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Felix Klein’s Erlangen Program 1872

m Geometry is the study of invariants of transformation groups.

i

3

Groups acting on R”

@ Group of rigid motions SO(n): x+— Ux+ b
where U is an orthogonal n x n matrix and b € R"
@ Special linear group SL(n): x +— Ax
where A is an n x n matrix of determinant 1

@ Special affine group SL(n): x — Ax+ b
where A is an n x n matrix of determinant 1 and be R"

@ General linear group GL(n): x +— Ax
where A is an n x n matrix of determinant # 0
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Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”
o (A, +) abelian semigroup
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Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”
o (A, +) abelian semigroup
@ Z:K" — Ais a valuation <—

ZIKy+Z(L)=Z(Ku L) + Z(K n L)
for all K, Le K" such that K u Le K".
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ZIK)+Z(L) =Z(Ku L) + Z(K n L)

for all K, Le K" such that K u Le K".
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Dehn 1902, Sydler 1965, Jessen & Thorup 1978, ...
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Valuations on Convex Bodies

@ K" space of convex bodies (compact convex sets) in R”
o (A, +) abelian semigroup
@ Z:K" — Ais a valuation <—

Z(K)+Z(L) = Z(K U L) + Z(K n L)

for all K, Le K" such that K u Le K".
@ Hilbert's Third Problem:
Dehn 1902, Sydler 1965, Jessen & Thorup 1978, ...
@ Classification of valuations:
Blaschke 1937, Hadwiger 1949, Schneider 1971,
Groemer 1972, McMullen 1977, Betke & Kneser 1985,
Klain 1995, Ludwig 1999, Reitzner 1999, Alesker 1999,
Hug 2005, Bernig 2006, Fu 2006, Haberl 2006, Schuster 2006,
Tsang 2010, Wannerer 2010, Abardia 2011, Parapatits 2011,
Faifman 2013, Solanes 2014, Wang 2014, Boroczky 2015,
Li 2015, Ma 2016, Colesanti 2017, Mussnig 2017, ...
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Affine Classification Theorems

@ Py convex polytopes P in R" with 0 € P
e 7 :P§ — R simple & Z(P) =0 for dim(P) < n
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Affine Classification Theorems

@ Py convex polytopes P in R" with 0 € P
e Z:P§ — R simple < Z(P) =0 for dim(P) < n
@ 7 : Py — R simple and SL(n) invariant
= 3(:[0,00] > R: Z(T) = ¢(Va(T))
for every n-simplex T € Pg

AN

° Z(T) = Z(T1) + Z(T2) = C(x +y) = C((x) + ((y) forx,y =0
= ( solution of the Cauchy functional equation (Cauchy function)
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Affine Classification Theorems

Theorem (L. & Reitzner: DCG 2017)

Z:P§ — R is an SL(n) invariant valuation
=
3 «, ¢§ € R and Cauchy function ¢ : [0,0) — R:

Z(P) = co Vo(P) + ¢§ (—1)*™ " Lyeting p(0) + ¢ (Va(P))
for every P € Py.
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Affine Classification Theorems

Theorem (L. & Reitzner: DCG 2017)

Z:P§ — R is an SL(n) invariant valuation
=

3 «, ¢ € R and Cauchy function ¢ : [0,0) — R:

Z(P) = co Vo(P) + ¢4 (=1)™ P Lyetint p(0) + ¢(Va(P))
for every P € Py.

Corollary (Blaschke 1937)

Z : P" — R is a continuous, SL(n) and translation invariant valuation

—
3 Co, Ch € R:

Z(P) = Vo(P) + Cp Vn(P)
for every P € P".
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Affine Classification Theorems

Theorem (L.: Abh. Hamb. 1999; L. & Reitzner: AiM 1999)

Z : K" — R is an upper semicontinuous, SL(n) and translation invariant
valuation

—
1 c,chneR,a=0:

Z(K) = co Vo(K) + cn Vi(K) + aQ(K)

for every K € K".

o Q(K) = §,, (K, x)m1 =idx affine surface area of K
@ x(K,-) Gaussian curvature
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GL(n) and SL(n) invariant Valuations on K,

° ICE’O) convex bodies in R” with 0 € int K
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GL(n) and SL(n) invariant Valuations on K,

° K?o) convex bodies in R” with 0 € int K

@ Wo(K) Euler characteristic

e V,(K) volume

o K={xeR":x-y<1foryeK} polar bodyofKelCE’o)
Vh(K*) volume of K*

(KuL)*=K*nL* (KnL)*=K*uL*

for K,Le ICZ’O) such that K u L e ICE’O)
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Affine Classification Theorems

Theorem (L. & Reitzner: Annals 2010)
Z: ICE’O) — R is an upper semicontinuous and GL(n) invariant valuation

—
1 ceR,a=0:

Z(K) = Cy V()(K) + aQ,,(K)
for every K € Kgo).

