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KT, Khuri, Treiman, PR119(1960), S-wave 7 final-state
interactions (FSI) in K — 37

Three-particle scattering from two-particle scattering

Further studied and advances in the 60’s:

Gribov, V.V.Anisovich,Anselm Sov.Phys.JETP 15(1962)
Bonnevay, Nuovo Cimento 30(1963)

Bronzan,Kacser, PR132(1963)

Kacser, PR132(1963)

Bronzan, PR134(1964)

Aitchison, PR133(1963), PR137(1965)
R.Pasquier,J.Y.Pasquier, PR170(1968), PR177(1969)
Neveu, Scherk, Ann.Phys.57(1970)

The KT approach was “brought to life” in the half 90's:

S- and P-waves two-body FSI

n decays + Chiral Perturbation Theory (ChPT) 4 new
experiments:

A.V.Anisovich, Phys.Atom.Nucl.58(1995)
Anisovich, Leutwyler, PLB375(1996)
Kambor,Wiesendanger,Wyler, NPB465(1996)
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Very-recent studies: Introduction/Comm

to the
P.Guo et al. [JPAC], PLB771(2017) Khuri-Treiman
Gasser, Rusetsky, EPJC78(2018) Formalism

Colangelo et al., EPJC78(2018) (n — 3m)
J. A. OLLER

|
Albaladejo,Moussallam, EPJC77(2017) (AM) s
ar (1 =0,1,2), g7 (I =1), KK (I =0,1)

f0(500), p(770), 7(980): Final-State Interactions (FSI)

ap(980): Initial-State Interactions (HSI)

Application of KT to other processes:
Niecknig,Kubis, Consistent Dalitz plot analysis of Cabibbo-favored
Dt — Krrnt decays, PLB780(2018)

Isken,Kubis,Schneider,Stoffer, Dispersion relations for ' — nm,

EPJC77(2017)

Albaladejo et al. [JPAC Collaboration], Khuri-Treiman equations for mm
scattering, EPJC78(2018)
ETC
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n — 37 is an interesting history B
ormaram
(n — 3m)
Fe=T(n—7nta 7% F,=T(n—31°); r="r,/T. A o
Introduction
Th. Calculation Experiment
Current Algebra Strong disagreement
Weinberg(1975),Raby(1976) e =200+ 30 eV
fc>~65eV, r=15 r=1.34+0.05
Unitarization Roiesnel, Truong, NPB(1981) Better agreement

c=200¢eV,r=1.6
NLO ChPT Gasser, Leutwyler, NPB(1985)
e =160+50eV, r=1.43 Changed

PDG: T, =300+ 4 eV
r =1.44 4 0.04 Colangelo et al ,[EPJC(2018)  r = 1.426 £ 0.026(Fit)
r=1.454+0.02 AM r =1.48 4+ 0.05(Ave)
Q=21.7+02
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Parameters of the Dalitz plot for n — 37° B

Khuri-Treiman
Formalism

Th. Calculation PDG (=3m
NLO ChPT, Gasser, Leutwyler,NPB(1985) Jh &0 @i
a=+40.0142 o= —0.0318(15)(Ave) Iitieclichar
Colangelo et al.(2018) o = —00307(17)
AM(2017) a = —0.0337(12)

Tension between the two KT calculations

NNLO ChPT Bijnens,Ghorbani, JHEP(2007) is not predictive
**too many LECs**

Final(Initial)-State Interactions FSI(HSI) are essential

Precise experimental results on Dalitz plot data

KLOE-2 (2016),BESIII(2015),WASA, TAPS,A2
Collaborations

n —n' decays from unitarized U(3) ChPT
Borasoy,Nissler, NPA716(2003),EPJA26(2005)



2. General Remarks L

Khuri-Treiman
Formalism
(n — 3m)

e 1) — 37 violates isospin: G-parity of nis +1, mis —1 A O

e QCD isospin-breaking operator | =1, t3 =0

mu—md(quT) 10 u —m”_md(uTu—de)
2 0 -1 d ) 2

e 0(e?) QED contributions, /| =1, t3 =0

0 52 €2 /1 0
22 _ 2( 79 _2 .. ¢
7e e<0;> 18H+6<0—1>

QED corrections are further suppressed &(e?m,, 4)

General Remarks

They vanish in the SU(2) chiral limit Sutherland,PL23(1966)
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Terms of order €>m,, and e?>my are calculated in Formalism

