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M.A. Cañadas-Pinedo
M. Gutiérrez
A. Romero



ii

Organizing Committee
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PREFACE

This volume contains the proceedings of the meeting “Geometŕıa de
Lorentz, Benalmádena 2001” on Lorentzian Geometry and its Appli-
cation to Mathematical aspects of General Relativity. It was held on
November 14th, 15th and 16th, 2001 at Alay Hotel in the very friendly
town of Benalmádena, which is located on the Mediterranean coast, in
the center of the Costa del Sol, in Málaga, Spain.

The meeting was born as an attempt to assemble mainly Spanish re-
searchers on the area of Lorentzian Geometry and related mathematical
ones. Among Spanish geometers, this area has shown to be of special
interest. So, the meeting arose as a natural consequence of the state of
the research on this topic. We were also very glad with the contributions
of several foreign researchers which, in fact, made the meeting of interna-
tional character. At the same time, the meeting had a vocation to be the
first one of a forthcoming series on the same topic. When the edition of
these proceedings were finishing, we were glad to know that the second
meeting on this topic “Geometŕıa de Lorentz, Murcia 2003” will be held
on November 12th, 13th and 14th, 2003, at University of Murcia.

The organizers would like to thank all participants, specially the
invited speakers, for their contributions to this meeting. We also would
like to thank the referees which, of course, have contributed to increase
the quality of this volume.

We would like to thank the Department of Geometry and Topology of
University of Granada as well as the Department of Algebra, Geometry
and Topology of University of Málaga for all the facilities and help given
to the organizers of the meeting. We also would like to thank the support
of University of Granada, University of Málaga, Regional government of
Junta de Andalućıa, Spanish Ministry of Science and Technology, Town
of Benalmádena, and Patronato of the Costa del Sol.

We also would like to thank the staff of Alay Hotel for their kindness
to the participants, the secretary of the meeting Ms Luisa Gil Aguilar for
her patience and friendship with all of us, Alfonso E. Romero López who
designed and made the official poster of the meeting, and Benjamı́n Olea
Andrades for his valuable help in the edition of these proceedings. We
specially would like to thank Professor Ceferino Ruiz for his continuous
and valuable help to the organizers of the meeting.

Finally, we really would like to express our sincere thanks to the
Royal Spanish Mathematical Society (RSME) for supporting the young
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researchers attending the meeting with several grants, and for publish-
ing these proceedings in its series Publicaciones no periódicas de la Real
Sociedad Matemática Española.

We are sure to speak on behalf of all participants to dedicate these
proceedings to the memory of Professor Luis Santaló.

Maŕıa A. Cañadas-Pinedo
Manuel Gutiérrez
Alfonso Romero

Organizers of the meeting
and editors of the proceedings
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Álamo Antúnez, Nieves (17). U. de Málaga.
Aldaya, Victor (25). CSIC-IAA. Granada.
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The Einstein-Lorentz geometry revisited

V. Aldaya1, J.L. Jaramillo2 and J. Guerrero3

1 Instituto de Astrof́ısica de Andalućıa, Apartado Postal 3004, Granada
18080, Spain

2 Instituto de F́ısica Teórica y Computacional Carlos I, Facultad de
Ciencias, Universidad de Granada, Campus de Fuentenueva, Granada

18002, Spain

3 Departamento de Matemática Aplicada, Facultad de Informática,
Campus de Espinardo, 30100 Murcia, Spain

We should start by explaining the actual meaning of the title of
this talk. Lorentz geometry is precisely the title of the Conference and
everybody associates with it the structure of geodesics and Killing vectors
in a manifold endowed with a metric that locally corresponds to that of
Minkowski space. Adding the adjective Einstein suggests the study of the
kinematics of physical particles that move along geodesics affecting the
value of the metric due to their presence and, maybe more, the dynamics
of the connection itself considered as gravitational fields derived from the
metric as a potential. Well then, we shall keep this meaning and add to
the adjective Lorentz the sense of an electromagnetic force, that is, the
Lorentz force.

Our proposal here is to revisit the concept of Lorentz geometry, in
the usual sense, by considering a background manifold which generalizes
the standard Lorentz manifold according to the Quantum Kinematics. In
fact, Quantum Mechanics suggests a U(1)-extended configuration space
as well as an U(1)-extended kinematical symmetry. Geodesics in such a
generalized geometry are governed by some Christoffel simbols account-
ing for a gravitational force, an electromagnetic potential and, that which
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turns out to be really new, some sort of electromagnetic potential origi-
nated by the mass of the particles rather than the particle charges.

Firstly, let us remind you the origin of this fundamental U(1) or Phase
Invariance in Quantum Mechanics. To this end we shall consider the
behaviour of the Schrödinger equation corresponding to the free quantum
particle

i~
∂

∂t
Ψ = − ~

2

2m
∇2Ψ , (1.1)

under the Galilei transformations:

x′ = x + a + vt (1.2)

t′ = t + b .

The equation (1.1) acquires an extra term,

i~
∂

∂t′
Ψ + i~v

∂Ψ

∂x′
= − ~

2

2m
∇′2Ψ, (1.3)

which can be compensated by also transforming the wave function. Al-
lowing for a non-trivial phase factor in front of the transformed wave
function of the form

Ψ′ = e
im
~ (vx+ 1

2
v2t)Ψ , (1.4)

the Schrödinger equation becomes strictly invariant, i.e.

i~
∂

∂t′
Ψ′ = − ~

2

2m
∇′2Ψ′. (1.5)

The need for a transformation like (1.4) accompanying the space-time
transformation (1.2) to accomplish full invariance strongly suggests the
adoption of a central extension of the Galilei group as the basic (quantum-
mechanical) space-time symmetry for the free particle [1]. The constant
~ is required to keep the exponent in (1.4) dimensionless.

The successive composition of two transformation in the extended
Galilei group G immediately leads to the group law:

b′′ = b′ + b

a′′ = a′ + a + v′b
v′′ = v′ + v (1.6)

eiφ′′ = eiφ′eiφe
im
~ [a′v+b(v′v+ 1

2
v′2)]
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The main feature of the central extension is that of making non-trivial the
commutator between the generators associated with translations Xa ≡ P
and boosts Xv ≡ K: [P,K] = −mXφ, just mimicking the Poisson bracket
between p and x provided that we impose on the wave function the U(1)-
function condition XφΨ ≡ ∂Ψ

∂φ
= iΨ (i.e. homogeneous of degree one on

the new variable eiφ).

Even though the previous analysis is conceptually purely quantum
mechanical, we point out that this phenomenon of extension of the space-
time symmetry can also be recasted within a semi-classical formalism
(keeping the quantum insights), by requiring the simultaneous extension
of the classical space-time by a new variable φ, transforming in a non-
trivial way under the U(1)-extended symmetry group. The extension of
space-time is required to represent faithfully the extended symmetry by
means of first-order differential operators. This is the presentation we
shall follow here.

The usual way of introducing an interaction in Physics is through the
gauge principle, which requires the invariance of the Lagrangian of free
matter under a gauge group obtained from an original symmetry group,
the rigid group, by making the group parameter to depend on space-time
variables.

In standard Lagrangian formalism, promoting a given underlying
rigid symmetry to “local” requires the introduction of a connection which
is eventually interpreted as a potential providing the corresponding gauge
interaction. This is essentially the formulation of the so-called Minimal
Coupling Principle, which culminates in Utiyama’s theorem [2]. Inter-
nal gauge invariance had originally led successfully to electromagnetic
interaction associated with U(1), then to Yang-Mills associated with
isospin SU(2) (valid only at the very strong limit), electroweak with
SU(2) ⊗ U(1), and finally to strong interaction associated with colour
SU(3). And, more recently, there have been attempts to unify all of
these into gauge groups such as SU(5). On the other hand, the “local”
invariance under external (space-time) symmetries, such as a subgroup
of the Poincaré group, has been used to provide a gauge framework for
gravity [3], although fully disconnected from the other (internal) interac-
tions. In fact, a unification of gravity and the other interactions would
have required the non-trivial mixing of the space-time group and some
internal symmetry, a task explicitely forbidden by the so-called no-go
theorems by O’Raifeartaigh and McGlinn [4, 5] (see also [6]) long ago,
which stated that there is no finite-dimensional Lie group containing
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the Poincaré group and any internal SU(n) group except for the direct
product. It is worth mentioning that supersymmetry was originally de-
veloped in the 70’s by Salam and Strathdee [7] in an unsuccessful attemp
to invalidate the no-go theorems.

However, the current skill in dealing with infinite-dimensional Lie
groups tempts us into revisiting the question of the mixing of symme-
tries and, accordingly, the unification of interactions in terms of ordi-
nary (though infinite-dimensional) Lie groups. In fact, there is an ex-
tremely simple, yet non-trivial, way of constructing a Lie group contain-
ing the Poincaré group and some unitary symmetry which accomplishes
the above-mentioned task. This consists in looking at the U(1) phase
invariance of Quantum Theory as a 1-dimensional Cartan subgroup of a
larger internal symmetry. Then, turning the space-time translation sub-
group of the Poincaré group into a “local” group automatically promotes
the original rigid internal symmetry to the gauge level in a non-direct
product way. This of course entails a non-trivial mixing of gravity and
the involved internal interaction associated with the given unitary sym-
metry.

In this talk, we shall approach the problem in the simplest and most
economical way, in a Particle Mechanics (versus Field Theoretical) frame-
work, leaving the more mathematically involved field formulation for the
near future. To be precise, we face the situation that arises when pro-
moting to the “local” level the space-time translations of the centrally
extended space-time symmetry (either Galilei or Poincaré group), rather
than the space-time symmetry itself.

The way of associating a physical dynamics with a specific symmetry
can be accomplished by means of the rather standard co-adjoint orbits
method of Kirillov [8], where the Lagrangian is seen as the local potential
of the corresponding symplectic form, or through a generalized group
approach to quantization which is directly related to the co-homological
structure of the symmetry and leads directly to the quantum theory (see
[9] and references there in).

To illustrate technically the present revisited Minimal Coupling The-
ory, let us consider the simpler case of the non-relativistic pure Lorentz
force, keeping rigid the space-time translations. For this aim, we con-
sider the Lie algebra G of the centrally extended Galilei group G (only
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non-zero commutators):

[Xvi , Xt] = Xxi [Xvi , Xxj ] = mδijXφ

[XJi , XJj ] = εij.
kXJk [XJi , Xvj ] = εij.

kXvk

[XJi , Xxj ] = εij.
kXxk

(1.7)

which leaves strictly invariant the extended Poincaré-Cartan form Θ =

pidxi − p2

2m
dt + dφ, LXαΘ = 0,∀Xα ∈ G. This 1-form is defined on the

extended phase space parametrized by (xi, pj, φ), where eiφ ∈ U(1) is the
phase transforming non-trivially under the Galilei group. It generalizes
the Lagrangian and constitutes a potential for the symplectic form ω on
the solution manifold (on trajectories s(t),

(pidxi − p2

2m
dt)|s(t) = (pi

.
x

i − p2

2m
)|s(t)dt).

Local U(1) transformations generated by f ⊗ Xφ, f being a real
function f(~x, t), are incorporated into the scheme by adding to (1.7) the
extra commutators 1:

[Xa, f ⊗Xφ] = (LXαf)⊗Xφ (1.8)

Keeping the invariance of Θ under f⊗Xφ requires modifying Θ by adding
a connection piece A = Aidxi +A0dt whose components transform under
U(1)(~x, t) as the space-time gradient of the function f .

The algebra (1.7)+(1.8) is infinite-dimensional but, if the functions
f are real analytic, the dynamical content of it is addressed by the (co-
homological) structure of the finite-dimensional subalgebra generated by
G and the generators f ⊗ Xφ with only linear functions. Thus, a very
economical trick (eventually supported on unitarity grounds) for deal-
ing with this sort of infinite-dimensional algebra consists in proceeding
with the above mentioned 15-dimensional electromagnetic subgroup and
then imposing the generic constraint Aµ = Aµ(~x, t) on the symplectic
structure. Let us call this group GE, and the generators associated with
linear functions in f ⊗Xφ, XAµ .

The commutation relations of GE are (we omit rotations, which
operate in the standard way):

[Xt, Xxi ] = 0 [Xt, Xvi ] = −Xxi [Xxi , Xvj ] = mδijXφ

[Xt, XAi ] = 0 [Xt, XA0 ] = −qXφ [Xxi , XAj ] = qδijXφ

[Xxi , XA0 ] = 0 [Xvi , XAi ] = δijXA0 [Xvi , XA0 ] = 0

1In general, [f ⊗Xa, g ⊗Xb] = (fLXag)⊗Xb − (gLXbf)⊗Xa + (fg)⊗ [Xa, Xb].
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where we have performed a new central extension parametrized by what
proves to be the electric charge q.

The co-adjoint orbits of the group GE with non-zero electric charge
have dimension 4+4 as a consequence of the Lie algebra cocycle piece
Σ(Xt, XA0) = −q, which lends dynamical (symplectic) content to the
time variable. This is a property inherited from the (centrally extended)
conformal group from which GE is an Inönü-Wigner contraction. In
the case of the conformal group [10] the symplectic character of time is
broken by means of a dynamical constraint (or by choosing a Poincaré
vacuum) and the dimension 3+3 of the phase space is restored. Here the
constraint Aµ = Aµ(~x, t) also accomplishes this task at the same time as
it introduces the notion of electromagnetic potential.

On a general orbit with non-zero q the extended Poincaré-Cartan
form acquires the expression:

Θ = m~v · d~x− 1

2
m~v2dt + q ~A · d~x− qA0dt + dφ (1.9)

After imposing the above-mentioned constraint on Aµ, we compute the
kernel of the presymplectic form dΘ, i.e. the vector field (up to a multi-
plicative function) X such that iXdΘ = 0:

X =
∂

∂t
+ ~v · ∂

∂~x
+

q

m

[(
∂Aj

∂xi
− ∂Ai

∂xj

)
vj − ∂A0

∂xi
− ∂Ai

∂t

]
∂

∂vi

−[
1

2
m~v2 + q(~v · ~A− A0)]

∂

∂φ
, (1.10)

where Latin indices are raised and lowered by the metric δij. It defines the
equations of motion of a charged particle moving in an electromagnetic
field:

d~x

dt
= ~v (1.11)

m
d~v

dt
= q

[
~v ∧ (~∇∧ ~A)− ~∇A0 − ∂ ~A

∂t

]
,

which are nothing more than the standard Lorenz force equations. The
same can be repeated with the centrally extended Poincaré group P (see
[10] and references therein) by promoting to “local” the U(1) transfor-
mations and considering the finite-dimensional subgroup PE analogous
to GE.
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Let us consider now the gravitational interaction. To this end, we
start directly with the centrally extended Poincaré group P and see how
the fact that the translation generators produce the central term under
commutation with some other generators (boosts) plays a singular role
in the relationship between local space-time translations and local U(1)
transformations. Symbolically denoting the generators of translations by
P, P0, those of boosts by K and the central one by Xφ, we find:

[K, f ⊗ P ] ' (LKf)⊗ P + f ⊗ (P0 + Xφ), (1.12)

which means that turning the translations into local symmetry entails
also the local nature of the U(1) phase. We expect, in this way, a non-
trivial mixing of gravity and electromagnetism into an infinite-dimensional
electro-gravitational group.

We shall follow identical steps as those given in the former example.
The generators of local space-time translations associated with linear
functions will be called Xhµν , and the corresponding parameters hµν will
also be constrained, in the form hµν = hµν(~x, x0), on the symplectic
orbits. However, the co-homological structure of this finite-dimensional
electro-gravitational subgroup, PEG is richer than that of PE and the
exponentiation of the Lie algebra PEG must be made, for the time being
at least, order by order. Then, the explicit calculations will be kept up to
order 3 in the group law. This will be enough to recognize the standard
part of the interaction, i.e. the ordinary Lorentz force and the geodesic
equations, although the latter in a quasi-linear approximation in terms
of the metric gµν ≡ ηµν + hµν . But in addition, and associated with a
new Lie algebra co-homology constant, κ, different from m and q and
mixing both interactions, a new term appears in the Lorentz force made
of the gravitational potential hµν .