IQ()(K,X)% duk(x) centro-affine surface area of K

o (k) = |

oK

> ko(K,x) = (K, x)(uk(x) - x) (7Y
» dpk(x) = (uk(x) - x) dx cone measure on 0K
» uk(x) outer unit normal vector
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Affine classification theorems

Theorem (Haberl & Parapatits: JAMS 2014, AJM 2016)

Z: P(yy = R is a measurable and SL(n) invariant valuation

—
dcp,c1, 0 € R:

Z(P) = (o Vo(P) aF @il Vn(P) + G Vn(P*)
for every P € 77(’6).

e P(5y convex polytopes in R” with 0 € int P
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Affine Classification Theorems

Theorem (Haberl & Parapatits; L. & Reitzner: Annals 2007)

Z: ICE’O) — R s an upper semicontinuous and SL(n) invariant valuation
=
Jco, c1,2 € R and ¢ € Conc[0,00):

Z(K) = co Vo(K) + a1 Va(K) + 2 Va(K™) + . ((ro(K,x)) dpk (x)

for every K € ’%)-

Definition

¢ € Conc|0,®) < (:]0,00) — [0,00) concave, l!irrbg‘(t) = lim o) =0

t—oo t
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Translation invariant Valuations

Theorem (Homogeneous decomposition)

Z : K" — Y is a continuous, translation invariant valuation
—

1 Zo,...,7Z,: K" — Y continuous, translation invariant valuations s.t.
Z; is i-homogeneous and

Z=Z0+ +Zn

@ Y real topological vector space
@ Hadwiger 1945; McMullen, Meier, Spiegel 1977

@ Canonical simplex decomposition
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Translation invariant Valuations

Theorem (Polynomiality)

Z : K" — Y continuous, m-homogeneous, translation invariant valuation
—

3 continuous, symmetric map Z : (K")™ — Y translation invariant and
Minkowski additive in each variable s.t.

$ m i i 5 g
Z(thl-l-"--i-tkKk): Z (il. _)tll...tka(Kl [/1],...,Kk[rk])

. A ooll
i1ye.eyi =0 k

for Ki,...,Kr € K" and t1,...,t, = 0.

=
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Translation invariant Valuations

Theorem (Polynomiality)

Z : K" — Y continuous, m-homogeneous, translation invariant valuation
—

3 continuous, symmetric map Z : (K")™ — Y translation invariant and

Minkowski additive in each variable s.t.

m m i i 2 .
Z(tl K1+"-+tk Kk) = Z (il ik) tll...tkk Z(Kl [11],...,Kk [rk])
yeig=0 N1

for Ki,...,Kr € K" and t1,...,t, = 0.

Corollary

7 : K" — Y continuous, 1-homogeneous, translation invariant valuation
=
7 is Minkowski additive
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Translation invariant Valuations

Theorem (Klain & Schneider)

Z : K" — R is a continuous, translation invariant, simple valuation
—
Jc e R and an odd continuous function g : S"1 — R s.t.

Z(K) = c Vo(K) + Jgn—l g(u)dS(K, u)

for K e K".

@ S(K,:) surface area measure of K
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Translation invariant Valuations

Theorem (Hadwiger 1957)

Z : P" — R is an n-homogeneous, translation invariant valuation
—

dceRs.t. Z(P) = c V,(P) for P € P".
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Translation invariant Valuations

Theorem (Hadwiger 1957)

Z : P" — R is an n-homogeneous, translation invariant valuation
—
dceRs.t. Z(P) = c V,(P) for P € P".

Theorem (McMullen 1980)

Z : K" — R is a continuous, (n — 1)-homogeneous, translation invariant
valuation —

If e C(S™Y) st Z(K) = (s F(u) dS(K, u) for K € K.
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Translation invariant Valuations

Theorem (Hadwiger 1957)

Z : P" — R is an n-homogeneous, translation invariant valuation
—
dceRs.t. Z(P) = c V,(P) for P € P".