(n — 3m)
Ditsche,Kubis,MeiBner, EPJC60(2009) T A\ O
0(e*(my — my)) is only suppression by a factor
~ (mu - md)/(mu + md) ~ 1/3 General Remarks

The QED corrections remain very small (< %) through the
1n — 37 physical region

Pure QCD: amplitudes are proportional to Q2

Long standing aim: Accurate determination of

2 52
Q2= M= e Mt
2 2 - 2
my — mg

Object of desire: T(n — 77 7°) = A(s, t, v)



Mandelstam variables: 7(py) = 7 (p1)7= (p2)7°(ps)

s =(po — p3)*> = (p1 + p2)°

t =(po — p1)*> = (p2 + p3)?

u=(po — p2)> = (p1 + p3)°
s+t+u=3s=m,+3m2

Crossing Symmetry

T(n—nn m)=A(s,t,u)
T(nn® = 7tn™) = A(s, t, u)
T(nn~ — 7= 7°) = A(t, s, u)
T(nat — at7%) = A(u, t, 5)
T(n — 7°7%7%) = B(s, t, u)

Bose-Einstein symmetry: B(s, t,u) = B(t,s,u) = B(u, t,s)
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Physical regions: Mandelstam plane (s, t — u)

06 =/~ — won )3
\, ,
0.4 - N, %/ 4
\'\. S =54 &//,/
.\ 7
o 0.2 F "\, ’.’
O 0bmmmme. @ ...... t=w._._.
s ) — ntn w0
| RN
moo2p .
-/. m\'\
/ .
g\ s N
—-0.1 0 0.1 02 03 04 05 06
s (GeV?)

1
t, u(s,cosf) = 5 <m727 +3m2 — s + cos 9\/)\(s)a(s)>
t — u=cosfO\/A(s)o(s)
_ 2 4 4 2 2 2 2
A(s) = s° + my + my — 2s(mz + my) — 2mymy,
4m72r

S

o(s)=1-
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[ ] S—Channel: mmr = mn -+ mgq Introduction/Comm
to the
Khuri-Treiman

ODs_channel = {(5, =+ )\(S)U(S)) , §> m%w} F;rialéirrrg

J. A. OLLER
e Decay-channel

8Ddecayfchannel — { s, 4+ / (m'f] 2 Z 4n,772r }General Remarks

e u-channel

8Dufchannel = {(; <m727 + 3m72r —Uu+v )\(U)O’(U))
,%(m727—1—3m —3ut /A ) ,u>m }

1
t, s(u,cosf,) = 5 (mf, +3m2 —u+ cos@u\/)\(u)a(u)) ,

e t-channel
Mirror image across the s axis of the u-channel physical
region



3. Isospin decomposition of nm — 7w

Wigner-Eckart theorem is applied: the isospin-breaking
transition operator has [ =1, t3 =0

C(lll’\mloml)(I’HT\/Hl)

1 1

Anm® = ntn7) = A(s, t,u) = — §M2(s, t,u)+ gMo(s7 t,u)
1 1

Alnrt — 7t 7% = A(u, t,5) = + §M2(s, t,u)+ 5/\//1(5, t,u)

1 1
Alpr~ — 7%77) = A(t, s, u) = + 5/\/12(5, t,u) — 5/\/11(5, t,u)

MO(s, t, u) = 3A(s, t,u) + A(u, t,s) + A(t, s, u)
M(s,t,u) = A(u, t,s) — A(t, s, u)
(u,t,s) + A(t, s, u)

Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 3m)

J. A. OLLER

Isospin
decomposition



4. Partial-wave expansion e S =

Khuri-Treiman
Isospin decomposition of nr® — 7070 Fatal
n — 31

J. A. OLLER

2 1
B(s, t,u) = §M2(s, t,u) + gl\/lo(s, t,u)
= A(s,t,u) + A(t,s,u) + A(u, t, s)
Partial-wave amplitudes (PWA)  M()(s)

Partial-wave
expansion

11
M) (s) % / d cos 0P (cos O)M! (s, t, u)
-1

t, u(s,cosf)

o0

(s, t,u) Z (2J 4 1)Py(cos O) M) (s)
J=0

p, 0102, i) =V4 ZYg ) [¢m, o102, ar1an)



Convergence of the Legendre expansion,
cosf € C
Lehman ellipse Lehmann, Nuovo CimentoX(1958)