Let us write the algebra PEG in an almost covariant way (the central
extensions and induced deformations are necessarily non-covariant). To
this end, we parametrize the Lorentz transformations with Lµν as usual.
The proposed explicit algebra is (we write for short xµ, Lµν , ... instead
of Xxµ , XLµν , ..., and let Greek indices run from 0 to 3):

[xµ, Lνρ] = ηνµxρ − ηρµxν + (m + κq)c(ηρµδ
0
ν − ηνµδ

0
ρ)φ

[xµ, hνρ] = ηνµxρ + ηρµxν + mc(ηρµδ
0
ν + ηνµδ

0
ρ)φ

[xµ, Aν ] = qηνµφ
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[Lµν , Lαβ] = ηανLµβ − ηβνLµα − ηαµLνβ + ηµβLνα

[Lµν , hαβ] = ηανhµβ + ηβνhµα − ηαµhνβ − ηµβhνα −
κc(ηανδ

ρ
βδ0

µ − ηµαδρ
βδ0

ν + ηνβδρ
αδ0

µ (1.13)

−ηµβδρ
αδ0

ν)Aρ

[Lµν , Aρ] = ηρνAµ − ηρµAν

[hµν , hαβ] = ηανLµβ + ηβνLµα + ηαµLνβ + ηµβLνα +

κc
[
ηανδ

0ρ
βµ + ηβνδ

0ρ
αµ + ηαµδ

0ρ
βν + ηβµδ

0ρ
αν

]
Aρ

[hµν , Aρ] = ηρνAµ + ηρµAν

where δ0ρ
βµ ≡ δ0

βδρ
µ − δ0

µδ
ρ
β is the Kronecker tensor.

It should be remarked that a consequence of having extended the
Poincaré group prior to turning “local” space-time translations is the
apearance of a term proportional (κ is a new co-homology constant) to
Aρ on the r.h.s. of the commutator [Lµν , hαβ], which will be responsible
for a piece in the Lorentz force of gravitational origin. But even more,
the term in Aρ on the r.h.s of the commutator [hµν , hαβ] could provide a
“mixing vertex” at the Field Theory level.

We shall not dwell on explicit calculations in this letter and simply
give the resulting equations of motion. Even more, we restrict ourselves
to the “non-relativistic” limit stated by the Inönü-Wigner contraction
with respect to the subgroup generated by (x0, Lij, Ak) (the standard
c → ∞ limit on the Poincaré group is an I-W contraction with respect
to the subgroup (x0, Lij)). The contracted algebra reads:

[x0, L0i] = xi [x0, h00] = −2mφ
[x0, h0i] = xi [x0, A0] = qφ
[xi, L0j] = −(m + κq)δijφ [xi, Ljk] = −δijxk + δikxj

[xi, h0j] = mδijφ [xi, Aj] = −qδijφ
[L0i, Ljk] = −δijL0k + δkiL0j [L0i, h0j] = −δijh00 + κδijA0

[L0i, Aj] = −δijA0 [Lij, Lkl] = −δkjLil + δljLik

+δikLjl − δilLjk

[Lij, h0k] = −δkjh0i + δikh0j [Lij, hkl] = −δkjhil − δljLik

+δikLjl + δilLjk

[Lij, Ak] = −δkjAi + δkiAj [h0i, Aj] = −δijA0

(1.14)

Writing ~h for (h0i), we finally derive from this algebra the following
Lagrangian and equations of motion, which at this contraction limit are
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indeed exact:

L =
1

2
(m + κq)

.

~x
2 −q(A0 − κ

8
~h2) + q( ~A− κ

2
~h)·

.

~x

+m(h00 +
1

4
~h2)−m~h·

.

~x (1.15)

dxi

dt
= vi

(m + κq)
d~v

dt
= q

[
~v ∧ (~∇∧ ~A)− ~∇A0 − ∂ ~A

∂t

]
(1.16)

− m

[
~v ∧ (~∇∧ ~h)− ~∇h00 − ∂~h

∂t

]
+

m

4
∇(~h · ~h)

− κq

2

[
~v ∧ (~∇∧ ~h)− 1

4
∇(~h · ~h)− ∂~h

∂t

]

The first three lines in (1.17) correspond to the standard motion of a par-
ticle in the presence of an electromagnetic and gravitational field (note
that h0i = g0i − η0i), except for the value of the inertial mass, which is
corrected by κq, and within a quasi-linear approximation in the gravi-
tational field. In fact, the third line contains one more order than the
approximation in which the gravitational field looks like an electromag-
netic one (standard gravito-electromagnetism [11]). The fourth, however,
is quite new and represents another Lorentz-like force (proportional to q)
generated by the gravitational potential and which must not be confused
with the previous one. It is worth mentioning that the constant m in
front of the term ~∇h00 in (1.17), naturally interpreted as a gravitational
coupling, could acquire a different constant value, let us say g, allowed by
the Lie algebra co-homology. Nevertheless, it must be made equal to m
to recover the standard physics when switching the constant κ off. In this
way, the equivalence principle between inertial and gravitational mass,
in this co-homological setting, follows from the natural requirement of
absence of a pathological mixing between electromagnetism and gravity
when κ = 0.

It should also be noticed that in the standard formulation, and ac-
cording to a reasoning not completely clear, the non-relativistic limit of
the pure gravitational theory leads to just the term ~∇h00. Here, the non-
relativistic limit, in general, appears as a clean Lie algebra contraction
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and permits forces derived from ~h. As far as the magnitude of the new Lie
algebra co-homology constant κ, it is limited by experimental clearance
for the difference between particle and anti-particle mass, which for the
electron is about 10−8me. Even though this is a small value, extremely
dense rotating bodies could be able to produce measurable forces. In the
other way around, a mixing of electromagnetism and gravity predicts a
mass difference between charged particles and anti-particles, which could
be experimentally tested.

Since the present theory has been formulated on symmetry grounds,
it can be quantized on the basis of the group approach to quantization
referred in [9]. Also, a natural yet highly non-elementary extension of
the present theory to Quantum Field Theory is in course.

Finally, and as commented above, considering the group U(1) as
a Cartan subgroup of a larger internal symmetry group, for instance
SU(2) ⊗ U(1) would result in additional phenomenology. Then, and in
a QFT version, the production of Z0 particles out of gravity might be
permitted.

Acknowledgments

This work has been partially supported by the DGICYT.

References

[1] V. Bargmann, Ann. Math. 48, 568 (1947).

[2] R. Utiyama, Phys. Rev. 101, 1597 (1956).

[3] T.W.B. Kibble, J. Math. Phys. 2, 212 (1961).

[4] L. O’Raifeartaigh, Phys. Rev. B139, 1052 (1965).

[5] W.D. McGlinn, Phys. Rev. Lett. 12, 467 (1964).

[6] F.J. Dyson, Symmetry Groups in Nuclear and Particle Physics,
Benjamin N.Y. (1966).

[7] A. Salam and J. Strathdee, Fortschr. der Phys. 26, 57 (1978).

[8] A.A. Kirillov, Elements of the Theory of Representations,
Springer-Verlag (1976).



V. Aldaya, J.L. Jaramillo and J. Guerrero 11

[9] V. Aldaya, J. Navarro-Salas and A. Raḿırez, Commun.
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Abstract

In this work we study complete spacelike surfaces with a constant
principal curvature R in the 3-dimensional de Sitter space S3

1, proving
that if R2 < 1, such a surface is either totally umbilical or umbilically free.
Moreover, in the second case we prove that the surface can be described
in terms of a complete regular curve in S3

1. We also give examples which
show that the result is not true when R2 ≥ 1.

1 Introduction and Statement of the Main Result

Spacelike surfaces in the de Sitter space S3
1 have been of increasing in-

terest in the recent years from different points of view. That interest
is motivated, in part, by the fact that they exhibit nice Bernstein-type
properties. For instance, Ramanathan [7] proved that every compact
spacelike surface in S3

1 with constant mean curvature is totally umbilical.
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This result was generalized to hypersurfaces of any dimension by Mon-
tiel [6]. On the other hand, Li [5] obtained the same conclusion when
the compact spacelike surface has constant Gaussian curvature. More
recently, the first author jointly Romero [3] have proved that the totally
umbilical round spheres are the only compact spacelike surfaces in the de
Sitter space such that the Gaussian curvature of the second fundamental
form is constant.

As a natural generalization of Ramanathan and Li results, the au-
thors [1] have recently proved that the only compact linear Weingarten
spacelike surfaces in S3

1, (that is, surfaces satisfying that a linear combi-
nation of their mean and Gaussian curvatures is constant) are the totally
umbilical round spheres. In the quoted paper, we also study compact
spacelike surfaces with a constant principal curvature, proving that such
surfaces are totally umbilical round spheres.

In this work we extend the last result to complete spacelike surfaces
in the following terms:

Theorem 1.1 Let ψ : M−→S3
1 be a complete spacelike surface with a

constant principal curvature R such that R2 < 1. Then ψ(M) is either
totally umbilical or umbilically free. In the second case R > 0 and the
surface is not compact and can be described as

ψ(x, y) =
1√

1−R2
(Rα(y) + cos(x)v1(y) + sin(x)v2(y)) , (1.1)

where α is a C∞ complete regular curve in S3
1 and {v1(y), v2(y)} is an

orthonormal frame of the normal plane along α.
Conversely, given a regular curve α in S3

1, (1.1) defines an umbilically
free spacelike immersion in S3

1 with a constant principal curvature R such
that 0 < R2 < 1.

To finish, in Section 4, we construct some examples which show that
the result is false when R2 ≥ 1.

2 Preliminaries

Let L4 be the 4-dimensional Lorentz-Minkowski space, that is, the real
vector space R4 endowed with the Lorentzian metric tensor 〈, 〉 given by

〈, 〉 = dx2
1 + dx2

2 + dx2
3 − dx2

4,
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where (x1, x2, x3, x4) are the canonical coordinates of R4. The 3-
dimensional unitary de Sitter space is given as the following hyperquadric
of L4,

S3
1 = {x ∈ L4 : 〈x, x〉 = 1}.

As is well known, S3
1 inherits from L4 a time-orientable Lorentzian metric

which makes it the standard model of a Lorentzian space of constant
sectional curvature one. A smooth immersion ψ : M2 −→ S3

1 ⊂ L4 of a
2-dimensional connected manifold M is said to be a spacelike surface if
the induced metric via ψ is a Riemannian metric on M , which, as usual,
is also denoted by 〈, 〉. The time-orientation of S3

1 allows us to choose a
timelike unit normal field N globally defined on M , tangent to S3

1, and
hence we may assume that M is oriented by N . Finally, we will denote
by λ1, λ2 the principal curvatures of M associated to N .

3 Proof of the Theorem

Let ψ : M2 −→ S3
1 ⊂ L4 be a complete spacelike surface in S3

1 with a con-
stant principal curvature 0 ≤ λ1 = R < 1 (up to a change of orientation).
If there exists a non umbilical point p ∈ M , then we can consider local
parameters (u, v) in a neighborhood U of p without umbilical points, such
that

〈dψ, dψ〉 = E du2 + G dv2

〈dψ,−dN〉 = RE du2 + λ2G dv2,

where the principal curvature λ2 6= R. Then, the structure equations are
given by

ψuu =
Eu

2E
ψu − Ev

2G
ψv −REN − Eψ

ψuv =
Ev

2E
ψu +

Gu

2G
ψv

ψvv = −Gu

2E
ψu +

Gv

2G
ψv − λ2GN −Gψ

Nu = −R ψu

Nv = −λ2 ψv

and the Mainardi-Codazzi equations for the immersion ψ are

(R− λ2)Ev = 0

(R− λ2)
Gu

2G
+ (R− λ2)u = 0.
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Since λ2 6= R, the coefficient E does not depend on v, that is, E = E(u).
If we consider the new parameters

x =

∫ √
E(u) du, y = v,

the structure equations become

ψxx = −RN − ψ

ψxy =
Gx

2G
ψy

ψyy = −Gx

2
ψx +

Gy

2G
ψy − λ2GN −Gψ

Nx = −R ψx

Ny = −λ2 ψy,

(3.1)

and the Mainardi-Codazzi equation is

(R− λ2)
Gx

2G
+ (R− λ2)x = 0. (3.2)

On the other hand, the Gauss equation is given by
(

Gx

2G

)

x

+

(
Gx

2G

)2

= Rλ2 − 1 = R(λ2 −R) + R2 − 1. (3.3)

Thus, if we take

ϕ =
1

R− λ2

we obtain from (3.2) and (3.3) that

ϕx =
Gx

2G
ϕ

ϕxx =

((
Gx

2G

)

x

+

(
Gx

2G

)2
)

ϕ = −R− (1−R2)ϕ. (3.4)

Let γq be the maximal line of curvature passing through a point q =
ψ(xo, yo) ∈ U for the principal curvature R. Then, from (3.1) it follows
that γq(t) = ψ(xo + t, yo) satisfies

(γq)tt = −R(N ◦ γq)− γq

(N ◦ γq)t = −R(γq)t ,
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so that γq is a geodesic curve, which is a solution of the differential
equation

(γq)tt + (1−R2)γq = Rwo

for a constant vector wo ∈ L4. Therefore, taking into account that
0 ≤ R < 1, γq is given by

γq = cos
(√

1−R2 t
)

w1 + sin
(√

1−R2 t
)

w2 +
R

1−R2
wo (3.5)

for suitable vectors w1, w2 ∈ L4.
From (3.4), the principal curvature λ2 can be calculated on γq as

R− λ2 =

(
a cos

(√
1−R2 t

)
+ b sin

(√
1−R2 t

)
− R

1−R2

)−1

(3.6)

for real constants a, b.
Hence, if γq(t1) is the first umbilical point on γq, we obtain from (3.6)

and the continuity of λ2 that

0 = R− λ2(γq(t1)) = lim
t→t1

R− λ2(γq(t)) 6= 0,

which is a contradiction. Therefore, there is no umbilical point on γq.
Observe that, since M is complete, it follows that the geodesic γq is

defined for all t ∈ R. Moreover R 6= 0, because in that case

a cos
(√

1−R2 t
)

+ b sin
(√

1−R2 t
)

= 0

for some t ∈ R, which contradicts the continuity of λ2.

Let Ũ be the connected component of non umbilical points containing

p. Note that Ũ is an open set, and from the above reasoning, can be
parametrized by (x, y) ∈ (−∞,∞) × (β1, β2) for certain β1, β2, where
−∞ ≤ β1 < β2 ≤ ∞, so that the immersion can be expressed from (3.5)
as

ψ(x, y) = cos
(√

1−R2 x
)

w1(y)

+ sin
(√

1−R2 x
)

w2(y) +
R

1−R2
wo(y). (3.7)

Let us suppose now that there exists an umbilical point q̃ ∈ ∂ψ(Ũ).
Then there exists a sequence of points qn = ψ(xn, yn) tending to q̃, being
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(xn, yn) ∈ [0, 2π/
√

1−R2] × (β1, β2). Therefore the sequence of com-
pact geodesics γn of length 2π/

√
1−R2 passing through qn associated

to the principal curvature R, converges to a compact geodesic γq̃ passing
through q̃ which is also a line of curvature for the principal curvature R.

Now, from the above argument, it is sufficient to prove that there
exists a non umbilical point on γq̃. In fact, from (3.6) we are able to
choose a point pn ∈ γn such that λ2(pn) = 1/R 6= R. Finally, from
an argument of compactness, there exists a subsequence {pk} of {pn}
converging to a non umbilical point p̃ ∈ γq̃.

Consequently M is either umbilically free or totally umbilical.
Observe that (3.7) can be rewritten as

ψ(x, y) =

(
Rα(y) + cos

(√
1−R2 x

)
v1(y) + sin

(√
1−R2 x

)
v2(y)

)
√

1−R2

where

α =
1√

1−R2
wo, v1 =

√
1−R2 w1, v2 =

√
1−R2 w2.

From the expressions of ψ and ψxx, the Gauss map N can be calcu-
lated using the first equation in (3.1). Thus, since 〈ψ, ψ〉 = 1, 〈ψx, ψx〉 =
1, 〈N, N〉 = −1 and they are mutually orthogonal, it follows that α, v1, v2

are orthogonal, and 〈α, α〉 = −1, 〈v1, v1〉 = 1 and 〈v2, v2〉 = 1.
On the other hand, since ψy is orthogonal to ψx and N , we get using

also that 〈ψxy, N〉 = 0

α′ = µoP, v′1 = µ1P, v′2 = µ2P,

where P is the wedge product of α, v1 and v2 in L4, and µo, µ1, µ2 are
C∞ functions. Moreover, since

〈ψy, ψy〉 =
1

1−R2

(
Rµo + cos

(√
1−R2 x

)
µ1 + sin

(√
1−R2 x

)
µ2

)2

is positive, it follows that µo 6= 0 and therefore α is a regular curve with
tangent vector P . In particular, {v1(y), v2(y)} is an orthonormal frame
of the normal plane along α. Finally, the completeness of α follows from
the completeness of M .

The converse is a straightforward computation. Anyway, it is worth
pointing out that R 6= 0 because in other case from (3.6) and the com-
pleteness of the immersion, there would exist a point on γq where

a cos
(√

1−R2 t
)

+ b sin
(√

1−R2 t
)

= 0
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for some t ∈ R, which contradicts the continuity of λ2. Therefore the
surface must be a totally umbilical round sphere.

