ¢*vol=2¢
i) o € Valy_i, ¢ € Valp_j = ¢+ ¢ € Valp_i_j.

i+
Example: pin_j* pn—j = [ jj]un i

Indeed, V(As, ..., Ay k) = K dﬁdkdtk Vol ga
yields
kil
V(B[n—Kk],-) = V(B[n—1],") = AT V(B[n—k—1,")
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Valuations

Theorem (Bernig-Fu) F() - F($)) = F(p % )

Proof. (Even case) Let ¢ = vola, ¢ = volg with A, B symmetric.
Let (VOIB),' = Cr(mBJ). Then

(F(vola) - F(volg))n = Z;(F vola); - F((volg);)

Fn—i
= § :,/ Kl(volA)n_,(HJ‘)deBJ-.Vol
Gr,-

= Z/ vol;(myA)dympg; - vol
! Gr,-
= (18)i(A)vol = vol(A + B)vol

= (F V01A+B)n

so degree n components agree. For lower degree components,
compare Klain functions and use (Fvols)|g = Fvol,a.
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Valuations

Corollary
a(F¢) = (F ® F)k(¢)

Proof.
From
pdo (F® F) =pd
one deduces
(F® F)ok(x) = k(x) = a(vol)
Therefore

F¢ ® vol) x a(vol)

Fo® Fx) = (F® F)k(x)
F @ F)(¢®x) - k(x))
F ® F)k(9)

a(Fo)

Il
—~~ A~~~

[
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Valuations

Minkowski spaces

Definition
Let (R", || - ||g) be a finite dimensional normed space with smooth

strictly convex unit ball B.
The Holmes-Thompson volume is

B volp(B°)

voliT(A) ™

volp(A)

Theorem (Schneider-Wieacker, Alvarez-Fernandes, Bernig)

There exist 1.2, ..., uB € Val™> such that
) 42 extends || |5
ii) uf’ extends the i—dimensional Holmes-Thompson volume.

e B B_ i—"_j U_)l B
i) M,-‘u,-—[ i ]w,ﬂ,iﬂ-
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Valuations

Proof.
If Ac EL for some E € Gry, then

(volge ) n—k(A) = vol_x(A)volk(me(B°))
= vol,_x(A)volx((E N B)°)

Put p8 .= UJ71(FVOIBo)k. For C C E € Gir
k k

volk((E N B)°)

Wk

1B(C) = vol(C) = voll’T(C).

In particular uf extends | - ||
The uf are multiplicative just as the euclidean p, because

F(MIB : /LIB) = C(VOlBo),' * (VOlBo )/ = C(VOlBo)n_,'_j = CF,u,B_H
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Orthogonal group

V =R" G = SO(n) (Blaschke - Santal6 - Federer - Chern)
Fori+j<n
Hi - 1y = Cijlitj
Mn—i * fn—j = Cjjlhn—j—j

In particular,
R[] 2

so(n) _— ==
Val _(tn-H)’ t—7T,LL1
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Integral geometry of isotropic spaces

Unitary group

V =C", G =U(n) (Alesker,Fu,Bernig-Fu)
Theorem (Alesker)
As an algebra, ValY(") has two generators:

2
t=—p
s

S = / V012(7TE)dE
Grf

Theorem (Fu)
R[t, 5]

(fas1(t, 8), fora(t, 8)) )

Valv(m —
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Integral geometry of isotropic spaces

Monomials

t.d =t /?C x(- N F)dF

rnij

= /?C t'(-nF)dF

rn,j

Its Fourier transform is
F(t'- &) = F(£2") « F(s")
— t2n—i % Sn—j

iy, /G  olg(we())F

rn_j

_ 2n—i
- / (e ())aF
Gry_;
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Integral geometry of isotropic spaces

Each ¢ € ValY(" is smooth;

ie. o= / wHAvol, weQF(SV)Un)
N()

The space w € Q27~1(SV)U(" can be described using invariant theory
It is generated by (H.Park)

o, B,y € Q1(SCM),  da,dB, dvy,r € Q3(SC")

where
A(x,v) = <dX, V>
B(X,V) = <dX7 JV>
Y(x,v) = (dv,Jdv)
Kx,v) = <dX, JdX>
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Integral geometry of isotropic spaces

Hermitian intrinsic volumes
Proposition (Bernig-Fu)
ValY(") admits a basis
Ik,q 0,k—n<qg<k/2, 0<k<2n
such that

Kl ,(C9 & RF-29) = 1
Kl (C"eRF2) =0, r#gq

These valuations are called hermitian intrinsic volumes. Their Fourier
transform is

F(Mk,q) = M2n—k,n—k+q

v
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Integral geometry of isotropic spaces

Proposition (Bernig-Fu)

W41

t-pkg = ka((k =29 + 1) pks1,g +2(9 + 1) 1tk11,g+1)-

Proof.
t kg = F(l‘zni1 * M2nfk,nfk+q)
and
2n—1 d
t *x p(A) = — volsg, * p(A)
dr r=0
= A+ B
ar|,_, o( 1)
[
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Proposition (Abardia-Gallego-S.)