The region of convergence of a Legendre polynomial
expansion is the largest ellipse which can be drawn with +1
as foci so that the function represented is analytic within the
ellipse

1 .
éo/’: {222(U+U_1), u:pele7 p>1 ,06[—71',7[']}

If p =1 the ellipse collapses to a line
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Real variable: cosf € [—1,1]

Let f(z) be a finite piecewise continuous function,
z € [-1,1]. It can be expanded in series of Legendre
polynomials such that

Sn(z) = ckPu(2)
k=0

1
Ci = (f + %) /_1 f(Z)Pk(Z)dZ

e It converges in the L2 sense (minimal mean square error).

n—oo

1
. 2 o
lim /1 dz|f(z) — Sp(2)|° =0

Not necessarily everywhere

e Gibbs phenomenon in the discontinuity points Sommerfeld,

Partial Differential Equations in Physics, AP, 1949
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In the singular points it is a poor numerical expansion Introduction/Comm

to the

Take a t-channel w7 branch-point singularity Khuri-Treiman
_ _ Formalism
Simpler kinematics: KK — KK t = —2p?(1 — cos ) (n = 3m)
J. A. OLLER
" 1
5T e (2 ) e )
2m2
z0(s) = _—
ole) s/4— m} s
LHC
20(s)| <1: s €] - oo, 4(mk —m2)]  LHCand RHC
" overlap each other

ool Left-Hand Cut
(LHC)
: Right-Hand Cut

(RHC) s > 4m?2



f/(Zo) =00
Sn(z0) =Y ckPi(z0)
k=0

Numerical enhancements affecting error estimates

=1
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This can be improved by using the KT formalism



. . . Introduction/Comm:
5. Lehmann ellipse in 7w — 77 Scattering e
Khuri-Treiman
VIOLATION OF THE LEHMANN ELLIPSE et
A comment on Albaladejo et al. [JPAC], EPJC78(2018) J. A. OLLER
Equal mass case m% — m2

FrOM THE t-, u-CHANNEL DYNAMICS, THERE IS A
TENSION BETWEEN

@ cos 6, value to reproduce s
Lehmann-ellipse in
s(t,cos0;) = —2(t/4 — m?)(1 — cos ;) e
s/2

ZECOSgtzl‘f‘m

@ Lehmann ellipse: limited by the s-channel branch-point
at threshold (s = 4m?2)

2
2m;

=1+ —"—
20(t) +t/4—m72r



GIVEN Introdl.éztitc;;/Comm‘
Khuri-Treiman
t =—2(s/4—m2)(1 —cosf) , x=cosh e
J. A. OLLER
1 S
zZ = —
(s/4 — m2)(1— x)+2m2
1 4mfr
Z)— 1 —
0 (5/4 - m72r)(1 - X) + 2m72r Lehmann-ellipse in

T —> T

IF z2 — 22 < 0 — NO ANALYTICAL EXTRAPOLATION IN
cos; CAN REACH z

It is outside Lehmann ellipse (|zp| > 1) or the latter does not
exist (|zo] < 1)



(s—s1)(s— =)

[5(1 — )+ a4m2(1+ %)

22— 2= -8(1+x)

_ 2l —X 42
S = —4m7rT < sy =4m;
X

IT IS NEGATIVE FOR S > 51

THE PWA EXPANSION IN THE t- AND u-CHANNELS
CANNOT BE APPLIED IN THE s-CHANNEL , § > 4m,2r

Forx =1

s
z:l—ﬁ—>2<—1 fo1rs>4m72r

™

zo=—1
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For s > m2 and x # 1

4
z—1—— < -3
1—x
16m?
1o O
s(1—x)

For studying the dynamics along the s-channel Albaladejo et al
[JPAC] EPJCT78(2018) proposes

emax
A(s, t,u) = Z(Zﬂ 4 1)Py(cos 0s)p“as(s)
=0

Lrnax

+ 2(26 + 1)Py(cos 0; ) p* ay(t)
=0
Lmax

+ Z(% + 1)Py(cosb,)p*as(u)
=0
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Lehmann-ellipse in
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Box and more involved contributions

)
=
=
<
=
[}
L
2m p o
I
T
\:/
s—channel !
e |
m

\:r/

ITs LEGENDRE EXPANSION IS MEANINGLESS s > 16m2

For x =1 For s > m2 and x # 1
s
15 4
z=1 2m?2 z—=-1———< -3
4 1-x
z< —7 for s > 16m? 64m2
_ zn—o1——""-—>1—¢
2y = —7 s(1—x)
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This is also used for large s within DRs