¤

Remark 3.1 Observe that we have not assumed that the principal cur-
vatures λ1, λ2 are necessarily ordered, but

(λ1 −R)(λ2 −R) = 0.

4 Examples

We use the following well-known result (see, for instance, [4])

Given a Riemannian metric I and a symmetric (2,0)-tensor
II on a simply-connected 2-dimensional manifold M , if I and
II satisfy the Gauss and Mainardi-Codazzi equations of the
de Sitter space S3

1, then there exists an only immersion (up to
an isometry) ψ : M−→S3

1 such that I and II are its first and
second fundamental forms, respectively.

First, we construct a family of complete orientable surfaces in S3
1 with

umbilical and non umbilical points, and a constant principal curvature
R = 1.

Example 4.1 Let us consider M = R2 and ψh the only immersion (up
to an isometry) with first and second fundamental forms given by

Ih = dx2 +
1

4

(
2 + (x2 − 2)h(y)

)2
dy2

and

IIh = dx2 +
1

4

(
2 + x2h(y)

) (
2 + (x2 − 2)h(y)

)
dy2

respectively, where h : R−→R is a C∞ function which vanishes at some
point such that 0 ≤ h(y) ≤ c < 1 for a constant c. Since

I = dx2 +
1

4

(
x2h(y) + 2(1− h(y))

)2
dy2 ≥ dx2 + (1− c)2 dy2

and dx2 +(1− c)2 dy2 is a complete metric, the immersion ψh is complete
with principal curvatures

1 and
2 + x2h(y)

2 + (x2 − 2)h(y)
.
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Thus, the set of umbilical points is Ω = {(x, y) : h(y) = 0}.
It is worth pointing out that the interior of Ω may be non empty.

¤

Now we are going to construct a family of complete orientable sur-
faces in S3

1 with umbilical and non umbilical points, and a constant prin-
cipal curvature R > 1.

Example 4.2 Let us consider again M = R2 and ψR,h the only immer-
sion (up to an isometry) with first and second fundamental forms

IR,h =
1

R2
dx2 +

(
R3h(y) + (R2 − 1)e

√
1− 1

R2 x

)2

R2(R2 − 1)2
dy2

and

IIR,h =
1

R
dx2 +

(
1

R
e

√
1− 1

R2 2x

+
h(y)

(R2 − 1)2

(
R3h(y) + (R4 − 1)e

√
1− 1

R2 x

))
dy2

respectively, where h : R−→R is a non negative C∞ function which
vanishes at some point and R > 1. Since

IR,h ≥ 1

R2

(
dx2 + e

√
1− 1

R2 2x
dy2

)
,

the immersion ψh is complete, with principal curvatures

R and R
Rh(y) + (R2 − 1)e

√
1− 1

R2 x

R3h(y) + (R2 − 1)e

√
1− 1

R2 x
.

Again, the set of umbilical points is Ω = {(x, y) : h(y) = 0}.
As above, note that this surface can meet a totally umbilical surface

in an open set.

¤



Juan A. Aledo and José A. Gálvez 21
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PI-3/00854/FS/01, and Junta de Comunidades de Castilla-La Mancha,
Grant No PAI-02-027. The second author is partially supported by
DGICYT Grant No. BFM2001-3318 and Junta de Andalućıa CEC:
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Abstract

The Calabi-Bernstein theorem in the Lorentz-Minkowski space Ln+1

states that the only complete maximal hypersurfaces in Ln+1 are the
spacelike hyperplanes. The present work surveys on the role that this
theorem plays in the global theory of hypersurfaces in Ln+1. We shall
describe several applications of the Calabi-Bernstein theorem in the study
of complete spacelike constant mean curvature hypersurfaces in Ln+1 and
review some of the known proofs of the theorem. Special attention is paid
to the two-dimensional case, in which an Enneper-Weierstrass represen-
tation for maximal surfaces is available.

1 Introduction

A maximal hypersurface in the Lorentz-Minkowski space Ln+1 is a space-
like hypersurface with zero mean curvature. The importance of maximal
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hypersurfaces (in general Lorentzian ambient spaces) is well known, not
only from the mathematical point of view but also from the physical one,
because of their role in different problems in General Relativity (see for
instance [32] and references therein). From the mathematical viewpoint,
one of the most important global results about maximal hypersurfaces in
Ln+1 is the Calabi-Bernstein theorem. It states that the only complete
maximal hypersurfaces in the Lorentz-Minkowski space are the spacelike
hyperplanes. Equivalently, the only maximal entire graphs in Ln+1 are
the spacelike hyperplanes.

This theorem was first obtained by Calabi [12] for the case where
n ≤ 4, inspired in the classical Bernstein theorem on minimal surfaces
in R3. Later on, Cheng and Yau [13] extended the Calabi-Bernstein
theorem to the general n-dimensional case. This shows a deep difference
with respect to the Euclidean situation, since the Bernstein theorem for
minimal hypersurfaces in Rn+1 does not hold for n > 7 (see [11]). After
the general proof by Cheng and Yau, several authors have approached
to the two-dimensional version of the Calabi-Bernstein theorem from
different perspectives, providing diverse extensions and new proofs of
the result for the case of maximal surfaces in L3 [25, 17, 45, 8, 9]. On
the other hand, some other authors have also developed different related
Bernstein-type results on spacelike hypersurfaces in Ln+1, looking for the
characterization of spacelike hyperplanes among the complete spacelike
hypersurfaces with constant mean curvature in Ln+1 [44, 1, 48, 4].

In this paper we review on the Calabi-Bernstein theorem and other
related results, trying to make the topic comprehensible for a general
audience. For that reason, we start by introducing in Section 2 the
spacelike hypersurfaces of the Lorentz-Minkowski space Ln+1 and estab-
lishing some of their basic topological properties. In Section 3 we de-
velop the basic formulas for spacelike hypersurfaces in Ln+1. After those
preliminaries, we exhibit in Section 4 Cheng and Yau’s approach to the
Calabi-Bernstein theorem [13]. Their approach is based on a Simons-type
formula for spacelike hypersurfaces in Ln+1, as well as on an application
of a generalized maximum principle due to Omori [40] and Yau [49].

In Section 5 we introduce some other Bernstein-type results on space-
like hypersurfaces in Ln+1. These are applications of the above general-
ized maximum principle, and of Calabi-Bernstein theorem. In particular,
we describe two different results of this type. The first one is a charac-
terization of spacelike hyperplanes as the only complete spacelike hyper-
surfaces with constant mean curvature in the Lorentz-Minkowski space
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whose hyperbolic image is bounded. This characterization was obtained
simultaneous and independently by Aiyama [2] and Xin [48] (see also [44]
for a first weaker version given by Palmer). The second one character-
izes spacelike hyperplanes as the only complete spacelike hypersurfaces
with constant mean curvature in Ln+1 which are bounded between two
parallel spacelike hyperplanes, and has been recently given by Aledo and
Aĺıas [4].

It is interesting to remark that Cheng and Yau’s proof of the Calabi-
Bernstein theorem was the first application of a Simons-type formula in
the context of spacelike hypersurfaces in a Lorentz ambient space. Af-
terwards, such Simons-type formulas have been applied in several forms
by different authors, yielding many interesting results on Bernstein-type
problems for spacelike hypersurfaces in Lorentzian spaces [1, 3, 24].

The rest of the paper is devoted to the study of maximal surfaces in
L3 and the two-dimensional version of the Calabi-Bernstein theorem. In
Section 6 we introduce the Enneper-Weierstrass representation for max-
imal surfaces in L3 and, as an application of it, we exhibit Kobayashi’s
proof of the theorem [25]. In Section 7 we describe a recent simple ap-
proach to the two-dimensional version of the Calabi-Bernstein theorem.
It was given by Romero in [45], and is based on the Liouville theorem
on harmonic functions on R2. Section 8 deals with a different approach
to the Calabi-Bernstein theorem. This approach is based on finding
adequate local upper bounds for the Gaussian curvature of a maximal
surface. In particular, we describe two different results of this type. The
first one is due to Estudillo and Romero [17], and consists on a point-
wise estimate for the Gaussian curvature of a maximal surface in terms
of the distance of the point to the boundary of the surface. The second
one is a local upper bound for the total curvature of geodesic discs in a
maximal surface in L3. This upper bound involves the local geometry of
the surface and its hyperbolic image, and it has been recently obtained
by Aĺıas and Palmer [8]. Finally, in Section 9 we have collected some
further developments on the topic of maximal surfaces in L3, including
some recent advances by the authors [6, 36], jointly with Chaves in [6],
on the so called Björling problem for maximal surfaces in L3.

Before closing this introduction, it is worth pointing out that the
Calabi-Bernstein theorem is no longer true for the case of entire time-
like minimal graphs in Ln+1, even in the simplest two-dimensional case.
Actually, if x3 stands for the timelike coordinate in L3, then the graph
given by x2 = x3tanhx1, with (x1, x3) ∈ R2, is an example of an entire
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non-planar timelike graph in L3, having zero mean curvature and positive
Gaussian curvature [25, 34].

Nevertheless, in [34] Weinstein (formerly Milnor) obtained a very in-
teresting conformal analogue of the Calabi-Bernstein theorem for time-
like surfaces. Specifically, she proved that every timelike entire graph in
L3 with zero mean curvature is conformally equivalent to the Lorentzian
plane L2 (see also [28, 29] for some extensions of this conformal analogue,
which have recently been given by Lin and Weinstein). On the other
hand, Magid [31] and Weinstein [35] developed independently different
approaches to the study of the Calabi-Bernstein problem for timelike sur-
faces in L3. In particular, in [31] Magid showed that every timelike entire
graph with zero mean curvature over either a timelike or a spacelike plane
in L3 is a global translation surface. This allows him to obtain a stan-
dard form for all such graphs and to study some geometric properties
of those surfaces. In [35] Weinstein described all entire timelike graphs
with zero mean curvature in L3 via a kind of Weierstrass representation.
We also refer the reader to the excellent book [47] by Weinstein, where
the author gives a careful, extensive and detailed study of the topic of
Lorentz surfaces.

2 Preliminaries

Let Ln+1 denote the (n + 1)-dimensional Lorentz-Minkowski space, that
is, the real vector space Rn+1 endowed with the Lorentzian metric

〈, 〉 = (dx1)
2 + · · ·+ (dxn)2 − (dxn+1)

2,

where (x1, . . . , xn+1) are the canonical coordinates in Rn+1. A smooth im-
mersion ψ : Σn → Ln+1 of an n-dimensional connected manifold Σ is said
to be a spacelike hypersurface if the induced metric via ψ is a Rieman-
nian metric on Σ, which, as usual, is also denoted by 〈, 〉. A spacelike
hypersurface Σ is said to be complete if the Riemannian induced metric
is a complete metric on Σ.

As a first interesting property of the topology of such hypersurfaces,
let us remark that every spacelike hypersurface in Ln+1 is orientable.
In fact, observe that (0, . . . , 0, 1) is a unit timelike vector field globally
defined on Ln+1, which determines a time-orientation on Ln+1. This
allows us to choose a unique timelike unit normal field N on Σ which is
in the same time-orientation as (0, . . . , 0, 1), and hence we may assume
that Σ is oriented by N . We will refer to N as the future-directed Gauss
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map of the hypersurface Σ. This future-directed normal field N can be
regarded as a map N : Σ −→ Hn

+, where Hn
+ denotes the future connected

component of the n-dimensional hyperbolic space, that is

Hn
+ = {x ∈ Ln+1 : 〈x, x〉 = −1, xn+1 ≥ 1}.

The image N(Σ) ⊂ Hn
+ will be called the hyperbolic image of Σ.

Another interesting remark on the topology of spacelike hypersur-
faces in Ln+1 is that every complete spacelike hypersurface in the Lorentz-
Minkowski space is spatially entire, in the sense that the projection
Π : Σ−→Rn of Σ onto the spacelike hyperplane xn+1 = 0 is a diffeo-
morphism between Σ and Rn. In fact, it is not difficult to see that
since Σ is spacelike, Π : Σ−→Rn is a local diffeomorphism which satisfies
Π∗(〈, 〉o) ≥ 〈, 〉, where 〈, 〉o stands for the Euclidean metric in Rn. This
means that Π increases the distance. The completeness of Σ implies then
that Π(Σ) = Rn and that Π is a covering map [27, Lemma VIII.1]. Since
Rn is simply connected, Π must be a global diffeomorphism and the hy-
persurface Σ can be seen as an entire graph over the spacelike hyperplane
(x1, . . . , xn). As a direct consequence of this, we get the following.

Corollary 2.1 Let ψ : Σn → Ln+1 be a complete spacelike hypersurface
in the Lorentz-Minkowski space. Then

1. Σ is diffeomorphic to Rn.

2. The immersion ψ : Σn → Ln+1 is actually an embedding.

3. Its image ψ(Σ) is a closed subset in Ln+1.

In particular, there exists no compact (without boundary) spacelike hy-
persurface in Ln+1. It is worth pointing out that no converse of the
statements in Corollary 2.1 is true in general. More precisely, there exist
examples of spacelike entire graphs in Ln+1 which are not complete. For
instance, let φ : R−→R be a real function defined by

φ(x) =

∫ |x|

0

√
1− e−tdt

when |x| ≥ 1, and φ(x) = f(x) when |x| < 1, where f ∈ C∞(R) is a
smooth extension satisfying f ′(x)2 < 1 for all x ∈ (−1, 1). Then the
entire graph given by xn+1 = φ(x1) defines a spacelike hypersurface Σ in
Ln+1 which is not complete. In fact, observe that the curve α : R−→Σ
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given by α(t) = (t, 0, . . . , 0, φ(t)) is a divergent curve in Σ with finite
length, since

`(α) =
∫ +∞
−∞ |α′(t)|dt

=
∫ 1

−1

√
1− f ′(t)2dt + 2

∫ +∞
1

e−t/2dt < 2
(
1 + 2√

e

)
.

Therefore, Σ is an entire spacelike graph which is not complete.
This fact points out a curious difference between the behaviour of hy-

persurfaces in Euclidean space Rn+1 and that of spacelike hypersurfaces
in the Lorentz-Minkowski space. Actually, let us recall that every em-
bedded hypersurface in Euclidean space which is a closed subset in Rn+1

is necessarily complete, while there exist examples of complete embedded
hypersurfaces in Rn+1 which are not closed. On the other hand, it is also
interesting to point out that in the case where the mean curvature is con-
stant, every embedded spacelike hypersurface in the Lorentz-Minkowski
space which is a closed subset in Ln+1 is necessarily complete [13]. For
more details about this topic, we refer the reader to a series of papers by
Harris [18, 19, 20].

3 Basic formulas

Throughout this paper we will denote by ∇o the flat Levi-Civita connec-
tion of Ln+1 and by ∇ the Levi-Civita connection of Σ. Then the Gauss
and Weingarten formulas for Σ in Ln+1 are given respectively by

∇o
XY = ∇XY − 〈AX, Y 〉N (3.1)

and
A(X) = −∇o

XN, (3.2)

for all tangent vector fields X, Y ∈ X(Σ), where A : X(Σ)−→X(Σ) stands
for the shape operator of Σ in Ln+1 with respect to the future-directed
Gauss map N . Associated to the shape operator of Σ there is the mean
curvature of the hypersurface, which is its main extrinsic curvature and
is defined by

H = − 1

n
tr(A) = − 1

n

n∑
i=1

κi.

Here κ1, . . . , κn are the principal curvatures of the hypersurface. The
choice of the sign (−1) in our definition of H is motivated by the fact that
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in that case the mean curvature vector is given by ~H = HN . Therefore,
H(p) > 0 at a point p ∈ Σ if and only if ~H(p) is future-directed in Ln+1.
A spacelike hypersurface is said to be maximal if H vanishes on Σ, H ≡ 0.

As is well known, the (intrinsic) curvature tensor R of the hyper-
surface is described in terms of the shape operator of Σ by the Gauss
equation [41, Theorem 4.5]

R(X, Y )Z = −〈AX, Z〉AY + 〈AY, Z〉AX (3.3)

for X,Y, Z ∈ X(Σ). Observe that our criterion here for the definition of
the curvature tensor is the one in [41],

R(X,Y )Z = ∇[X,Y ]Z − [∇X ,∇Y ]Z.

Thus, the Ricci curvature of Σ is written as follows.

Ric(X, Y ) = nH〈AX, Y 〉+ 〈AX, AY 〉.
In particular, every maximal hypersurface in Ln+1 has non-negative Ricci
curvature, that is, Ric(X, X) ≥ 0 for every X ∈ X(Σ). More generally,

Ric(X, X) ≥ −n2H2

4
|X|2 (3.4)

for every X ∈ X(Σ). On the other hand, the Codazzi equation of the
hypersurface is given by

∇A(X, Y ) = ∇A(Y, X), (3.5)

where ∇A(X,Y ) = (∇Y A)X = ∇Y (AX)−A(∇Y X) [41, Corollary 4.34].