L .
P 1 [/2j—2¢q .
sj_7rj§:4j—q<j_q ajq

Proof.

Apply convolution with VoltA to both sides and check they agree VA.
RHS: Rumin operator.
LHS: let C C (v)

9 ol # 5(C) = / ha- B A dS(vE)
at N(C)
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Integral geometry of isotropic spaces

Proposition (Bernig-Fu)
Iik,g = Pk,q(S, )
with explicit polynomials py o € R[S, t].

R[s, {]

valbim — 7>
(Pn+1,0, Pnt2,0)

This leads to explicit kinematic formulas.
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Valuations on manifolds

Valuations and curvature measures

Let M be a smooth manifold. A smooth valuation on M is a functional
w: P(M) — R of the form

wu(A) = /N(A)H_‘_/Aw’ Ac P(M).

where
@ P(M) is some class of sufficiently nice compact subsets A c M
@ N(A) Cc SMis the normal cycle of A,
@ 1 € Q" (SM),w € Q"(M)

A curvature measure is

(A, U) = / , +/ w,  AeP(M), Uc MBorel.
N(A)Yr—1U U
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V(M) and C(M)

Let

V(M) = {p valuation on M}
C(M) = {® curvature measure on M}

Canonical globalization map glob: C(M) — V(M) given by
glob(®) = ¢(-, M).

V(M) is a commutative algebra with 1 = x (Chern: x € V(M))
C(M) is a module over V(M).
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Valuations on manifolds

Kinematic formulas in isotropic spaces

Let M" be a manifold, and G a group of isometries acting transitively
on SM.

Then dim(CG(M)) < oo.

Theorem (Fu’90)

Letdy, ..., &y, be a basis of C4(X). Then

/Gcbk(A NgB,UNgV)dg = c®i(A U)dy(B, V)
i.f

for certain constants cy;.
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Valuations on manifolds

Isotropic spaces

Classification of isotropic spaces:
@ Affine isotropic spaces: (R”,SO(n)), (C",U(n)),...
@ Rank one symmetric spaces:
S H" . CP",CH",HP",HH",OP? OH?.
@ Exceptional spheres: (S8, Gz), (S7, Spin(7)).

Howard’s transfer principle
Local kinematic formulas depend only on the isotropy group.
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Valuations on manifolds

Real space forms

M=8"G=SO(n+1)

méG _ R[]
VS = oy

with ¢ = puq|y, or t = k(x)(S" ).
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Valuations on manifolds

Complex space forms

M = CP", G = Isom(M) ( Abardia-Gallego-S., Bernig-Fu-S.)

The algebra of invariant valuations V(CP")€ has two generators:

s = k(x)(CP™ ) = /G x(-NgCP™")dg
t= i"(u1)

where i: CP" — RN is any isometric embedding (Weyl principle).
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Unitary curvature measures

Invariant curvature measures:

c(CPME =c(CY™ = (Byg) @ (Tkq)
In C" hermitian intrinsic volumes have non-unique localizations:

tik,q = globen(Bk q) = globen(Mk )

Hermitian intrinsic volumes in CP{

tk,q := globcpn(Bk,q)
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Valuations on manifolds

Proposition

= 9 Tag(x y)’
t= Z T e Hok+2q+1,q
Koo XU oo

with g(x, y) explicit.

Proposition

S lik,qg = 8k,q Ik+2,g T Dk, Ik+2,g+1
both in C" and CP" with the same ay g, by q-

Gil Solanes (UAB) Integral Geometry and Valuations 5/11/2018 35/36



Algebra isomorphism

Theorem (Bernig-Fu-Solanes)
InCP"
kg = (1 — 8)pk,g(tv1 —s,s).

Corollary

There exists an isomorphism of algebras | - ValY(") — V(CP") given

by I(s) = s, I(t) = tv/1 —s.
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