THIS IS not THE SAME AS NEGLECTING THE 47, ETC,
INTERMEDIATE CONTRIBUTIONS IN DISPERSION
RELATIONS

Here the KT approach drives to an undermined framework
for DRs & e.g. Roy Equations

Introduction/Comm
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Lehmann-ellipse in
T — T



Separation of the RHC from LHC L

Khuri-Treiman

Complex mass Mandelstam,PRL4(1960) Formalism
(n — 37)
m%( — m%( + ie J. A. OLLER

t= —2(% — my% —i€)(1 — cos#) — t + 2ie(1 — cos b))

It acquires a positive imaginary part [physical Riemann sheet
in the t—channel] St > 0 for t > 4m2 and this is the adequate way to

approach a unitarity cut (perpendicularly from above) Leimenmfies i
) R 2 T — T
Ft=0<t=0 LHC implies t > 4mz
2
2 8m7r .
s=4my — —— + ie
K™ (1 —cosb)

One can give meaning by analytical continuation to
integrals along the LHC

[e’e] +1 1 )
dt’ dcos)———— t' > 4m
[lmi 1 t(s,cosf)—t' = T 7



6. Elastic unitarity

T-TH=iT'T

Taking this relation between states of well-define / and J
(PWA) gives unitarity in partial waves

J(5)1/2
8
= 2ie= ") in S ()M (s + ic)

2iSMM) (s +je) = i M) (s + ie) T (s + ie)*

6(M) are the w7 phase shifts in PWA (1J)
This is not true for m, > 3m,

Introduction/Comm
to the
Khuri-Treiman
Formalism
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J. A. OLLER

Elastic unitarity



One has to proceed by analytical continuation in the external  introduction/Comm

. to th
mass I77727 ~+ 1€ Mandelstam(1959) Khurio-Treeiman
F li
To separate the LHC and RHC (s 3m)
J. A. OLLER

%"/ "l &EW e siludion is mhe ixavobetﬂ. Jmﬁ;(sc‘w\.ib-ﬁ' 1«3
Mw,«ft% B eshanng] mod e dwnnel

Anemabpus Dovechsld Y
Elastic unitarity
AMI(s) = M (s +ie) = M) (s —ie) | s> am?

AMH)(s) = 2ie= O sin s (s)MI(s + ie) .



7. Kurhi-Treiman formalism i
Khuri-Treiman
n— ntr 7%, s <+ t symmetry (Charge conjugation) Formali
n T

J. A. OLLER

A(s, t, u) = Mo(s) — %MQ(S) + Ma(t) + Mo(u)
+ (s = u)Ma(t) + (s — )M (u)

@ s-channel: J=0,/=0, 2
@ t-,uchannels: J=0,/1=2;J=1,1=1
@ cosfy xs—u , cosf,xs—t

@ This is valid in ChPT up to &(p®). [D-wave
intermediate states, &(p®)] Bijnens,Ghorbani JHEP(2007)

KT Formalism

O(p8) in ChPT — o

s—channel
_—
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. . (7 3
A(nm® = 7tn7) = A(s, t, v) :§I\/I0(s, t,u) — §M2(s, t,u) I A Ot
+ +.0 1 Lo
Alnrt = n77°) = A(u, t,s) =+ §M (s, t,u)+§M (s,t,u)
1 1
Alpr~ — 7%77) = A(t,s,u) = + 5/\/12(5, t,u) — 5/\/11(5, t,u)
Sum of the s-, t-,u-channel amplitudes
1 A 1 A
gM()(S) - gMQ(S) KT Formalism
1 . 1 A
+5 H(t) + 5(5 — u)Ma(t)
1. 1 .
+§M2(u) - E(t — s)Mi(u)



Introduction/Comm

0
n — 37 to the

Khuri-Treim
Formalism
1 (n — 3m)
B(S, t) U) = 5 [Mn(s) + Mn(t) + Mn(u)] J. A. OLLER
Mp(s) = Mo(s) + 4Mx(s) .
M°(s,t,u) = 3Mo(s) RHC
+ Mo(t) + Mo(u) + 1?0 [Ma(t) + Ma(u)]  crossed cuts
+2(s — u)My(t) +2(s — t)My(u) crossed cuts
KT Formalism