4 Cheng and Yau’s proof of the Calabi-Bernstein
theorem

In this section we shall describe Cheng and Yau’s approach to the Calabi-
Bernstein theorem. One of the main ingredients of their proof is the
obtention of a Simons-type formula for spacelike hypersurfaces in Ln+1.
The idea of this Simons-type formula is to compute the Laplacian of
tr(A2). To do so, let us introduce the following standard notation. Let
S, T : X(Σ)× X(Σ)−→X(Σ) be two self-adjoint endomorphisms. Then

〈S, T 〉 = tr(S ◦ T ) =
n∑

i=1

〈SEi, TEi〉,
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and

〈∇S,∇T 〉 =
n∑

i,j=1

〈(∇S)(Ei, Ej), (∇T )(Ei, Ej)〉,

where {E1, . . . , En} is a local orthonormal frame tangent to Σ. In our
notation, (∇S)(X,Y ) = (∇Y S)(X). On the other hand, we also define
∆S as the rough Laplacian of the endomorphism field S, that is, ∆S :
X(Σ)−→X(Σ) is the endomorphism given by

∆S(X) = tr
(
(∇2S)(X, ·, ·)) =

n∑
i=1

(∇2S)(X, Ei, Ei).

Recall again that in our notation, (∇2S)(X,Y, Z) = (∇Z∇S)(X,Y ).
Now, a standard tensor computation implies that

1

2
∆tr(A2) =

1

2
∆〈A,A〉 = |∇A|2 + 〈A, ∆A〉. (4.1)

Observe that by the Codazzi equation (3.5) ∇2A is symmetric in the two
first variables

(∇2A)(X, Y, Z) = (∇2A)(Y,X,Z)

for every X,Y, Z ∈ X(Σ). On the other hand, it is not difficult to show
that

(∇2A)(X, Y, Z) = ∇Z(∇Y (AX))−∇∇ZY (AX)

+A(∇Y∇ZX) + A(∇∇ZY X)

−∇Z(A(∇Y X))−∇Y (A(∇ZX)),

and

(∇2A)(X, Z, Y ) = ∇Y (∇Z(AX))−∇∇Y Z(AX)

+A(∇Z∇Y X) + A(∇∇Y ZX)

−∇Y (A(∇ZX))−∇Z(A(∇Y X)).

Therefore, ∇2A is not symmetric in the two last variables (unless R = 0
or A = 0) but

(∇2A)(X,Y, Z) = (∇2A)(X, Z, Y )−R(Z, Y )AX + A (R(Z, Y )X) .
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By using now the Gauss equation (3.3), we can conclude from here that

∆A(X) =
n∑

i=1

(∇2A)(Ei, Ei, X)−
n∑

i=1

R(Ei, X)AEi

+
n∑

i=1

A (R(Ei, X)Ei)

= ∇X(tr(∇A)) + tr(A2)AX − tr(A)A2X

= −n∇X(∇H) + tr(A2)AX + nHA2X.

In particular, if the mean curvature is constant (not necessarily zero),
then

∆A(X) = tr(A2)AX + nHA2X

for every X ∈ X(Σ). Using this in (3.6) we arrive at the following Simons-
type formula, which holds for spacelike hypersurfaces with constant mean
curvature H in the Lorentz-Minkowski space,

1

2
∆tr(A2) = |∇A|2 +

(
tr(A2)

)2
+ nHtr(A3). (4.2)

On the other hand, Cheng and Yau’s proof is also an application of
the following generalized maximum principle for complete manifolds due
to Omori [40] and Yau [49].

Theorem 4.1 (A generalized maximum principle) Let Σ be a com-
plete Riemannian manifold whose Ricci curvature is bounded from below
and let u : Σ−→R be a smooth function bounded from below on Σ (resp.
bounded from above on Σ). Then, for each ε > 0 there exists a point
pε ∈ M such that

1. |∇u(pε)| < ε.

2. ∆u(pε) > −ε (resp. ∆u(pε) < ε).

3. inf u ≤ u(pε) < inf u + ε (resp. sup u− ε < u(pε) ≤ sup u).

Here ∇u and ∆u denote, respectively, the gradient and the Laplacian of
u.

As an application of this generalized maximum principle we have the
following Liouville-type theorem [13, 37]. We also refer the reader to
[15] for a modern accesible treatment of this Liouville-type result and
generalizations.
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Lemma 4.2 Let Σ be a complete Riemannian manifold whose Ricci cur-
vature is bounded from below and let u : Σ−→R be a non-negative smooth
function on Σ. If there exists a positive constant c > 0 such that ∆u ≥
cu2, then u vanishes identically on Σ.

Now we are ready to obtain the Calabi-Bernstein theorem. In fact,
if ψ : Σn → Ln+1 is a complete maximal hypersurface in the Lorentz-
Minkowski space, then H = 0 and (4.2) reduces to

1

2
∆tr(A2) = |∇A|2 +

(
tr(A2)

)2
. (4.3)

Besides, by (3.4) we know that the Ricci curvature of Σ is non-negative,
and we may apply Lemma 4.2 to the function u = tr(A2), which by (4.3)
satisfies ∆u ≥ 2u2. Therefore u vanishes identically on Σ, which means
that Σ is totally geodesic in Ln+1, and by completeness it must be a
spacelike hyperplane.

5 Other Bernstein-type results on spacelike hyper-
surfaces

In this section we will introduce other Bernstein-type results on spacelike
hypersurfaces of constant mean curvature in Ln+1. These are obtained as
an application of the Calabi-Bernstein theorem together with the max-
imum principle given in Theorem 4.1. The first result was obtained
simultaneous and independently by Aiyama [2] and Xin [48], and a first
weaker version of it was given by Palmer in [44]. Specifically, it states
what follows.

Theorem 5.1 The only complete spacelike hypersurfaces with constant
mean curvature in the Lorentz-Minkowski space whose hyperbolic image
N(Σ) ⊂ Hn

+ is bounded in the hyperbolic space are the spacelike hyper-
planes.

The proof of this theorem needs the following standard computations,
which we describe below for our later use. Such computations will be
also useful in Section 7 and Section 8. Let ψ : Σn → Ln+1 be a spacelike
hypersurface in Ln+1. For each fixed arbitrary vector a ∈ Ln+1, let us
consider on Σ the smooth function 〈a,N〉, whose gradient is given by

∇〈a,N〉 = −A(a>), (5.1)
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where a> = a + 〈a,N〉N denotes the component of a which is tangent to
Σ. From ∇oa = 0, it follows that

∇Xa> = −〈a,N〉AX (5.2)

for every X ∈ X(Σ), and using the Codazzi equation we obtain that

∇X(∇〈a,N〉) = −(∇a>A)X + 〈a,N〉A2X.

Therefore, the Laplacian of 〈a,N〉 is given in general by

∆〈a,N〉 = −tr(∇a>A) + tr(A2)〈a, N〉 = n〈∇H, a〉+ tr(A2)〈a,N〉.
In particular, if the mean curvature H is constant we obtain

∆〈a,N〉 = tr(A2)〈a,N〉. (5.3)

Proof of Theorem 5.1: Let us assume that the hyperbolic image of Σ
is contained in a geodesic ball B(a, %) in Hn

+ of radius % > 0 centered at
a point a ∈ Hn

+. Recall that

B(a, %) = {x ∈ Hn
+ : 1 ≤ −〈a, x〉 ≤ cosh(%)},

so that for every p ∈ Σ

1 ≤ −〈a,N(p)〉 ≤ cosh(%).

Since H is constant, we know from (3.4) that the Ricci curvature of Σ
is bounded from below by the non-positive constant −n2H2/4. Thus we
may apply Theorem 4.1 to the function u = −〈a,N〉, which is bounded
from above on Σ. Since H is constant, by (5.3) it follows that ∆u =
tr(A2)u. Applying now Theorem 4.1, we know that for every ε > 0 there
exists a point pε ∈ Σ such that

∆u(pε) = tr(A2)(pε)u(pε) < ε, (5.4)

and
lim
ε→∞

u(pε) = sup u ≤ cosh(%).

Besides, by the Cauchy-Schwarz inequality, tr(A2) ≥ nH2 on Σ, which
jointly with (5.4) yields

0 ≤ nH2u(pε) ≤ tr(A2)(pε)u(pε) < ε.
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Since u(p) ≥ 1 at every point p ∈ Σ, we obtain from here that

0 ≤ H2 <
ε

nu(pε)
,

and letting ε → 0 we conclude that the constant mean curvature H must
be zero and, by the Calabi-Bernstein theorem, the hypersurface must be
a spacelike hyperplane.

¤

Let us recall that every complete spacelike hypersurface in Ln+1 is
spatially entire. In particular, they cannot be spatially bounded and, for
instance, no complete spacelike hypersurface in Ln+1 can be contained in
the slab determined by two parallel timelike hyperplanes. For the case
of spacelike hyperplanes, Aledo and Aĺıas [4] have recently obtained the
following Bernstein-type result.

Theorem 5.2 The only complete spacelike hypersurfaces with constant
mean curvature in the Lorentz-Minkowski space which are bounded be-
tween two parallel spacelike hyperplanes are the (parallel) spacelike hy-
perplanes.

It is interesting to remark that the corresponding result for minimal
surfaces in Euclidean space R3 turns out to be false. Actually, Jorge and
Xavier [22] constructed examples of complete non-flat minimal surfaces
in R3 contained between two parallel planes.

Proof. Let a ∈ Ln+1 be the future-directed unit vector such that ψ(Σ)
is bounded between the parallel hyperplanes 〈a, x〉 = c and 〈a, x〉 = C,
c ≤ C. Hence, the height function u = 〈a, ψ〉 is bounded from above and
from below on Σ, and using Theorem 4.1 we get that for each ε > 0 there
exist points pε, qε ∈ Σ such that

∆u(pε) < ε, and ∆u(qε) > −ε. (5.5)

Since the gradient of u is∇u = a>, we know from (5.2) that the Laplacian
of u is given by

∆u = −〈a, N〉tr(A) = nH〈a,N〉.
Therefore, (5.5) implies that for each ε > 0

∆u(pε) = nH〈a,N(pε)〉 < ε,
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and
∆u(qε) = nH〈a,N(qε)〉 > −ε.

Using now that |〈a,N〉| = −〈a, N〉 ≥ 1, it follows from here that for each
ε > 0

− ε

n
≤ − ε

n|〈a, N(pε)〉| < H <
ε

n|〈a,N(qε)〉| ≤
ε

n
.

Therefore, letting ε → 0 we get that the constant mean curvature H
must be zero and, by the Calabi-Bernstein theorem, the hypersurface
must be a spacelike hyperplane.

¤

Let Ω ⊆ Rn be a domain and u : Ω−→R a smooth function on
Ω. Then, the graph determined by u, xn+1 = u(x1, . . . , xn), defines a
spacelike hypersurface in Ln+1 if and only if the Euclidean gradient of
u satisfies |Du| < 1 on Ω. In that case, the mean curvature H of the
spacelike graph is given by

Div

(
Du√

1− |Du|2

)
= nH, with |Du| < 1, (5.6)

where Div stands for the divergence in Rn. Therefore, for every real
number H ∈ R, the solutions to the differential equation (5.6) which are
globally defined on Rn represent the spacelike entire graphs with constant
mean curvature H in Ln+1. In terms of this constant mean curvature
differential equation, the Calabi-Bernstein theorem can be paraphrased
as follows.

Corollary 5.3 The only entire solutions to the zero mean curvature dif-
ferential equation

Div

(
Du√

1− |Du|2

)
= 0, with |Du| < 1, (5.7)

are affine functions.

On the other hand, if a complete spacelike hypersurface in Ln+1 is con-
tained in the slab determined by two parallel spacelike hyperplanes, then
it can be seen as an entire graph over one of those spacelike hyperplanes.
Using this, Theorem 5.2 can be also stated in terms of the constant mean
curvature differential equation in the following way.
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Corollary 5.4 The only entire solutions to the constant mean curvature
differential equation

Div

(
Du√

1− |Du|2

)
= nH, with |Du| < 1,

which are bounded on Rn are the constant ones.

Finally, observe that the Gauss map of a spacelike graph

xn+1 = u(x1, . . . , xn)

in Ln+1 is given by

N =
1√

1− |Du|2
(

∂u

∂x1

, . . . ,
∂u

∂xn

, 1

)
.

This implies that the hyperbolic image of a spacelike graph in Ln+1 is
bounded in Hn

+ if and only if
√

1− |Du|2 is bounded away from zero.
Thus we can formulate Theorem 5.1 in this way.

Corollary 5.5 The only entire solutions to the constant mean curvature
differential equation

Div

(
Du√

1− |Du|2

)
= nH, with |Du| ≤ 1− ε < 1,

are affine functions.

6 The Enneper-Weierstrass representation and its
applications

In [25] Kobayashi provided a new approach to the two-dimensional ver-
sion of the Calabi-Bernstein theorem for maximal surfaces in L3, which
is based on an appropriate Enneper-Weierstrass representation for those
surfaces (see also [33]).

The way we introduce here the Enneper-Weierstrass representation
for maximal surfaces in L3 follows the exposition in [10] for the cor-
responding Euclidean situation. For this, recall that every spacelike
surface ψ : Σ2 → L3 in L3 is oriented by its future-directed Gauss map
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N : Σ → H2
+. Therefore, using local isothermal parameters whose

changes of coordinates preserve the orientation, Σ has in a natural way
a structure of Riemann surface. Define, in terms of a local complex
parameter z = u + iv, the complex functions φ1, φ2, φ3 given by

φk =
∂ψk

∂z
=

1

2

(
∂ψk

∂u
− i

∂ψk

∂v

)
.

It is not difficult to see that

φ2
1 + φ2

2 − φ2
3 = 0,

and

|φ1|2 + |φ2|2 − |φ3|2 =
e2ρ

2
> 0,

where ds2 = e2ρ|dz|2 is the Riemannian metric on Σ induced by the
spacelike immersion ψ. Moreover, the 1-forms given by

Φk = φkdz, k = 1, 2, 3,

are globally defined on Σ, have no real periods, and they are holomorphic
if and only if Σ is a maximal surface in L3. In that case, the immersion
can be recovered from the holomorphic 1-forms by

ψ = 2Re

∫

γz

(Φ1, Φ2, Φ3),

where γz is any path from a fixed base point to z.
Let us assume from now on that Σ is a maximal surface in L3. Con-

sider the meromorphic function on Σ defined by

g =
Φ3

Φ1 − iΦ2

,

that is, if z is a local complex coordinate such that Φk = φkdz, then

g =
φ3

φ1 − iφ2

.

We will see now that g is closely related to the Gauss map of Σ. Define
a stereographic projection σ : D → H2

+ from the unit disc D = {z ∈ C :
|z| < 1} onto H2

+ as follows

σ(z) =

(
2 Re(z)

1− |z|2 ,
2 Im(z)

1− |z|2 ,
1 + |z|2
1− |z|2

)
.
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Geometrically, σ is a conformal bijection between D andH2
+ which assigns

to each point z ∈ D the point in H2
+ obtained as the intersection of H2

+

and the straight line joining (0, 0,−1) and (z, 0). It then follows that

g = σ−1 ◦N. (6.1)

In particular |g| < 1, so g is a holomorphic function on Σ and

ω = Φ1 − iΦ2

defines a holomorphic 1-form without zeroes on Σ. This allows us to
state the following Enneper-Weierstrass representation.

Theorem 6.1 Let ψ : Σ2 → L3 be a maximal surface in L3, endowed
with its natural Riemann surface structure. Then there exist a holomor-
phic 1-form ω = fdz without zeroes on Σ and a holomorphic function
g : Σ → D such that the immersion ψ is represented (up to a translation)
by

ψ = Re

∫ (
(1 + g2)ω, i(1− g2)ω, 2gω

)
. (6.2)

Conversely, let Σ be a Riemann surface, ω = fdz a holomorphic 1-form
without zeroes on Σ and g : Σ → D a holomorphic function. Besides,
assume that the following holomorphic 1-forms

(1 + g2)ω, i(1− g2)ω, gω, (6.3)

do not have real periods. Then the map ψ : Σ2 → L3 defined by (6.2) is
a maximal surface in L3.

The condition that the 1-forms in (6.3) do not have real periods is nec-
essary in order to guarantee that the integral (6.2) depends only on the
final point.