Theorem (McMullen 1980)

Z : K" — R is a continuous, (n — 1)-homogeneous, translation invariant
valuation —

If e C(S™Y) st Z(K) = (s F(u) dS(K, u) for K € K.

Theorem (Alesker 2001)

The linear span of the valuations K — V(K[m], Cpi1,..., C,) with
Cnt1,...,Cnh € K" is dense in the space of continuous, m-homogeneous,
translation invariant valuations on KC".
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Rigid motion invariant Valuations

Theorem (Hadwiger 1952)

Z : K" — R is a continuous, rigid motion invariant valuation
—
3 Co,Cl,...,CnER.'

Z(K) = co Vo(K) + -+« + ¢ Vio(K)

for every K € K".

e W(K),...,Vh(K) intrinsic volumes of K

oV, n-dimensional volume
@ 2V, 1(K)=S(K) surface area
o W(K) Euler characteristic
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Intrinsic Volumes

@ K convex body with smooth boundary

()

nvp_j

vi(k) = 1

nvp—j

J si(K,u)du = f H,—i—1(K,x) dx
Sn—1 bd K

@ Steiner formula

@ Crofton Formula

VK = | KB du(E) = | Vi(KIE) du(E)
Graff (n,i) Gr(n,i)
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Outline of Hadwiger’s Proof

@ Reduction to simple valuations:

Theorem (Hadwiger)

Zs : K" — R is a continuous, rigid motion invariant, simple valuation
—
JceR: Zs(K) = c Vp(K) for every K € K".

» Induction on dimension
» Restrict Z to convex bodies in a hyperplane H:

Z(K) = co Vo(K) + -+ + cn1 Vi 1(K)

> Rigid motion invariance = ¢y, ..., c,_1 do not depend on H
» Zs: K" > R, defined as Zg =Z —co Vo — - -+ — ¢p_1 V1, is simple.
» Theorem = Zs=cV,=>Z=cqWV+ --+c, V,
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Outline of Hadwiger’s Proof

Theorem (Hadwiger)

Z : K" — R is a continuous, rigid motion invariant, simple valuation
—
dceR: Z(K) = c Vh(K) for every K € K".

@ Orthogonal cylinders: Ky < E; and K> ElL =E withR"=FE x E
» K1 — Z(K1 + K>) continuous, rigid motion invariant valuation on Ey

Z(Ky + K2) = 31 ci(Ka) Vi(Ky)

Z(Ky + Ka) = XiLo D €5 Vi(Ky) Vi(K2)

» Z simple = Z(s[0,1]% x t[0,1]"%) = skt"~k Z([0, 1]")

© (s (0,11 x £[0,1]77) = T Xg ¢ ' Vi([0.11%) ¢/ V(0,117

s (K1 + K2) = Vi(K) Vaek(K2) = Va(Ki + Ka)

» Y = Z —V, vanishes on orthogonal cylinders

o Claim: Y=0
Monika Ludwig (TU Wien) Valuations on Convex Bodies 18 / 30
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Outline of Hadwiger’s Proof

Lemma (Hadwiger)

Z :P" — R is a valuation that vanishes on orthogonal cylinders =
7 is Minkowski additive

@ Canonical simplex decomposition = Z is 1-homogeneous

@ Polynomiality = Z is Minkowski additive
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Outline of Hadwiger’s Proof

Theorem (Hadwiger)

Y : K" — R is continuous, rigid motion invariant, Minkowski additve
—

3 ceR: Y(K)=cVi(K) forevery K e K".

® fso(m WK, ) di) = A5

o 3 rotation means L (K + - + ImmK) — KL gn

Vi(B")
° Y(K) = &5 Va(K)

Corollary

Y : K" — R is continuous, rigid motion invariant, Minkowski additive,
simple = Y vanishes identically.
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Application: Principal Kinematic Formula
For K,Le K",

Vi Vp—i

LseSO(n) V(K nolydo=), (") va Vi(K) V(L)

@ d¢ normalized Haar measure on SO(n)

@ Blaschke, Chern, Hadwiger, Santalé, ...
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Application: Principal Kinematic Formula
For K,Le K",

Vi Vp—i

LGSO(n) V(K nolydo=), () va Vi(K) Vi-i(L)

@ d¢ normalized Haar measure on SO(n)

@ Blaschke, Chern, Hadwiger, Santalé, ...

o Proof. Z(K,L) = J Vo(K A 6L) do
$€50(n)

), Z(-,L) continuous valuations on K"
-),Z(-, L) rigid motion invariant

- 7(K,
- 7(K,

)
)
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Application: Principal Kinematic Formula
For K,Le K",