M (s, t,u) = 2(u — t)M(s)
+(u— s)Mi(£) — (£ — s)Ma(u) + Mo(u) — Mo(t) + g[/\/lz(t) ~ My(u)]
M?(s, t,u) = 2Ma(s)

+ %[Mz(t) + Mz(u)] + Mo(t) + Mo(u) — (s — u)My(t) — (s=t)My(u)



To isolate the s-dependence one projects in PWA " <™

Khuri-Treiman

+1 Formalism
) = [ | aemle(s2) o
M(s) = 3[Mo(s) + Mo(s)]
ML (s) = —%/@[Ml(s) L Kh(s)]
M?(s) = 2[Ma(s) + M]
Wo(s) = §<M0> + %w@ +2(s — so)<M1>§/€<I\/I1> ot Fomaton

Unitarity relations

S

AM,(s) = 2ie= 0" sin 5(0) [Mi(s) + Mi(s)]



DRS for. the M/ (S) Introdiztﬁr;/Comm‘

Khuri-Treiman

. 52 [e’e} AMQ(S/) Formalism
MO(S) = g + Bos + */ ds' ————~ 71 , by = 9
4m2 (5/)2(5/ - S) J. A. OLLER

2 [e’e] /
s AMsy(s
)= 2 [ DI
T Jame  (8')%(s' =)
A(s, t, u) grows at most linearly in all directions s, t, u — oo
MO,2(5) — 5, /\/71(5) —— const. Anisovich,Leutwyler(1996)
S—00 5—00

Reshuffling invariance: My(0) =0 , KT Formalism
My(s) — My(s) + a1, My(0) =0,
May(s) = Ma(s) + ax + bps M;(0) =0

Mo(s) = Mo(s) + ao + bos

4
ag = 7532 -+ 350(21 — b1)

5
by = —3a1 + §b2



Rewrite the unitarity relation Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 3m)

Mi(s + ic) = M;(s — ic)e 2i5" +2/I\/I( )e’d sinsM) | s> am?

7 J. A. OLLER

Divide by the Omnés function Q(”)(s)

Mi(s+ie) _ Mi(s—ie) I_M;(s) sin (M) .
Q(IJ)(5+ i€) B Q(/J)(S_ ic) \Q(’J)(s)| y S = HMg

o9 1J
Q(JI)(S) = exp [5/ dslié( )(SI) ] KT Formalism
4

T Jamz (8 —5)s

no oo N sin 5()
Mi(s) = (s) [P (s) + jr/ 1w '_:/5\)(5)6( =9

m>n-—1



HOW tO fiX Pl(m)(S)? |ntrod|.égti31ne/comm‘

Khuri-Treiman

Matching with NLO ChPT oS5

Mo 2(s) up to O(s?) — Poa(s) = oy + Bis + s, 6 param. T A one
Mi(s) up to O(s) — Pi(s) = ay + Bys, 2 param.

8 — 3 = 5 parameters in total

O(p*) A(s, t, u) by expanding M;(s) up to &(s*+//=2))

u=3sg—s—t

s, t, s2, t2, st and independent term

KT Formalism

Only 4 equations

Asymptotic behavior of Q(V)(s) | =2, J = 0: Exotic channel
lim QU)(s) — s ()/7 39 (00) = 0 — QPI(s) — s°
e P{Y(s) = 0 — 4 parameters
I=J=0,1; QW)(s) - s!

It is enough (M) (c0) — 7



Omnes solution L

Khuri-Treiman
Formalism
(n — 3m)

P(P)(S) (IJ) J. A. OLLER
F(s) = QT)(S)Q (s)

P(P)(s) and Q(9)(s) are polynomials of degree p and g

Asymptotic behavior s —

F(s) — sPa-0"(e0)/m
S—00

Changes in the parameters—changes in 6(”)(c0) KT Formalism
Stability of the results— p — g — ¢(00) /7 = fixed

Introduced in Oller, A Brief Introduction to Dispersion Relations, with
modern applications, SpringerBriefs in Physics, Springer, 2019

Controversy: The scalar radius, scalar form factor of the
Oller,Roca, PLB651(2007); Yndurdin, PLB612,578(2004,5); Leutwyler et al,
NPB343(1990),603(2001),PLB125(1983)
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KT Integral Equations e

Khuri-Treiman

Formalism
A~ (n — 37)
- 2 1 cin 5(00)( o/
_ () 2,5 1 Mo(s')sin0(s") ;4 ouuen
Mo(s) = Q% (s) |0 + Bos + o5~ + - d 0000 (5) (s 2(s/ — s)]J A. O