The quantities (g, ω) are called the Enneper-Weierstrass data of the
maximal surface. Recall that the holomorphic function g is closely related
to the future-directed Gauss map of Σ, since N = σ ◦ g. On the other
hand, the metric on Σ is written as

ds2 = |f |2(1− |g|2)2|dz|2, (6.4)

where ω = fdz locally, and its Gaussian curvature is

K =

(
2|g′|

|f |(1− |g|2)2

)2

. (6.5)
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In particular, either K = 0 or its zeroes are isolated.
In [42, Theorem 8.1] it is shown that the normals of a complete non-

planar minimal surface in R3 are everywhere dense in S2. Of course,
this has as an immediate consequence the classical Bernstein theorem.
Kobayashi’s approach to the Calabi-Bernstein theorem is a simple modi-
fication of the proof of the above theorem, and makes use of the following
auxiliary result due to Osserman [42, 43].

Lemma 6.2 Let f be a holomorphic function on the unit disc D, and
assume that f does not vanish on D. Then there exists a divergent curve
Γ in D such that ∫

Γ

|f(z)||dz| < ∞.

Kobayashi’s proof of the Calabi-Bernstein theorem: Since Σ is complete,
then it is diffeomorphic to R2 and, by Koebe uniformization theorem, it
must be conformally equivalent to either the complex plane C or the unit
disc D. Let us see that Σ cannot be conformally equivalent to D. In fact,
if Σ were conformally equivalent to the unit disc, then the holomorphic
1-form ω would be ω = fdz, with f a holomorphic function without
zeroes on D. Applying Lemma 6.2, there exists a divergent curve β in Σ
such that ∫

β

|f(z)||dz| < ∞.

On the other hand, by (6.4) the length of β is

L(β) =

∫

β

ds =

∫

β

|f(z)|(1− |g(z)|2)|dz| ≤
∫

β

|f(z)||dz| < ∞.

But that means that β is a divergent curve in Σ with finite length, which
is a contradiction to the fact that Σ is complete.

Therefore, Σ must be conformally equivalent to C. In that case,
g : C → D is a holomorphic function which is bounded on C and, by the
Liouville theorem, it must be constant. Equivalently, the Gauss map of
Σ is constant and the surface must be a spacelike plane.

¤
There are further applications of the Enneper-Weierstrass represen-

tation of maximal surfaces. For instance, as we will see in Section 8,
Estudillo and Romero [17] use this representation to obtain a univer-
sal inequality for the Gaussian curvature of a maximal surface in L3.
On the other hand, Kobayashi [26] and, more recently, Imaizumi [21]
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apply the Enneper-Weierstrass representation to the study of maximal
surfaces with conelike singularities, obtaining interesting characteriza-
tions of the Lorentz catenoid. In [30] López, López and Souam, also
using this Enneper-Weierstrass representation, classify the family of max-
imal surfaces in L3 which are foliated by pieces of circles. Finally, in [5]
Aledo and Gálvez extend the Weierstrass formula to the case of space-
like surfaces in L3 whose mean curvature is a constant multiple of its
Gaussian curvature (maximal linear Weingarten surfaces). By using this
extended complex representation they show the following generalization
of the Calabi-Bernstein theorem: the only complete maximal linear Wein-
garten surfaces in L3 of non-negative Gaussian curvature are spacelike
planes. Nevertheless it is interesting to remark that, opposite to the
case of maximal surfaces, there exist complete non-planar maximal lin-
ear Weingarten surfaces in L3 with negative Gaussian curvature.

7 Romero’s proof of the Calabi-Bernstein theorem

In this section we will describe a recent simple approach to the two-
dimensional version of the Calabi-Bernstein theorem given by Romero
in [45]. His approach is based on the Liouville theorem on harmonic
functions on R2, and it is inspired in a simple proof of the classical
Bernstein theorem given by Chern [14].

Let ψ : Σ2 → L3 be a maximal surface oriented by its future-directed
Gauss map N . For each fixed vector a ∈ L3, let us consider on Σ the
smooth function 〈a,N〉, whose gradient is given by (5.1),

∇〈a,N〉 = −A(a>), a> = a + 〈a,N〉N.

Thus |a>|2 = 〈a,N〉2 + 〈a, a〉 and

|∇〈a,N〉|2 = 〈A2(a>), a>〉 = K|a>|2 = K(〈a,N〉2 + 〈a, a〉), (7.1)

since A2X = KX for all X ∈ X(Σ), because of H = 0. Therefore
tr(A2) = 2K, and from (5.3) the Laplacian of 〈a,N〉 is given by

∆〈a,N〉 = 2K〈a,N〉. (7.2)

In particular, if a ∈ L3 is chosen to be lightlike (〈a, a〉 = 0 and a 6= 0)
with 〈a,N〉 > 0, then from (7.1) and (7.2) we get

∆

(
1

〈a,N〉
)

= −∆〈a,N〉
〈a,N〉2 +

2|∇〈a,N〉|2
〈a,N〉3 = 0,
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that is, 1/〈a,N〉 is a positive harmonic function globally defined on Σ.
On the other hand, if we choose now a future-directed unit timelike

vector b ∈ L3, then 〈b, b〉 = −1, 〈b,N〉 ≤ −1 and from (7.1) and (7.2) we
obtain

∆ (log(1− 〈b,N〉)) =
∆〈b,N〉
〈b, N〉 − 1

− |∇〈b,N〉|2
(〈b,N〉 − 1)2

= K,

which means that the conformal metric

g∗ = (1− 〈b,N〉)2g (7.3)

is a flat metric on Σ. Here g denotes the original Riemannian metric on
Σ induced by the spacelike immersion ψ.

Moreover, since 1 − 〈b,N〉 ≥ 2 on Σ, we also know that g∗ ≥ 4g,
which implies that the flat metric g∗ on Σ is also complete if the original
metric g is complete. For that reason, if Σ is a complete maximal surface
in L3, then we can conclude that (Σ, g∗) is globally isometric to the
flat Euclidean plane R2. The invariance of harmonic functions under
conformal changes of metric and that global isometry between Σ and
R2 allow us to induce 1/〈a,N〉 on a positive harmonic function globally
defined on R2, which by the Liouville theorem must be a constant. Hence
〈a,N〉 is a positive constant on Σ, which implies by (7.2) that K vanishes
on Σ and the surface must be a totally geodesic spacelike plane.

It is worth pointing out that the completeness of the maximal surface
ψ : Σ2 → L3 is used here only to assure the completeness of the conformal
metric g∗ and the simply-connectedness of Σ. Moreover, this second
condition can be derived from the first one in the following way. Let
ψ : Σ2 → L3 be a maximal surface in L3 such that the conformal flat
metric g∗ is complete on Σ and consider the universal covering projection

Π : Σ̂ → Σ. Then Π ◦ψ : Σ̂ → L3 is a simply connected maximal surface
for which the Riemannian metric ĝ = Π∗(g∗) is flat and complete. Then

(Σ̂, ĝ) is globally isometric to the flat Euclidean plane R2, and so the

harmonic function f = Π ◦ (1/〈a, N〉) on Σ̂ induces a positive harmonic
function globally defined on R2. This tells us that 1/〈a,N〉 is constant
on Σ, and hence the maximal surface ψ : Σ2 → L3 is totally geodesic.
Finally, since N is constant and g∗ is complete, we find that our maximal
surface must be a spacelike plane.

All of this shows that Romero’s proof also works under any other
assumption assuring the completeness of g∗. This occurs, for instance,
if one assumes the maximal surface to have closed image in L3, or more



42 On the Calabi-Bernstein theorem for ...

generally, if one assumes that the surface is complete with respect to the
metric induced on Σ by the Euclidean metric in R3. In fact, if we denote
by g0 this last metric, some computations lead to

g∗ = (1− 〈b,N〉)2g ≥ 〈b,N〉2g ≥ 1

2
g0. (7.4)

Hence, g∗ is complete on Σ if g0 complete. Therefore, Romero’s ap-
proach also allows us to obtain a simple direct proof of the following
results, without using the general results by Cheng and Yau and Harris
on the completeness of spacelike hypersurfaces (see the last paragraph of
Section 2).

Corollary 7.1 The only maximal surfaces in L3 which are complete with
respect to the metric induced by the Euclidean metric in R3 are the space-
like planes.

Corollary 7.2 The only maximal surfaces in L3 whose image is closed
in L3 are the spacelike planes.

8 On the Gaussian curvature of maximal surfaces

A different approach to the Calabi-Bernstein theorem can be made by
finding adequate local upper bounds for the Gaussian curvature of a
maximal surface. In this section we shall describe two different results
of this type. The first one is due to Estudillo and Romero [17], and
consists on a pointwise estimate for the Gaussian curvature in terms of
the distance of the point to the boundary of the surface. This result
makes use of the Enneper-Weierstrass representation and the Schwarz
lemma of complex analysis, and it is inspired in a paper by Osserman
[43], where he proves an analogous result for minimal surfaces in R3.
Actually the results in [17] are more elaborated that the one presented
here, and involve the study of the Gauss map of the surface. Nevertheless,
the result we give here suffices to prove the Calabi-Bernstein theorem as
well as some of its generalizations.

Let ψ : Σ2 → L3 be a maximal surface in L3, and let us denote by
(ω, g) its Enneper-Weierstrass data. Now consider on Σ the metric given
by

dσ2 = |ω|2.
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This is a flat metric. In fact, since ω = fdz locally and the metric |dz|2
is flat, then the Gaussian curvature K∗ of dσ2 satisfies

|f |2K∗ = −1

2
∆ log |f |2 = 0,

where we have used that f is holomorphic. Thus K∗ = 0 and dσ2 is flat.
Now choose p ∈ Σ. We shall asume that N(p) = (0, 0, 1), and thus

g(p) = 0, by composing with a rigid motion in L3 if necessary. Next let
us consider expp, the exponential map of (Σ, dσ2) at p. It follows from
the Cartan theorem that

expp : V ⊂ TpΣ−→Σ

is a local isometry with respect to dσ2. Here V is any neighbourhood of
0 ∈ TpΣ over which expp is defined.

Let us choose a discD(0, r) ⊂ V ⊂ TpΣ, and denote W = expp(D(0, r)).
Then W is covered by coordinate systems

{(Vα, exp−1
p )} ≡ {(Vα, zα)},

all of which are in the conformal atlas of Σ. This happens because every
zα is an isometry between the metric |dz|2 of TpΣ ≡ C and the flat
metric dσ2, which is conformal to the induced metric on Σ. In this way
we can consider on every (Vα, zα) its Enneper-Weierstrass data (fα, gα).
Thus fαdzα = ω and gα = g on Vα. Since zα is an isometry we get
|dzα|2 = |ω|2, and from there |ω|2 = |fα|2|dzα|2 = |fα|2|ω|2. This shows
that |fα| = 1 on Vα.

Under the identification TpΣ ≡ C, we can define the map

ĝ : D(0, r)−→D
given by

ĝ(w) = g(expp(w)).

It is obvious that ĝ is holomorphic, with ĝ(0) = g(p) = 0 and ĝ′(0) =
g′(p). Once here let us define G : D−→D as

G(η) = ĝ(rη).

Then G is holomorphic and satisfies G(0) = 0. Thus it follows from
the Schwarz lemma of complex analysis that |G′(0)| ≤ 1. Since G′(0) =
rĝ′(0) we find that

|g′(p)|2 = |ĝ′(0)|2 ≤ 1

r2
. (8.1)



44 On the Calabi-Bernstein theorem for ...

Finally, taking into account that g(p) = 0 and |fα| ≡ 1 we obtain by
means of (6.5) that

0 ≤ K(p) = 4|g′(p)|2 ≤ 4

r2
. (8.2)

Of course, if the metric dσ2 is complete we can choose r as large as we
desire. This implies that K(p) = 0 at every point p ∈ Σ, and hence the
surface must be a spacelike plane. Besides, it follows directly from (6.4)
that the flat metric dσ2 satisfies ds2 ≤ dσ2, where ds2 is the induced
metric of the surface. This provides us with an alternative proof of the
Calabi-Bernstein theorem.

From (8.2) we can also find the following estimate for the Gaussian
curvature of a maximal surface.

Theorem 8.1 Let ψ : Σ2 → L3 be a maximal surface in L3. Then the
Gaussian curvature of the surface at an arbitrary point p ∈ Σ satisfies

K(p) ≤ 4

d(p, ∂Σ)2
.

Proof. We keep the notations of the above arguments. We know that if
the flat metric dσ2 is complete the surface is a spacelike plane, and hence
the result holds trivially. If dσ2 is not complete we can choose D(0, r) as
the larger disc over which expp is defined. In this situation there exists
some w0 ∈ ∂D(0, r) such that the geodesic γ(t) of (Σ, dσ2) given by

γ(t) = expp(tw0)

is defined on [0, 1), but it cannot be extended to 1. This forbids that
the geodesic γ(t) lies in a compact set of Σ, and thus γ(t) must be a
divergent curve in Σ. Furthermore,

d(p, ∂M) ≤ L(γ) =

∫

γ

ds ≤
∫

γ

|ω| = r, (8.3)

where we have used that dσ2(γ′(t), γ′(t)) = r2 for all t. The result then
follows from (8.3) and (8.2).

¤

The estimate (8.2) is given in terms of the flat metric dσ2. It is
interesting to note that dσ2 coincides up to a constant with the flat
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metric introduced in (7.3) for the choice b = (0, 0, 1). In fact, taking into
account (6.1) we get

〈N, b〉 = −1 + |g|2
1− |g|2 .

Thus

g∗ = (1− 〈N, b〉)2ds2 =
4

(1− |g|2)2
ds2 = 4dσ2.

In this way (7.4) turns into dσ2 ≥ (1/8)g0, and we can reobtain Corollary
7.1 and Corollary 7.2.

The second approach to the Calabi-Bernstein theorem of this section
has been recently obtained by Aĺıas and Palmer [8]. It is based on an up-
per bound for the total curvature of geodesic discs in a maximal surface
in L3, involving the local geometry of the surface and its hyperbolic im-
age. Specifically, they have proved the following local integral inequality
for the Gaussian curvature.

Theorem 8.2 Let ψ : Σ2 → L3 be a maximal surface in the Lorentz-
Minkowski space. Let p be a point of Σ and R > 0 be a positive real num-
ber such that the geodesic disc of radius R about p satisfies D(p,R) ⊂⊂ Σ.
Then for all 0 < r < R, the total curvature of a geodesic disc D(p, r) of
radius r about p satisfies

0 ≤
∫

D(p,r)

KdA ≤ cr
L(r)

r log (R/r)
, (8.4)

where L(r) denotes the length of ∂D(p, r), the geodesic circle of radius r
about p, and

cr =
π2

8

(1 + cosh2 %r)
2

cosh %r arctan (cosh %r)
> 0.

Here %r denotes the radius of a geodesic disc in H2
+ containing the hy-

perbolic image of D(p, r).

This local integral inequality (8.4) clearly implies the global Calabi-
Bernstein theorem. Indeed, if Σ is complete, then R can approach to
infinity in (8.4) for a fixed arbitrary p ∈ Σ and a fixed r, which gives

∫

D(p,r)

KdA = 0.
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Taking into account that the Gaussian curvature of a maximal surface
in L3 is always non-negative, this yields K = 0 on Σ, and Σ must be a
spacelike plane.

The proof of Theorem 8.2 is an application of the following (intrinsic)
local integral inequality on an analytic Riemannian surface with non-
negative Gaussian curvature.

Lemma 8.3 Let Σ2 be an analytic surface endowed with an analytic
Riemannian metric with non-negative Gaussian curvature K ≥ 0. Let u
be a smooth function on Σ which satisfies

u∆u ≥ 0

on Σ. Then for 0 < r < R
∫

Dr

u∆u ≤ 2L(r)

r log (R/r)
sup
DR

u2,

where Dr denotes the geodesic disc of radius r about a fixed point in Σ,
Dr ⊂ DR ⊂⊂ Σ, and L(r) denotes the length of ∂Dr, the geodesic circle
of radius r.

The proof of Lemma 8.3 follows from Lemma 2.1 in [7] and inequality
(2.4) in [7].
Proof of Theorem 8.2: Let us assume that the hyperbolic image of D(p, r)

is contained in a geodesic disc D̃(a, %r) in H2
+ of radius %r centered at the

point a ∈ H2
+. Recall that

D̃(a, %r) = {x ∈ H2
+ : 1 ≤ −〈a, x〉 ≤ cosh %r},

so that 1 ≤ −〈a, N(q)〉 ≤ cosh %r for all q ∈ D(p, r).
Observe that since ψ : Σ2 → L3 is a maximal surface, Σ is an analytic

Riemannian surface with non-negative Gaussian curvature, and we may
apply Lemma 8.3 to an appropriate smooth function u. The idea of the
proof is to apply it to the smooth function u = arctan(−〈a,N〉), which
by (7.1) and (7.2) satisfies

∆u = − 1

1 + 〈a,N〉2 ∆〈a,N〉+ 2〈a,N〉
(1 + 〈a,N〉2)2

|∇〈a,N〉|2 =
−4K〈a,N〉

(1 + 〈a,N〉2)2
,

and
u∆u = φ(−〈a,N〉)K ≥ 0, (8.5)
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where φ : R−→R is given by

φ(t) =
4t arctan(t)

(1 + t2)2

The function φ(t) is strictly decreasing for t ≥ 1, so that for t ∈ [1, cosh %r]
it is bounded from below by

φ(t) ≥ φ(cosh %r) =
4 cosh %r arctan(cosh %r)

(1 + cosh2 %r)2
.