VI Vn—i

Knol)d Vi(K) Vp—i(L
J ey VoK 2 00100 = ST T V(K Vi)

@ d¢ normalized Haar measure on SO(n)

@ Blaschke, Chern, Hadwiger, Santalé, ...
@ Proof. Z(K,L) = J Vo(K n¢L)do
@

€S0(n)

» Z(K,-),Z(-,L) continuous valuations on K"
» Z(K,-),Z(-,L) rigid motion invariant

)= ¢ Vi(K) Vi(L)

Determine c;; by choosing suitable bodies! o
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Abstract Hadwiger Theorem

Theorem (Alesker: Annals 1999, GAFA 2007)

For a compact subgroup G of SO(n), the space of continuous,
G and translation invariant valuations on K" is finite dimensional

—
G acts transitively on S" L.

Monika Ludwig (TU Wien)
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Abstract Hadwiger Theorem

Theorem (Alesker: Annals 1999, GAFA 2007)

For a compact subgroup G of SO(n), the space of continuous,

G and translation invariant valuations on K" is finite dimensional.
—

G acts transitively on S" L.

@ U(n) invariance (Alesker: GAFA 2001, Fu: JDG 2006,
Bernig & Fu: Annals 2001, Wannerer: JDG 2014, AiM 2014)
@ SU(n) invariance (Bernig: GAFA 2009)
@ Gy, Spin(7), Spin(9) invariance
(Bernig: Israel J. 2011, Bernig & Voide: Israel J. 2016)
@ Sp(n), Sp(n)-U(1), Sp(n)-Sp(1) invariance
(Bernig & Solanes: JFA 2014, PLMS 2017)
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Hadwiger’s Theorem

@ Proof by Klain 1995
@ Questions:
» Classification of continuous, rigid motion invariant valuations
Z:P"—R?
» Classification of continuous, rotation invariant valuations on S"~1?

» Classification of rigid motion invariant and upper semicontinuous
valuations on K"
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Hadwiger’s Theorem

@ Proof by Klain 1995
@ Questions:
» Classification of continuous, rigid motion invariant valuations
Z:P"—R?
» Classification of continuous, rotation invariant valuations on S"~1?

» Classification of rigid motion invariant and upper semicontinuous
valuations on K"

Theorem (L.: Geom. Dedicata 2000)

7 : K2 = R is an upper semicontinuous, rigid motion invariant valuation
—
3 ¢, c1, € R and ¢ € Conc|0, )

Z(K) = cg Vo(K) + a1 Vi(K) + 2 Va(K) + | ((K(K, X)) dx
oK
for every K € K?.
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Classification of Vector Valuations

Theorem (Hadwiger & Schneider 1971)

Z : K" — R" s a rotation equivariant, translation covariant, continuous
valuation

—
E|C1,...,Cn+1ERZ

Z(K) = cami(K) + - -+ + cpy1 mpia(K)
for every K € K"

@ 7Z: K" — R" is rotation equivariant <
Z(oK) = ¢ Z(K) VY ¢ €SO(n), Ke K"
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Classification of Vector Valuations

Theorem (Hadwiger & Schneider 1971)

Z : K" — R" s a rotation equivariant, translation covariant, continuous
valuation

—
dc,...,chr1 €R:

Z(K) = cami(K) + - -+ + cpy1 mpia(K)
for every K € K"

@ 7Z: K" — R" is rotation equivariant <
Z(oK) = ¢ Z(K) VY ¢ €SO(n), Ke K"

@ Z: K" — R" is translation covariant <= 37°: K" > R:
Z(K +x) = Z(K) + Z°(K)x ¥V xeR", Ke k"
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Classification of Vector Valuations

Theorem (Hadwiger & Schneider 1971)

Z : K" — R" s a rotation equivariant, translation covariant, continuous
valuation

—
dc,...,chr1 €R:

Z(K) = cami(K) + - -+ + cpy1 mpia(K)
for every K € K"

@ 7Z: K" — R" is rotation equivariant <
Z(oK) = ¢Z(K) Y ¢ €SO(n), Ke K"

@ Z: K" — R" is translation covariant <= 3Z°: K" - R
Z(K +x) = Z(K) + Z°(K)x ¥V xeR", Ke k"

@ Moment vector: myy1(K) = §, x dx
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Classification of Vector Valuations

Theorem (Hadwiger & Schneider 1971)