My(s) = QM (s

~—

(st S < My (s )sm511)(5)
| H/ % N )

rs2 [ M sin 0(20) (s
Ms(s) :Q(zo)(s) ?/ ds |Q(2(2J(( ))|(5/)2(s’(—)s)}

M;(s) are calculated at NLO ChPT

KT Formalism

_ 4 _ _ _ _

to = p(0) + 5 M2 (0) + 3o | ¥5(0) — Wy (0)| + 93 5
5 _ _

fo = WI5(0) + 3M1(0) — 3 M5(0) — 9so; — Q0 (0)ayq

B = M;(0) — #(0) + M

1. 4 _ QLo"qQ
o = 2 0) - 70(0) + Haag - E— (O

/
5 3 a0 — 20 (0)fo
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B84 (5) — 1 /OO ds/ I\,/\II(S/) sin (S(IJ)(S/) E:;rialés:)
) =5 fome & 0O (1) (52 20(s — ) oo

Iterative Method for solving the IEs
Input:

o 6t (s) = Q)(s)
@ NLO ChPT — subtraction constants
G = {OZO, BO? Yo, Bl}

KT Formalism

0y M (s)g =0 — g U M) (5)g — MU (s);
1. M (s); = ¢ U M(s); — MI)(s),

20a M (s)y = o U MI)(s)y — MH(s),

etc

AM < 10 iterations; numerical uncertainty ~ 107°



Another strategy: Fit n — 77 70

AM(2017), Colangelo et al.(2018)
Take advantage of the accurate experimental determination
by KLOE-2(2016), BESIII(2015), of

‘ As, t,u) |?

A(Sr, th tr)

all over the Dalitz plot

Ss=t-=u =5

This allows to fit 3 of the 4 free parameters
ay is fixed by the matching with NLO ChPT
The others are fitted

Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 3m)

J. A. OLLER

KT Formalism



8. Coupled-channel case

Developed by (AM)

| =1 J=0, nr-KK initial-state interactions (HSI)
|=J=0, 1, mm, KK FSI

| =2,J=0 7w FSI

At the end AM employes elastic | = J =1 FSI (77r)

| give here a much more compact notation

e EXPLICIT ACCOUNT OF THE S-WAVE a9(980) (/ =1)
AND f5(980) (/ = 0) RESONANCES IN HSI,FSI

@ These resonances couple strongly with the KK channels

o The threshold of 5 is not so far (m, + my)?

Introduction/Comm
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Formalism
(n — 3m)

J. A. OLLER

Coupled-channel
case



(1, J) [ HSI FSi

(1,0) | nm(1), KK(2) B

(0,0) (1), KK(2)

(2.0) (1)

(1,1) | mn(1) (1), KK(2)
Unitarity

ST =3 g T TS

@ Keeping first-order isospin-breaking effects

e Ts (STrONG) and Ty (ISOSPIN-BREAKING)

o Mixing ap(980) — £,(980): Different masses of K* and
KO

1 |qn| 1), s 4(1 1 1J
STWE =2 sz | Tom(s) TWA(S) + TWn(s) T30 (6)
h

+ 010 Tom(s) Tkl Tos)
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J. A. OLLER

Coupled-channel
case
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0 0 Formalism
Yk = 01/2(5) 01/2(5) ) (TP(S) — 5/4 _ m% . (n — 3m)
0 1671'\[ J. A. OLLER

Separation between RHC-LHC

2 : 2 -
mn+/e mK+/e

Ti.a(s)= M (s) + K187 (s)

1J qn (J 1J 1 Saosuepled-channel
AM'E’ )_28’%\}< Sﬁ)1 (s)” [M( )(S+/5)+I\/I( (s )]

+ MG (s — ie) + M5 (s)] TE(s))

+ 010 TE(S) Tkl22 To g




Isolating the RHC and LHC effects Introducion) Comm

Khuri-Treiman

Formalism
J (n — 3m)
/4,‘] X(U)(S) = @(IJ)(S)M(IJ)(S) .@él )(S)T J. A. OLLER

I _
.9((01)(5) ! ARE HOLOMORHPIC SOLUTIONS OF THE
MUSKHELISHVILI-OMNES PROBLEM

Coupled-channel generalization of the single-channel Q(¥)(s)

(1) ()
S(s) =T +2iTg7(s)p(s) SH)(s) = e2i61(s)