Hence, at each point q ∈ D(p, r) we get from (8.5)

u(q)∆u(q) ≥ 4 cosh %r arctan(cosh %r)

(1 + cosh2 %r)2
K(q) ≥ 0.

Integrating now this inequality over D(p, r) and using Lemma 8.3 we
conclude that

0 ≤ 4 cosh %r arctan(cosh %r)

(1 + cosh2 %r)2

∫

D(p,r)

KdA ≤
∫

D(p,r)

u∆udA

≤ π2

2

L(r)

r log (R/r)
,

that is,

0 ≤
∫

D(p,r)

KdA ≤ cr
L(r)

r log (R/r)
.

¤

9 Further developments

In this section we include some additional results and topics which are
related to the Calabi-Bernstein theorem. First of all, let us remark that
the classical Bernstein theorem on minimal surfaces in the Euclidean
space R3 can be seen as a consequence of the Calabi-Bernstein theorem on
maximal surfaces in L3 (and viceversa). This follows from the following
duality between solutions to their corresponding differential equations
[9].
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Theorem 9.1 There exists an entire, nonlinear C2 solution to the min-
imal surface equation

Minimal[u] = Div

(
Du√

1 + |Du|2

)
= 0,

on R2 if and only if there exists an entire, nonlinear C2 solution to the
maximal surface equation

Maximal[w] = Div

(
Dw√

1− |Dw|2

)
= 0, |Dw|2 < 1

on R2.

Proof. Assume that u is an entire nonlinear solution of Minimal[u] = 0
in the (x, y) plane. Recall that for a vector field X on R2 it holds that

(DivX)dx ∧ dy = dωJX ,

where J denotes the usual almost complex structure in the plane and
ωJX denotes the 1-form on R2 which is metrically equivalent to the field
JX. Then, since the plane is simply connected, we can write

Du√
1 + |Du|2 = J(Dw) (9.1)

for a C2 function w. Since J is an isometry, there follows

|Du|2
1 + |Du|2 = |Dw|2 < 1,

and so

1 + |Du|2 =
1

1− |Dw|2 . (9.2)

Using that J2 = −id, we obtain from (9.1),

J(Du) = −
√

1 + |Du|2Dw = − Dw√
1− |Dw|2 ,

and so Maximal[w] = 0 follows.
If w were linear, then Dw is a constant vector, |Dw|2 ≡constant, and

then it follows from (9.2) that |Du|2 is a constant also. It then follows
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from (9.1) that Du is a constant vector, contradicting the assumption
that u is nonlinear.

A very similar argument, starting with an entire solution of
Maximal[w] = 0, produces an entire solution of Minimal[u]=0.

¤

On the other hand, we introduce here an elementary proof of the
Calabi-Bernstein theorem for maximal surfaces in L3. As we have seen
throughout this paper, many of the known proofs of this theorem are
non-trivial adaptations to the Lorentz-Minkowski space of proofs of the
classical Bernstein theorem. The approach that we present here is in-
spired by a paper of Nitsche [38], where he proves the classical Bernstein
theorem for minimal surfaces in R3. It is amazing that in our case the
proof follows very closely the steps made by Nitsche.

Our proof is a consequence of the following result by Jörgens [23].

Lemma 9.2 (Jörgens theorem) If φ : R2−→R satisfies the following
differential equation

det(D2φ) =
∂2φ

∂x2

∂2φ

∂y2
−

(
∂2φ

∂x∂y

)2

= 1,

then φ = φ(x, y) is a quadratic polynomial in x and y.

Actually, let us assume that u = u(x, y) is an entire solution to the
maximal surface equation on R2, that is,

Div

(
Du√

1− |Du|2

)
= 0, |Du|2 < 1,

or equivalently,

(1− |Du|2)∆u + D2u(Du, Du) = 0, (9.3)

where ∆u = Div(Du) is the Euclidean Laplacian of u, with |Du|2 < 1.

Then, if we define W =
√

1− |Du|2, we can easily see from (9.3) that

∂

∂x

(
1

W

(
1−

(
∂u

∂y

)2
))

+
∂

∂y

(
1

W

∂u

∂x

∂u

∂y

)
= 0,

and
∂

∂x

(
1

W

∂u

∂x

∂u

∂y

)
+

∂

∂y

(
1

W

(
1−

(
∂u

∂x

)2
))

= 0.
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This assures the existence of certain functions α, β : R2−→R such that

∂α

∂x
=

1

W

(
1−

(
∂u

∂x

)2
)

,
∂α

∂y
= − 1

W

∂u

∂x

∂u

∂y
,

∂β

∂x
= − 1

W

∂u

∂x

∂u

∂y
,

∂β

∂y
=

1

W

(
1−

(
∂u

∂y

)2
)

.

Again, from here we can assure that there exists a function φ : R2−→R
satisfying ∂φ/∂x = α and ∂φ/∂y = β. Therefore

∂2φ

∂x2
=

1

W

(
1−

(
∂u

∂x

)2
)

,

∂2φ

∂x∂y
= − 1

W

∂u

∂x

∂u

∂y
, (9.4)

∂2φ

∂y2
=

1

W

(
1−

(
∂u

∂y

)2
)

,

which implies that det(D2φ) = 1. Finally, by applying the Jörgens theo-
rem we obtain that φ is a quadratic polynomial in x and y, which implies
by (9.4) that u is linear in x and y.

Finally, let us note that the local surface theory in L3 is quite much
more complicate than its Euclidean counterpart. This mainly happens
because the presence in L3 of vectors with different causal characters usu-
ally turns into a wider variety of cases to consider. In [6] Aĺıas, Chaves
and Mira have recently introduced a complex representation formula for
maximal surfaces in L3, obtained by modifying the Enneper-Weierstrass
representation and based in the classical Björling problem for minimal
surfaces (see [16, 39]). This representation formula in L3 is quite ade-
quate for describing the local geometry of maximal surfaces, since it splits
this geometric situation into simpler parts, that is, into one-dimensional
objects.

To present this new approach to the local theory of maximal surfaces
we first formulate the Björling problem in L3:

Let β : I −→ L3 be a regular spacelike analytic curve in L3,
and let V : I −→ L3 be a unit timelike analytic vector field
along β such that 〈β′, V 〉 ≡ 0. Construct a maximal surface
in L3 containing β whose Gauss map along β is given by V .
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This Björling problem turns out to have a unique solution, which provides
the complex representation formula specified above. The solution to
Björling problem for maximal surfaces in L3 states what follows [6].

Theorem 9.3 Let β : I −→ L3 be a regular analytic spacelike curve in
L3, and let V : I −→ L3 be a timelike analytic unit vector field along
β such that 〈β′, V 〉 ≡ 0. There exists a unique maximal surface whose
image contains β(I) and such that its Gauss map along β is V . This
maximal surface is explicitly given by

χ(z) = Reβ(z)− Im

∫ z

s0

V (w)× β′(w)dw. (9.5)

Here β(z), V (z) are holomorphic extensions of β(s), V (s) over a certain
simply connected open set Ω ⊆ C containing I, and s0 ∈ I is fixed but
arbitrary.

Several applications of this formula have been recently studied in [6, 36].
More specifically, one can use Theorem 9.3 mainly in two directions: the
construction of maximal surfaces with prescribed geometric properties,
and the obtention of new results on maximal surfaces. As an example of
the latter we note the following consequence of Björling problem [36].

Theorem 9.4 Let β : I −→ L3 be a regular analytic spacelike curve of
a semi-Riemannian analytic surface Σ ⊂ L3, and choose ϕ > 0. There
exist exactly two maximal surfaces in L3 that intersect Σ along β with
constant angle ϕ. Both maximal surfaces can be explicitly constructed as
solutions to adequate particular Björling problems.

If Σ is a non-degenerate plane, those two maximal surfaces are con-
gruent in L3.
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[4] J.A. Aledo and L.J. Aĺıas, On the curvatures of bounded
complete spacelike hypersurfaces in the Lorentz-Minkowski space,
Manuscripta Math. 101, 401-413, (2000).

[5] J.A. Aledo and J.A. Gálvez, A Weierstrass representation for
maximal linear Weingarten surfaces in the Lorentz-Minkowski space,
preprint (2001).
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1 Motivation

The classical model describing the free fall relativistic particle, that is mo-
tion solely under the influence of gravity, is governed by the Lagrangian

F(γ) = m

∫

γ

d s,

the world trajectories being geodesics of the spacetime. Recently, the
interest in constructing models to describe spinning relativistic particles,
both massive and massless, has been revived (see for example [6, 14, 15,
16, 17, 18, 20, 21, 22, 24] and references therein).

The conventional approach to these models consists in the extension
of the initial spacetime by means of extra spinning degrees of freedom.
However, there is another, less developed way to construct these mod-
els. The main idea is to consider Lagrangians, which are formulated in
the initial spacetime, but depend on higher order derivatives. In other
words, the action depend on the geometrical invariants, curvatures, of
the particle trajectories,
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N (γ) =

∫

γ

Ω(κ1, · · · , κn−1),

where κi, 1 ≤ i ≤ n− 1 denote the curvatures in n dimensions.
Several motivations should be considered when regarding this new

approach. Between these, we remember here the following

1. The old idea of modelling the spinning particle without introducing
new additional spinning variables.

2. The consideration of the above mentioned Lagrangians is strongly
related to the development of the bosonic string theory in the sense
of Polyakov.

3. The construction of models for supersymmetric particles.

4. The searching for models of particles with arbitrary fractional spin,
anyons.

5. The theory of particles with maximal proper acceleration.

Certainly, the simplest models are those with Lagrangian density
involving only the first curvature, that is the curvature κ which plays
the role of proper acceleration of particle, of the worldlines. In this
paper, I consider models for spinning relativistic particles, both massive
and massless, that are governed by actions with densities being linear
functions of the particle proper acceleration, that is they have rigidity
of order one. In particular, the beautiful Lagrangian system with action
measuring the total proper acceleration is known in the literature as the
Plyushchay model and describe the spinning massless relativistic particle.

Obviously, my interest in these models come from mathematical rea-
sons such as turning tangent or Fenchel program. Also because my in-
terest in the theories of elastic curves, [1, 2, 4, 8] and in topics related
with helices, [3, 4, 5].

When studying these models in backgrounds with constant curva-
ture, I have learned several interesting properties on their dynamical
behaviours so as on the geometry of their world trajectories.

1. The dynamics of these Lagrangian systems takes place in dimension
three.
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2. The geometry of the trajectories in the massive model is completely
determined. Particles evolve along helices. The model is consistent
no matter if the D = 3 background gravitational fields correspond
with either Lorentz-Minkowski, De Sitter or anti De Sitter. More-
over, the moduli space of solutions may be determined from three
different pairs of dependent moduli.

3. In contrast, the trajectories of the massless model, or the Plyushchay
model, are not helices in general. The model is consistent only in
anti De Sitter backgrounds. The moduli space of solutions being
determined from a unique modulus that moves along the space of
smooth functions on either a hyperbolic plane or an anti De Sitter
plane.

4. One can obtain nice quantization principles. For example, the mod-
uli subspace of closed trajectories, in the Plyushchay model on a
D = 3 anti De Sitter space, is quantized via a rational constraint
on one of the moduli.

5. An interesting algorithm to get explicit examples of closed solitons
in Plyushchay model can be exhibited. This involves the following
ingredients.

• An isoareal mapping such as the hyperbolic Lambert projec-
tion.

• The Hopf mapping from anti De Sitter space onto the hyper-
bolic plane.

• A series of classical curves including the elliptic lemniscates
(also called Perseo espiricas), the limaçon or snail of Pascal, the
Vivianni ovoides in particular the folium simple of Descartes,
the roses of Gido-Grandi, the quartics of Ruiz-Castizo...

Many of the results of this talk are contained in [6] (see also [1, 2]).

2 The models and the motion equations

Let (M, g =<,>) be a semi-Riemannian manifold with Levi-Civita con-
nection ∇ and curvature tensor R. In this setting, we consider dynamics
associated with Lagrangian that depend linearly from the proper accel-
eration of particles. The space of elementary fields is a certain space of
non-null curves in M , say Λ and the action is Lm : Λ → R, given by



60 Dynamics and Geometry of Relativistic Particles

Lm(γ) =

∫

γ

(κ(s) + m) d s,

where κ denotes the curvature of the curve γ ∈ Λ and m is a coupling
mass parameter which serves as a Lagrange multiplier or it is prescribed
experimentally. The massless model of Plyushchay correspond with the
case m = 0.

The field equations can be computed using a standard argument that
involves some integrations by parts. Therefore, for γ ∈ Λ and W ∈ TγΛ,
we have

δLm(γ)[W ] =

∫

γ

< Ω(γ), W > d s + [B(γ,W )]L0

−
m∑

i=1

< ∇T W,N(s+
i )−N(s−i ) >

+
m∑

i=1

< W (si),∇T N(s+
i )−∇T N(s−i ) >,

where Ω(γ) and B(γ, W ) stand by the Euler-Lagrange and the boundary
operators, given respectively by

Ω(γ) =
(
ε2ε3τ

2 + ε1ε2mκ
)
N − ε3τsB − ε3τ η −R(N, T )T,

B(γ,W ) = ε3 < ∇T W,N > +ε1m < W,T > ε3τ < W,B >,

T is the unit tangent, N and B are unit normal and binormal respectively.
Also, η is a section of the normal sub-bundle of γ which is orthogonal
to that generated by {T,N, B}. Here τ is the torsion and (ε1, ε2, ε3) are
the causal characters of T, N,B, respectively.

It should be noticed that, a priori, curves could have inflection points,
γ(si), 1 ≤ i ≤ m. Therefore, if dimension of M is greater than two,
then N is not defined in such points. However, this is not the case
of trajectories. The trajectories of relativistic particles in the model
(M, g,Lm) are nothing but the critical points of Lm : Λ → R, that is,
those curves γ ∈ Λ that satisfy δLm(γ)[W ] = 0, ∀W ∈ TγΛ.
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On the other hand, we can consider suitable first order boundary
conditions to drop out the boundary operator. In this case, it is suffices
to take clamped curves, that is, curves that connect two fixed points and
are tangent in these two points. Therefore, we have

Theorem 2.1 (First order boundary conditions or clamped
curves). Let q1 and q2 two points in M and choose unit vector xi ∈
Tqi

M , 1 ≤ i ≤ 2 to consider the space of curves

Λ = {γ : [t1, t2] → M : γ(ti) = qi, T (ti) = xi, 1 ≤ i ≤ 2}.
Then, we have

1. If γ ∈ Λ is the trajectory of a relativistic particle in (M, g,Lm),
then N , B and τ are well defined along γ, even in the inflection
points.

2. The boundary operator vanishes identically along the trajectories so
the relativistic particles of the model (M, g,Lm) evolve along the
curves that are solution of the following field equation

R(N, T )T =
(
ε2ε3τ

2 + ε1ε2mκ
)
N − ε3τsB − ε3τ η,

Corollary 2.2 (Backgrounds with constant curvature.) If (M, g)
has constant curvature, say c, then the field equations describing the mo-
tion of relativistic particles in the model (M, g,Lm) are

ε2ε3τ
2 + ε1ε2mκ = ε1c,

τs = 0,

η = 0.

In particular, we have

1. The motion of relativistic particles with order one rigidity in spaces
with constant curvature takes place in totally geodesic three dimen-
sional submanifolds, [10], which obviously have the same geometry
of the big background, for example have constant curvature, c.

2. The massive (m 6= 0) relativistic particles with order one rigidity in
spaces with constant curvature evolve along helices in spaces with
dimension three. That is, trajectories have curvature and torsion,
both, constant.
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At this point, we will restrict ourselves to D = 3 Lorentzian space
forms. The curvature and the torsion of trajectories are not independent
but obviously, they determine completely the geometry of these curves,
up to congruences in the spacetime. Moreover, the particle spin, S and its
mass, M , can be determined in terms of those invariants. The converse
also holds, that is, one can determine the curvature and the torsion of
trajectories in terms of S and M , (see [6]). Then, we obtain

Corollary 2.3 In D = 3 spacetimes with constant curvature, the spin-
ning massive relativistic particles with order one rigidity, evolve along
helices. The geometry of a trajectory, (κ, τ) is equivalent to the particle
dynamics, (M, S). Therefore, each solution of the field equations can be
geometrically determined by the parameters (κ, τ), or equivalently by its
dynamics parameters, (M, S). In this sense, the motion equation plays,
in the worldline geometry, the role of Regge trajectory in the dynamics
of the particle.