Z : K" — R" s a rotation equivariant, translation covariant, continuous
valuation

—
dc,...,chr1 €R:

Z(K) = cami(K) + - -+ + cpy1 mpia(K)
for every K € K"

@ Z: K" — R" is rotation equivariant <
Z(oK) = ¢Z(K) Y ¢ €SO(n), Ke K"

@ Z: K" — R" is translation covariant <= 3Z°: K" - R
Z(K +x) = Z(K) + Z°(K)x ¥V xeR", Ke k"

@ Moment vector: myy1(K) = §, x dx

@ Steiner formula: m,1(K +tB") = Zjill t" 1y, mi(K)
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Classification of Vector Valuations

Theorem (Dan Ma & Chunna Zeng: TAMS 2017+)

Z : P2 — R? is an SL(2) equivariant valuation
—
3 c1, 2 € R and a Cauchy function ¢ : [0,00) — R:

Z(P) = c1m3(P) + c2 e(P) + h¢(P)
for every P € Pg.
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Classification of Vector Valuations

Theorem (Dan Ma & Chunna Zeng: TAMS 2017+)

Z : P2 — R? is an SL(2) equivariant valuation
—
3 c1, 2 € R and a Cauchy function ¢ : [0,00) — R:

Z(P) = c1m3(P) + c2 e(P) + h¢(P)
for every P € Pg.

o P=1[0,v1,...,v]

e ¢e(P) = v1—|—v,

Z C det Vl 17Vl

det(vj_1, vj) (vi = vi-1)
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Classification of Vector Valuations

Theorem (Dan Ma & Chunna Zeng: TAMS 2017+)

Z : P2 — R? is an SL(2) equivariant valuation
—
3 c1, 2 € R and a Cauchy function ¢ : [0,00) — R:

Z(P) = c1m3(P) + c2 e(P) + h¢(P)
for every P € Pg.

Theorem (Dan Ma & Chunna Zeng: TAMS 2017+)

For n = 3, the map 7 : P§ — R" is an SL(n) equivariant valuation
—
dcekR:

Z(P) = cmu11(P)
for every P € Pg.
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Classification of Vector Valuations

Theorem (L. 2002; Haberl & Parapatits AJM 2016)

Z: 77(20) — R? s a measurable and SL(n) equivariant valuation

—
= C1,C € R:

Z(P) = c1 m3(P) + c2 prjo m3(P¥)
for every P € 77(20).

Theorem (L. 2002; Haberl & Parapatits: AJM 2016)
Forn=3,amapZ: Py — R"isan SL(n) equivariant and measurable
valuation

—
JdceRR:

Z(P) = c my11(P)
for every P € 73(’6).
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Classification of Matrix Valuations

Theorem (L.: DMJ 2003; Haberl & Parapatits: AiM 2017)

Forn=>3,7: Py, — T? is an SL(n) equivariant and measurable valuation

=

E|C1, Co € R:
Z(P) = ct M*(P) + ¢, T?(P*)

for every P € 77(’6).

e T? symmetric n x n matrices

o M?(P) = J X ® x dx moment matrix of P
P

° TZ(K):J u® udSy(K, u)
Sn—1

LYZ tensor of K (Lutwak, Yang, Zhang: DMJ 2000)

o S(K,) = % S(K,-) L2 surface area measure
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Classification of Tensor Valuations

Theorem (Haberl & Parapatits: AiM 2017)

Forn>3,7: 73(’6) — T" is an SL(n) equivariant and measurable valuation
—

Z(P)=caM"(P)+ aT(P*)

E|C1, Cy € R:

for every P € 73(’6).

@ T" symmetric tensors of rank r in R"

o M"(K) =J x®---®xdx=f x"dx moment tensor of rank r
K K

o T'(K) = Lnl u" dS. (K, u)

o S.(K,")=h"S(K,) L surface area measure
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Classification of Tensor Valuations

Theorem (Alesker: Annals 1999, Geom. Dedicata 1999)

Z : K" — T" is a rotation equivariant, translation covariant, continuous
valuation

—

7 is a linear combination of Q' CDZ”S with2l + m+ s =r.

0 O (K) = Spnygn1 X™uf dOy(K, (x,u)) Minkowski tensors
(McMullen 1997)
@ O4(K,-) k-th generalized curvature measure, @ metric tensor

@ Steiner formula:

r n ntropp1-j r—k,k
MK +£B7) = DT e v 3, O (K)
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Thank you!
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