-1 _ (U 1) [ +\—1
.@( )(S) — S( )(S)'@( )(5 ) Q(U)(S) — e2i5(lj)(s)Q(IJ)(5)* Coupled-channel
2 (s)* = 20 (5)s()(s) 1 1

_ e2;5<’J>(s)
QW) (s) — QU)(s)

T(s)=D7Y(s)N — N = D(s)T(s)
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Integral Equations e

Khuri-Treiman
Formalism
(n — 3m)

/‘iJAX(U)(S) = —A [@(U)(S)/\;’(U)(S)f/élj)(S)T:| J. A. OLLER

+ 61070 (s)* T (5)* T, TEO(5)2{0(5)T .

M(”)(s) — ) @(u)(s)q {P(U)(s) 4 52—Jf(u)(s)} @é“)(s)_l T

1 [ AXM)(s")
1
I )(5) :71'[1 dsl(s/)z—J(S/ )

mz

Coupled-channel

Polynomial | Matrix | Degree case
P00)(s) (2,2) | 2nd _
P(ll)(s) (1,1) | Ist, Bis 16 subtraction
P(20)(S) (1 2) Pﬁo) —0 constants
P9 2nd




2 (s)~1 = QN (s) and 2(29)(s5)~1 = Q(20)(s)
2(0)(s)=1, 9(19)(s)~1 vanish as 1/s. AM uses
Moussallam et a/,EPJC14(2000);EPJC70(2010);EPJC75(2015)

Chiral Expansion of M(M) /k(s)7 in powers of s

A(s, t, u) is matched at NLO ChPT

AM approximates /\Aﬂ,.(QU)(s) = /\Aﬂéll.J)(s) =0

MI.(2U), Mg.J) are calculated without LHC

I\/Ii(zu)(s), l\/lélu)(s) are matched with LO ChPT (1st
degree polynomials in s)

11 20
MP0) = ME0) =0

Mﬁo) (s) o const.
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Coupled-channel
case



The numerical procedure is analogous to the BT

. Khuri-Treliman
elastic KT case e

(n — 3m)

J. A. OLLER

@ The numerical solution is done by iteration

@ The subtraction constants fixed by matching with ChPT

@ One can also fit the Dalitz plot data on nn — 7t7 70

n— atan® oph Single-ch. Coupled-ch. KLOE BESIII

a —1.328 —1.156 —1.142 —1.095(4) —1.128(15)

b 0.429 0.200 0.172 0.145(6) 0.153(17)

d 0.090 0.095 0.097 0.081(7) 0.085(16)

f 0.017 0.109 0.122 0.141(10) 0.173(28) ConpliaiEmie
g ~0.081 —0.088 ~0.089 —0.044(16) - .

n = 107070 PDG

o +0.0142 —0.0268 —0.0319 —0.0318(15)

B ~0.0007 ~0.0046 ~0.0056 -

Dalitz plot parameters. Table from AM(2017)
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Crystal Ball@aBNL (2001)
SND (2001)
WASA@CELSIUS (2007)
WASAGCOSY (2008)
Crystal BallaMAMI-B (2009)
Crystal BallaMAMI-C (2009)
KLOE (2010)

BESIII (2015)

PDG average

Kambor et al. (1996)

Bijnens & Gasser (2002)

Bijnens & Ghorbani (2007)
Schneider et al. (2011)

Kampf et al. (2011)

JPAC (2016)

Albaladejo & Moussallam (2017)

this work

L

Figure: o parameter for 7 — 37°. Table from Colangelo et al.

EPJC78(2018)
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case



9. Lehmann ellipse and separation of RHC-LHC
inn — 37

Y3 =4m2, X3 = (m, £ m;)?
51,2 = %(m% —m3), my(my + my)
The branch-point singularities: ty = ¥.2, %2
_ 2tg —3sp + s
— k(s)
|z| > 1forse[X3,%2] and s # s12
BUT FOR s = s1» THEN z = %1

No Lehmann ellipse at s1»

Many Legendre polynomials would be needed around s; »
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Lehmann ellipse
and separation of
RHC-LHC in

n — 3w



GIVEN THE SYMMETRY IN THE MANDELSTAM VARIABLES  'Meduction/Comm
— THE SAME FOR t, U = 512 biasi et
(n — 3m)
THE PATHOLOGY EXTENDS TO Vs € [¥3,%2]
0’ J. A. OLLER

t
4mm?
22

s

1.2 1.4 1.6 1.8 2.0 22 4mm

Figure: Physical region of  — 3m in the s, t plane
Lehmann ellipse
and separation of
RHC-LHC in