3 The case of AdS3

The three dimensional anti de Sitter space, AdS3, with curvature −1
can be regarded as the hyperquadric in C2

1 given by

AdS3 = {z ∈ C2
1 : (z, z) = −1},

endowed with the induced metric.
On the other hand, the hyperbolic plane, H2, and the pseudo-

hyperbolic plane (or anti de Sitter plane), H2
1, can be viewed as orbit

spaces obtained from AdS3. In fact, just consider the natural action of
the unit circles S1 in R2 and H1 in L2 on AdS3 defined by

a.(z1, z2) = (a z1, a z2), a ∈ S1 or a ∈ H1.

Therefore, we obtain two called Hopf fibrations, [7],

Πr : AdS3 → H2
r, r = 0, 1,

with fibre S1 and H1, respectively, where H2
0 = H2. These become into

semi Riemannian submersions when H2
r is endowed with the metric with

curvature −4 (see [9, 19] for details on this topic). In particular, one can
prove the following facts, [7],
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• The horizontal lifts of regular curves in H2 are space Frenet curves
in AdS3 which have torsion τ = ±1.

• The horizontal lifts of regular curves in H2
1 are space or time Frenet

curves in AdS3 which have torsion τ = ±1.

Next, I will give an algorithm which allows to obtain geometrically
all the helices in AdS3 (see [4, 5] for details).

1. First, notice that if β is a curve in H2
r, then Π−1

r (β) is a flat surface
in AdS3. If r = 0, then Π−1

0 (β) is Lorentzian, the Hopf tube of β,
while if r = 1 then Π−1

1 (β) is Riemannian or Lorentzian according
to the causal character of β, in this case the surface is called a B-
scroll, [13]. In both cases, the surface can be parametrized in AdS3

through fibres (s =constant) and horizontal liftings, β̄(s), of β.

Φ(s, t) =

{
cos (t)β̄(s) + sin (t)iβ̄(s), if r = 0,
cosh (t)β̄(s) + sinh (t)iβ̄(s), if r = 1,

2. Now, if β has constant curvature, say ρ, in H2
r, then the non-null

geodesics of Π−1
r (β) are helices in AdS3. In fact, let g be the slope

of a geodesic, γ, in H2
r. Then, one can compute the curvature and

the torsion of γ in AdS3 to be respectively

κ = ε1ε
ρ + 2 g

ε− (−1)rg2
,

and

τ = −(−1)rε1ε
ε(−1)r + g ρ + g2

ε− (−1)rg2
.

where ε and ε1 are the causal characters of β and γ, respectively.

3. The converse of the above fact also holds. Every helix, γ, of AdS3

is a geodesic in either a Hopf tube or in a B-scroll. In fact, let κ, τ
and ε1 be the curvature, the torsion and the causal character of γ.
In H2

r, one considers a curve, β, with constant curvature

ρ = ε1
κ2 + (−1)r(1− τ 2)

κ
,

then, one chooses the geodesic in Π−1
1 (β) determined by the slope
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g = (−1)r ε1 + τ

κ
.

It is now easy to see the so obtained curve is congruent in AdS3 to
γ.

Now, the field equation can be written in terms of the cylindrical
coordinates, (ρ, g). A geodesic of either a Hopf tube or a B-scroll is
a trajectory of a spinning, massive, relativistic particle with order one
rigidity if and only if its slope, g, and the modulus curvature, ρ, satisfy
the following equation

(2g + ρ)
(
(ρ− ε3ε(−1)rm)g2 + 2ε(−1)rg + ε3m

)
= 0. (3.1)

This algorithm can be combined with Corollary 3 to describe the com-
plete moduli space of massive, relativistic particles of order one rigidity
in AdSn. They evolve generating trajectories which are helices in AdS3.
Moreover the moduli space of solutions can be described in terms of three
couples of dependent parameters either:

• The curvature, κ, and the torsion, τ , of the world line whose de-
pendence define pieces of parabola, or

• The mass, M , and the spin, S, whose dependence gives the Regge
trajectory, or

• The cylindrical coordinates, (ρ, g), of the trajectory regarded as a
geodesic of a Hopf tube or a B-scroll. In this case the constraint is
given by (3.1).

4 Massive closed trajectories, a quantization prin-
ciple

The Hopf map, π0 : AdS3 → H2, can be viewed as a principal fibre
bundle on the hyperbolic plane with structure group S1 (a circle bundle).
We define a vector potential, ω, on this bundle by assigning to each
z ∈ AdS3 the horizontal 2-plane

Hz =< iz >⊥,
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the canonical principal connection. The field strength, Ω, of this principal
connection is given by

Ω = π∗0(Θ) with Θ = −2 dA,

where dA stands for the canonical area form on H2.
On the other hand, if β : [0, L] → H2 is an immersed closed curve

with length L > 0 (we always assume that β is parametrized by its
arclength) and β̄ denotes a horizontal lift of β, then the Lorentzian Hopf
tube, Tβ, generated by β is a flat torus which is embedded in AdS3 if β is
simple. To compute its isometry type, we essentially use the holonomy of
the above described connection. In fact, notice that the mapping Φ when
it is considered on the whole Lorentzian plane, L2 is nothing but a semi-
Riemannian covering. The lines parallel to the t-axis in L2 are mapped
by Φ onto the fibres of π0, while the lines parallel to the s-axis in L2

are mapped by Φ onto the horizontal lifts of β. The later curves are not
closed because the non-trivial holonomy of the involved vector potential,
which was defined before. However, the non-closedness of the horizontal
lifts of closed curves is measured just for the field strength. To see this,
we will apply, without major details, a well known argument which is
nicely exposited in [12]. According to that, there exists δ ∈ [−π, π)
such that β̄(L) = eiδβ̄(0), for any horizontal lift. The whole group of
deck transformations of Φ is so generated by the translations (0, 2π) and
(L, δ). Finally, we have δ =

∫
c
Θ, where c is any 2-chain in H2 with

boundary ∂c = β. In particular, we get δ = 2A. Therefore, we have
obtained the following result.

Proposition 4.1 Let β be a closed immersed curve in H2 of length L
and enclosing an area A. Then, the corresponding Hopf torus, Tβ is
isometric to L2/Γ, where Γ is the lattice in the Lorentzian plane, L2 = R2

1,
generated by (0, 2π) and (L, 2A).

Now, we can characterize those geodesics of a Hopf torus that are
closed. In particular the closed helices in AdS3. To do it, suppose β is a
closed curve, with constant curvature, ρ, in H2. This means that β is a
geodesic circle of a certain radius, say ε > 0, in H2. Then its curvature is
ρ = −2 coth 2ε, notice that we used suitable orientation to get negative
values for curvature. The length of β is L = π sinh 2ε and the enclosed
area in H2 is A = π

2
(cosh 2ε− 1). Using the isometry type of Tβ, we see

that a geodesic, γ, of Tβ is closed if and only if there exists so > 0 such
that Φ−1(γ(so)) ∈ Γ. Consequently
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g =
2π

L

(
q +

A

π

)
,

where q is a rational number which we call the rational slope.
This condition can be also written in terms of the the cylindrical

coordinates, (g, ρ)

g = q
√

ρ2 − 4− 1

2
ρ,

where q ∈ Q− {0}.
It should be noticed that ρ2 > 4, recall that H2 was chosen to have

constant curvature −4. Hence, the field equation simplifies to

(ρ− ε3m)g2 + 2g + ε3m = 0.

Then, we obtain the complete class of solutions that correspond with
closed worldlines in the following quantization result

Proposition 4.2 The complete space of closed trajectories correspond
with a rational one-parameter family of helices in AdS3. These lie in
Hopf tori on closed curves with constant curvature in H2, moreover they
are geodesics in those tori and they are obtained when its slope is quan-
tized via a rational constraint.

5 Massless spinning particles

The Plyushchay model for massless spinning particle admits a consis-
tent formulation in anti De Sitter backgrounds. The motion equations
for Plyushchay’s model, in a Loretzian-space-form (or space-time with
constant sectional curvature), turn out to be

−τ 2 = c, τ ′ = 0, δ = 0,

where recall that c is nothing but the background constant sectional
curvature. These equations have strong consequences which can be sum-
marized as follows:

The Lorentzian plane, L2, and the three-dimensional anti De
Sitter space, AdS3, are the only of these backgrounds that a
priori could admit a consistent formulation for Plyushchay’s
model massless spinning particle.
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However, the case of the Lorentzian plane is trivial and it could be con-
sidered as a preambule of Fenchel’s theory, [11]. Therefore, we only need
to consider the case of AdS3. In this case, we consider without loss of
generality c = −1, the motion equations reduce to

τ = ±1,

and no information on the proper acceleration of particles is obtained.
Therefore, the Plyushchay model lie to put the following problem: to
classify those curves in AdS3 with torsion τ = ±1. This innocent ques-
tion is not trivial. However its solution involves the nice powerful of the
geometry of AdS3, [23]. In particular, the main tools to solve this prob-
lem are both: (i) The high rigidity of the standard gravitational field
on AdS3 and (ii) The nice geometry associated with the Hopf mappings.
This allow us to generate a beautiful argument to obtain the whole mod-
uli space of massless spinning particles for the Plyushchay model.

First, it should be observed that any horizontal lift via πr of any curve
in H2

r, r = 0, 1, has torsion τ = ±1 and so automatically gives a worldline
of a massless spinning particle evolving in AdS3. Conversely, let assume
that α is the worldline of a massless spinning particle in AdS3, then its
torsion is τ = ±1. Denote by κ∗ its curvature function and take γ to be
a curve in H2

r so that its curvature function is κ = πr ◦κ∗. Finally, choose
a horizontal lift, say γ̄, of γ. Since α and γ̄ have the same curvature, κ∗,
and torsion, τ = ±1, then they must be congruent in AdS3.

It should be noticed that, in contrast with the massive models where
two dependent real moduli describe the space of solutions, now the only
modulus moves along the space of smooth functions from, say R, in H2

r.

Proposition 5.1 For any % ∈ C∞(R,H2
r), denote α%

r the curve (up to
congruence) with curvature function %. Then the moduli space of trajec-
tories in the Plyushchay model is

MP =
1⋃

r=0

{ᾱ%
r : % ∈ C∞(R,H2

r)}.

6 Closed trajectories in the Plyushchay model

The moduli subspace made up of closed solutions can be nicely deter-
mined as follows. Let γ be a closed curve in the hyperbolic plane with
length L and enclosing an area A. If ¯gamma is any horizontal lift of γ,
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then γ̄(L) = eiδγ̄(0), recall that δ is the holonomy number of the above
described vector potential on the circle principal bundle given by the
Hopf map π0 : AdS3 → H2. Now, γ̄ closes up if and only if there exists
n ∈ N such that after n consecutive liftings of γ (that means, we lift the
n-fold cover of γ) we get γ̄(n.L) = einδγ̄(0) = γ̄(0). Then δ = 2πp

n
for

a certain integer p. On the other hand, we already know that δ = 2A.
Consequently, we obtain A = p

n
π. Hence, we have the following quanti-

zation condition to obtain the moduli subspace of closed solutions in the
Plyushchay model for massless spinning particle

Proposition 6.1 The subspace of closed worldlines is obtained when we
lift, some fold cover of closed curves in H2 which bounded an area that is
a rational multiple of π.

To illustrate the above result, we will exhibit some explicit examples.

Example 6.2 A rational one-parameter class of closed helices.
The enclosed area of a geodesic circle, γ, with radius ε > 0 in H2 is given
by A = (cosh 2ε − 1)π

2
. Thus a horizontal lift of the n-fold cover of γ

closes if and only if 1
2
(cosh 2ε − 1) = p

n
. We now solve this equation

in ε to obtain a rational one-parameter family of radii whose circles lift
to closed worldlines of massless spinning particles in AdS3. Notice that
these world trajectories are helices in anti De Sitter background.

To better understand the next examples, let consider

H2 = {(x, y, z) ∈ L3 / x2 + y2 − z2 = −1

4
and z > o}.

Pseudo-spherical coordinates, (ϕ, θ) can defined on H2 by putting
x = −1

2
cos ϕ cosh θ, y = −1

2
sin ϕ cosh θ, z = cosh θ. On the other hand,

by considering cylindrical coordinates, (ϕ, z) in the Euclidean plane, R2,
we can define a kind of hyperbolic Lambert map, L : H2 → R2, by
L(ϕ, θ) = (ϕ, 1

2
cosh θ). A simple computation shows that this map pre-

serve the areas of domains, in other words, it is an iso-areal mapping.

Example 6.3 The hyperbolic elliptic lemniscate. In pseudo-spherical
coordinates, (ϕ, θ) on H2, we consider the curve given by
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γ :
1

4
(ϕ2 + cosh2 θ)2 = a2 cosh2 θ + b2ϕ2,

with parameters a and b satisfying b2 ≥ 2a2. This curve is nothing but
the image under an appropriate hyperbolic Lambert map of an elliptic
lemniscate in the Euclidian plane (that is the inverse curve of an ellipse,
of axis 2a and 2b, with respect to its centre). The area enclosed by γ in
H2 is A = 1

2
(a2 + b2)π. Therefore, if we choose the axis such that a2 + b2

is a rational number, say p
q
, with a2 +b2 ≤ 1, then, a horizontal lift of the

2q-fold cover of γ gives a closed worldline of a massless spinning particle
evolving in AdS3.

Example 6.4 The hyperbolic limaçon or the hyperbolic snail of
Pascal. In H2, we consider the curve that in pseudospherical coordinates
is defined by

γ : (
1

2
ϕ2 +

1

2
cosh2 θ − 2aϕ2)2 = h2(ϕ2 + cosh2 θ),

for suitable parameters a and h. This curve closes because it is obtained
as the image, under a hyperbolic Lambert mapping, of a limaçon of
Pascal (the inverse curve of an ellipse with respect to a focus). Hence,
this curve encloses, in H2 the area A = (h2 + 1

2
a2)π. Again, for a suitable

choice of parameters and by lifting to AdS3, we get closed worldlines of
the Plyushchay model for massless spinning particle.

Example 6.5 The hyperbolic folium. This element, of the moduli
subspace of closed solutions, is obtained, via a hyperbolic Lambert map,
from the folium simple in the Euclidean plane. In pseudospherical coor-
dinates it is defined by

γ :
1

2
(ϕ2 + cosh2 θ)2 = aϕ3.

This curve is closed ant it encloses an area, A = 5
32

a2π. For example,
if a = 1, then a horizontal lift of the 32-fold cover is closed and so it
provides a member of the above mentioned moduli space of massless
spinning particles.
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Example 6.6 The hyperbolic roses. Let n be an integer and define,
in the Euclidean plane, the curve

β : ε = c sin nψ,

where (ε, ψ) stand for polar coordinates in the plane and c denotes a
real number. This curve defines a rose in the plane with n petals if n is
odd and 2n petals when n is even. These curves are also called clover
curves (for example, if n = 2 we obtain the four-leaved clover, while if
n = 3 we get the three-leaved clover or trefoil, which are very important
when plotting tensor properties of quaternary and ternary cristals): The
enclosed area in the plane by a clover curve is A = 1

4
c2π if n is odd

and A = 1
2
c2π if n is even. Now, we take the image, under a hyperbolic

Lambert map, of a suitable clover curve, to obtain closed curves in H2

enclosing the same area. Finally, we choose c2 to be a rational number
and lift them to AdS3, via the Hopf mapping, to get nice examples of
solutions for Plyushchay model of massless spinning particles.
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Benalmádena, Málaga, Spain
Pub. de la RSME, Vol. 5 (2003), 73-83

Causal tensors in Lorentzian geometry
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Abstract

We discuss the use and construction of positive geometric quantities
in Lorentzian geometry. Basic results for causal tensors and superen-
ergy tensors are presented, and applications to classical and generalised
Rainich theory, a way of geometrising physics, is described.

1 Introduction

Positive quantities are fundamental in many parts of mathematics. In
this paper we discuss their constructions and use in Lorentzian geometry.
Sometimes the geometry is used as a model in a physical theory, and in
this case the quantities may correspond to a physical quantity. We will
here however emphasise that the positive geometric quantities we study
do not need to have physical interpretations themselves, even if they are
useful to prove results about other quantities which do have physical
meaning.