By taking m727 + ie the Lehmann ellipse is restored n — 37

We come back to the poor convergence of the Legendre
series: E.g. V1 —x = V1+e—x




Separation RHC-LHC, complex mass squared ey

Khuri-Treiman
Formalism
i

J. A. OLLER
1+~2

t,u=(m +ic—s)

s=v+ie, VG[O,mfI]

Physical m,
t, f%(m + ie 4 3m? —sicosO\/—)

A(s) = A(s, m} + ie, m?)

t,u= % m727+3m fs:tz[\/()(sfzz_)(szi)

4 2o(s) B ET ) Asmy )

Lehmann ellipse

45— 22)(s - 22) T
n — 3w
; 2 2 L
1 my m, S)ol(s)2
+§‘<1+z( j ) ”) , T<s<3?

\/(s -¥2)(s—22)



Imaginary part of t, u AT
Khuri-Treiman
Formalism
ij / AN 2 J(UAHO.’W)
\ >« s<s . A. OLLER
—( = 2
{ E-(s _\L 2
Z=-1 Z=s)
t.(a
Z=-1
l /1" Sg <S4 ==
! Z= 4l
l. 14—(5’ +
100 o @l Pordd

% Lngmimtﬁe% .

= (mf] —m2)/2

Lehmann ellipse

@ Analytical extrapolation is possible, e.g SR 7
\/(s —32)(s —£2) (2nd RS of three-momentum) o

@ Avoid branch-point singularity at s = s
Anomalous Threshold



. Introduction/Comm:
Imaginary part of t, u e
Khuri-Treiman
Formalism
(n — 3m)

o%t>0for220becausem%—m3r>z2_

St is minimum for z = —1

J. A. OLLER

°
@ It only vanishes for s, < s < y2
°

Vanishing of the imaginary part at z,(s):

\/(5—22_)(5—22_)
(m?7 —m2—5s)\/1—4m2/s ’

0 3t<0,ze[~1,z.(s)] for s, <s < ¥2 — Crossing
Of RHC Wlth LHC Lehmann ellipse
and separation of

@ Analytical extrapolation is possible, e.g e
\/(s —%2)(s —¥2) (2nd RS of three-momentum) o

@ Avoid branch-point singularity at s = s

zi(s) =7F




e W@lﬂ& B B=FBe= L0e5-#R)

Aoy
v
X
~- -
; /": \—w—, %

]

4

&l ;)

2, éﬂ?_w)b
“%/OQW o Jungg Prveahdld

gy, -N= Aoy - > v

$ilga

Threshdld

Axi

Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 3m)

J. A. OLLER

Lehmann ellipse
and separation of
RHC-LHC in

n — 3w



Calculation of PWAs

1 [ AM,(t
M(t) = —= / dt’il()/ + subtractions
4

T Jame  t(s,z)—t
+1
L(t’7s):1/ L, t'>4m? |
2 )4 t(s,z) -t

t(s, z) is calculated with m? + ie

ﬁiﬁ%m’ﬁdn Covitunzs .
@
1) T2 43¢5 ﬂ’?/"/ '

L{£9) - a’f___=
2yt bt
ey

ﬂ/) z&‘(% S. z /t-\—{gzw

ESIRTIES)

-
i
—F

| )
fuy I b1

t (s t (=)

R

Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 3m)

J. A. OLLER

Lehmann ellipse
and separation of
RHC-LHC in

n — 3w



Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 37)

J. A. OLLER

) S« -.L-_A'm'f,—'iqnﬁ,

.
¥ wy-Snires AN woe vvona lng fyzr

LY, 9. m[ Lnﬁ—\\_’[') An[i';tj] Aﬂ, ol cases
1055 , W el I
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10. Summary

We have reviewed some aspects of the KT formalism

We have motivated it from considerations from the Lehmann
ellipse

We have made a criticism on it
We have developed a compact notation for the
coupled-channel case

@ Final-, Initial-state interactions

@ Two-body unitarity

@ Three-body scattering

Lehmann ellipse

Overlap between right- and left-hand cuts

@ Anomalous threshold

Introduction/Comm
to the
Khuri-Treiman
Formalism
(n — 3m)

J. A. OLLER

Summary
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