We will first briefly present some examples of well known and very
important mathematical results in general relativity. Common for these
is that positivity properties of certain geometric quantities are used or
assumed. The examples are the singularity theorems, the positive energy
theorem, the stability of Minkowski spacetime, and the Penrose inequal-
ity.
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Causal tensors are tensors with a certain natural positivity property.
A fundamental way of constructing a causal tensor T{A} from any ten-
sor A on a Lorentzian manifold is the so-called superenergy tensor con-
struction, developed in full generality by Senovilla [21]. We review some
general results on causal tensors and superenergy tensors and present
some recent generalisations.

As an application we then discuss the algebraic Rainich theory. This
was originally presented as a theory which gave necessary and sufficient
conditions on the Ricci curvature tensor to correspond via Einstein’s
equations to a spacetime describing an Einstein-Maxwell field (an elec-
tromagnetic field on a curved spacetime). We present various generalisa-
tions, which are most naturally expressed in terms of superenergy tensors,
and discuss some open problems and possibilities for future work.

We use the index free notation as far as possible, thus adopting to
the tradition of Riemannian and Lorentzian geometry rather than to the
tradition of general relativity. However, we sometimes find that the use
of indices simplifies an expression, such indices may however, unless ex-
plicitly stated otherwise, be considered as abstact labels which tells us
what type of tensors we are using or how mappings should be applied
[16]. They do not refer to any basis or system of coordinates, not even
implicitly. We will assume that our Lorentzian manifolds have metrics g
of signature +,−, . . . ,− and our sign conventions for the curvature ten-
sors are those of Penrose and Rindler [16]. We denote the Ricci curvature
tensor by Ric, the scalar curvature by R and the Weyl curvature by C.

2 Positive geometric quantities and some important
results in mathematical relativity

2.1 The singularity theorems

We first consider one version of the singularity theorems, first developed
by Penrose and Hawking in the 1960’s [8, 13].

Theorem 2.1 Assume that M is a globally hyperbolic spacetime and that
−Ric(u, u) ≥ 0 for any timelike vector u. If H is a Cauchy hypersurface
with K ≤ c < 0, where K is the trace of the extrinsic curvature and c
is a constant, then no past directed geodesic can have length greater than
3/|c| from H.
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We note that the spacetime M is a four dimensional Lorentzian mani-
fold, the dimension being essential for the proof. The positivity condition
−Ric(u, u) ≥ 0 is called the strong energy condition. By Einstein’s equa-
tions Ric− 1

2
Rg = kT , k a constant and T the energy-momentum tensor,

this condition can be expressed T (u, u) ≥ 1
2
tr(T )g(u, u) and it is an as-

sumption on the matter fields on the spacetime. The condition is used
to control the focusing of nearby geodesics as given by the Raychaudhuri
equation [8]. For a discussion on the physical aspects on the assumption,
see [20]. The interpretation of the assumption K ≤ c < 0 is that the uni-
verse is expanding and the conclusion that its age is finite. No symmetry
assumptions are made. There are other versions of the theorem, some
with weaker assumptions, see [8, 20]. If the time direction is reversed
one obtains theorems predicting singularities in black holes. For a recent
comprehensive review on the singularity theorems we refer to Senovilla
[20].

2.2 The positive energy theorem

The next example is the positive energy theorem [19, 22]. Here we must
again be very brief and refer to the literature for definitions of various
concepts. An asymptotically flat spacetime is a model for an isolated
object and has a curature which in a precise sense tends to zero at “large
distances” from some point, something which does not have an obvious
formulation for the curvature along null directions [16]. The total energy
or momentum of the spacetime can be expressed as limits of certain
curvature expressions and can be thought of as the energy measured by
an observer at a large (infinite) distance from the object. At spacelike
infinity one defines the ADM momentum and at null infinity the Bondi
momentum.

Theorem 2.2 Let M be an asymptotically flat spacetime and suppose
that T (u, v) ≥ 0 for all causal future directed vectors u and v. Then the
total momentum P (ADM or Bondi) is causal and future directed.

The conclusion means that any observer at infinity measures a posi-
tive total energy.

The condition T (u, v) ≥ 0 on the energy-momentum tensor is called
the dominant energy condition and is an assumption on the matter fields
on the spacetime. It is considered to be a generally accepted condition
physically.
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Penrose [15] uses a different assumption.

2.3 Stability of Minkowski spacetime

Christodoulou and Klainerman [5] have proved a global existence result
for Einstein’s vacuum equations Ric = 0, which is interpreted as a sta-
bility result for Minkowski spacetime. The statement is essentially the
following:

Given the initial data C = 0 outside a compact subset H1 of a Cauchy
hypersurface H and C “small” on H1, then there exists a global non-
singular solution to Ric = 0 in the future of H.

The proof is very long and techically extremely complicated [5, 10].
The basic ingredient used to define norms and to find energy estimates
is the Bel-Robinson (superenergy) tensor, which is defined as

Tabcd{C} = CaecfCb
e
d
f + ∗Caecf

∗Cb
e
d
f , (2.1)

where ∗C is the dual of the Weyl tensor C (it has only one dual in four
dimensions).

T is completely symmetric, trace-free, and satisfies

T (u(1), u(3), u(3), u(4)) ≥ 0 (2.2)

for all future directed vectors u(1), . . . , u(4). This is not an assumption
but a property of T , as well as of any superenergy tensor in any dimension
[1, 17, 21].

General superenergy tensors T{A} have also been used to find criteria
for causal propagation of fields A on Lorentzian manifolds [3].

2.4 The Penrose inequality

Our last example is the Penrose inequality. If S is a marginally trapped
surface (two dimensional spacelike) in a spacetime of total mass m, then
Penrose [14] has conjectured that

Area(S) ≤ 16πm2. (2.3)

The conjecture has its origin in the fact that the area of a black hole
is increasing and that the final (stationary) state is given by a Kerr
spacetime where the inequality always holds.

Special cases have been proven [9, 11], but the general case is still
unproven, see Fraundiener [6].
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A common idea in the proofs of these special cases is to use Hawk-
ing’s quasilocal mass, mH(S) = c(Area(S))1/2(2π − ∫

S
ρµ), where c is

a constant, and ρ and µ the expansions of outgoing and incoming null
geodesics orthogonal to S [7]. The Hawking mass has monotonicity prop-
erties along families of 2-surfaces from S to infinity, and it approaches
the total mass at infinity.

In this case we want to prove a postivity property of the total mass
by using that a derivative of the Hawking mass is positive.

A related problem in general relativity is that is impossible to define
a pointwise energy or mass density. The total mass is well defined for an
asymptotically flat spacetime but it is not known if the mass contained
in a finite 3-volume is well defined, or rather the mass within a spacelike
2-surface [14].

3 Causal tensors

In Lorentzian geometry a natural positivity concept, which generalises
properties in the examples above, is the following.

Definition 3.1 A tensor T of order r is said to have the dominant
property, T ∈ DP , if

T (u(1), . . . , u(r)) ≥ 0 (3.1)

for all future directed vectors u(1), . . . , u(r). T is causal if T ∈ DP or
−T ∈ DP .

For symmetric tensors of order 2, T ∈ DP is equivalent to the dom-
inant energy condition.

Some basic properties of causal tensors are [4]:

(i) T ∈ DP ⇐⇒ T (k(1), . . . , k(r)) ≥ 0 for all future directed null
vectors k(1), . . . , k(r).

(ii) 0 6= T ∈ DP ⇐⇒ T (v(1), . . . , v(r)) > 0 for all future directed
timelike vectors v(1), . . . , v(r).

(iii) T 6= 0 antisymmetric in two positions =⇒ T /∈ DP .
(iv) T ∈ DP ⇐⇒ Cj

i (T ⊗ t) ∈ DP for any t ∈ DP , where Cj
i is a

contraction over one index in T and one in t. Especially for tensors of
order 2 we have T ∈ DP =⇒ T 2 ∈ DP .

The superenergy tensor T{Ω} of a p-form Ω, 1 ≤ p ≤ N , is a sym-
metric tensor of order 2 which, in arbitrary dimension N , can be written
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[4, 21]

Tab{Ω} = k(Ωaa2...apΩb
a2...ap − 1

2p
Ωa1...apΩ

a1...apgab), (3.2)

where k is a constant depending on p and the signature of the metric.
Note that Tab{Ω} = Tab{∗Ω}, where ∗Ω is the Hodge dual of Ω.

As mentioned above, T{Ω} ∈ DP as any superenergy tensor is in
DP [1, 17, 21]

A well known result is the following [16].

Theorem 3.2

T{Ω}2 = h2g for any p-form Ω if N ≤ 4. (3.3)

This does not hold if N ≥ 5 [4].
Recall that a p-form T{Ω} is simple if T{Ω} = ω(1)∧ · · ·∧ω(p) where

ω(j) are 1-forms.

Theorem 3.3

T{Ω}2 = h2g for any simple p-form Ω for any N. (3.4)

We know that T{Ω} ∈ DP , conversely we can represent any sym-
metric tensor in DP with a sum of superenergy tensors of simple forms
[4].

Theorem 3.4 S ∈ DP symmetric =⇒

S =
N∑

p=r

T{Ω[p]}, (3.5)

where T{Ω[p]} are superenergy tensors of simple p-forms and r is the
number of null eigenvectors (except that r = 1 also in case there is no null
eigenvector). Ω[p] can be constructed explicitly from the null eigenvectors.

4 Rainich theory and generalisations

The problem of finding all four dimensional Lorentzian manifolds with
Ric = 0 may of course be considered as a purely mathematical problem.
However, this problem also has a fundamental meaning in physics; such
manifolds describe all vacuum spacetimes in general relativity.

One can weaken the conditions on the Ricci curvature in the following
way [12].
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Definition 4.1 A Riemann-Rainich space is a four dimensional
Lorentzian manifold on which the Ricci curvature tensor satisfies

(alg.) R = tr(Ric) = 0, (Ric)2 =
1

4
tr(Ric2)g, (Ric)00 ≤ 0 (4.1)

(diff.) curl(w/tr(Ric2)) = 0; wa = eca
pq(Ric)pq∇q(Ric)bc (4.2)

Here e is completely antisymmetric of order 4 [16], and (Ric)00 is the
pure time component of Ric with respect to some ON basis.

Again this may be seen as a purely mathematical concept. Its im-
portance is explained by an old result of Rainich [18]:

Theorem 4.2 If tr(Ric2) 6= 0 then M is a Riemann-Rainich space if
and only if Ric − 1

2
Rg = −T{F}, where F is a 2-form which satisfies

Maxwell’s equations (and note that in fact tr(Ric) = 0).

Therefore, Riemann-Rainich spaces describe gravitation and electro-
magnetism as pure geometry, an already unified theory according to Mis-
ner and Wheeler [12].

It is easy to prove that if F is a 2-form, then tr(T{F}) = 0 and T{F}2

is proportional to the metric g. Rainich proved the converse but it was
not widely known before Misner and Wheeler published their paper. Soon
thereafter, other physical fields were geometrised (see [4] for references).
In order to have conditions (alg.) or (diff.) that are independent of
the field equations, the conditions are usually expressed in terms of the
energy-momentum tensor T (in the case of an electromagnetic field the
conditions for T and Ric are identical).

We will now show some ways of generalising the algebraic part of the
above theory. The complete solution of the equation T 2 = fg with T
symmetric is given by the following theorem.

Theorem 4.3 Suppose that T is symmetric of index 2. Then, for any
dimension N , we have T 2 = fg ⇐⇒ if f > 0 : T = ±T{Ω[p]}, where
Ω[p] is a simple p-form and (2p−N)

√
f = ±tr(T ); if f = 0 : T = ±k⊗k

with k null.

This was first proved in [4] using the representation theorem. A more
direct proof is given in [2]. Note that the condition T 2 = fg automatically
implies that T is causal. The special case N = 4, p = 2 and tr(T ) = 0 is
the classical result by Rainich, Misner and Wheeler.
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Corollary 4.4 Any involutive (symmetric) conformal Lorentz transfor-
mation in any dimension is a superenergy tensor of a simple form.

Pozo and Parra [17] define superenergy tensors of elements in the
Clifford algebra, such superenergy tensors are not symmetric in general,
and they prove that any conformal Lorentz transformation is such a
superenergy tensor.

Theorem 4.3 gives necessary and sufficient conditions for a geometry
to correspond to a physical field in several cases, and it generalises all
the algebraic results of this type known previously.

As T{Ω}2 = fg for any p-form Ω (also non-simple ones) if N = 4,
there is a freedom, F → F cos α + ∗F sin α, a so-called duality rotation,
which transforms the non-simple 2-form F into a simple 2-form without
changing T{Ω}.

Recall that the rank of a p-form Ω is the dimension of the subspace
spanned by Ω(·, u, . . . , v) when the vectors u, . . . , v vary. Thus the rank
of a 2-form is always even and a simple 2-form has rank 2. For 2-forms
of rank 4 we have the following result [2].

Theorem 4.5 Suppose that T is symmetric of order 2. Then, if N > 4,
we have that T is the superenergy tensor of a 2-form of rank at most 4
if and only if

a) T satisfies the dominant energy condition (4.3)

b) (T 2 − 1

4
tr(T 2) +

1

4(N − 4)
tr(T )2)(T − 1

N − 4
tr(T )) = 0 (4.4)

In dimension N = 5 the rank of a 2-form is at most 4. Theorem 4.5
therefore implies

Theorem 4.6 Suppose that T is symmetric of order 2 and N = 5. Then
T is the superenergy tensor of a 2-form if and only if

a) T satisfies the dominant energy condition (4.5)

b) (T 2 − 1

4
tr(T 2) +

1

4
tr(T )2)(T − tr(T )) = 0 (4.6)
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As only 2-forms and their dual 3-forms can be non-simple if N = 5,
this theorem together with theorem 4.3 give a complete generalisation
of the classical algebraic Rainich theory in dimension 5. Note that the
condition b) in theorem 4.6 does not imply that ±T ∈ DP , a different
result than in theorem 4.3.

We also remark that the equation b) in theorem 4.6 can be obtained as
a necessary condition from a so-called dimensionally dependent identity.
In dimension 5 any 6-form is zero, hence A(F ⊗ F ⊗ F ) = 0 if F is
a 2-form and A denotes the antisymmetric part. Contracting this with
another F ⊗ F ⊗ F gives the equation.

The complexity of algebraic Rainich theory grows with the rank of the
forms and the dimension of the space. We have seen that in dimensions
up to 4 any superenergy tensor satisfies a polynomial of degree 2, and
in dimension 5 a polynomial of degree 3. In dimension 6, however, the
degree of the polynomial can be 6 [2].

For tensors of higher order no Rainich theory has been developed.
One can prove that in dimension N = 4, the Bel-Robinson tensor T
satisfies TabcdT abce = fgd

e. It is not known, however, if the equation
TabcdT

abce = fgd
e together with the assumptions that the tensor T of

order 4 is completely symmetric and trace-free, implies that T is the
superenergy tensor of a tensor with the symmetries of a Weyl tensor.
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Abstract

Let Rn
s be the semi-riemannian space of signature (s, n − s). In this

ambient, we define pure and piece-pure manifolds according to the causal-
ity of their tangent spaces. Moreover, we obtain some integral formulas,
named of Crofton´s type, using the invariant measure of indefinite Grass-
mann manifolds. In the last section we show in L2 the reverse of the well
known isoperimetric formula.

1 Introduction

The causality is a jealous condition demanding to choose be spacelike or
timelike. As a consequence of that, we introduce in [2] the notion of pure
curves, and since it deals with right lines in R 2

1 a metric characterization
is given.

Now, we think it is interesting and useful to characterize the causal
condition of differentiable oriented manifolds. For higher dimensions the
metrical criterion does not seem appropiate and we define the causality
of any r-subspace Rr in Rn

s with respect to the unitary sphere. We also
define the causality of any hyperplane Rn−1 in Rn

1 in terms of its normal
vector.

From these concepts we generalize [2] for piece-pure manifolds and
pure and piece-pure indefinite Grassmann manifolds.
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In the third section we generalize the, so called, reproductive formulas
by Banchoff & Pohl using the concepts defined in the previous section
and the density or invariant measure for pure and piece-pure indefinite
Grassmann manifolds.

In the last section we study the classical isoperimetric problem in R2
1

(or L2) and as we find an inequality reversed from the usual one in the
euclidean plane, we call it anti-isoperimetric inequality.

2 Preliminaries and Definitions

Let Rn
s be the semi-euclidean space of signature (s, n − s) with inner

product

〈vp, wp〉 = −
s∑

i=1

viwi +
n∑

j=s+1

vjwj

and Sn−1
s be the unit sphere of Rn

s . Let f : Mm −→ Rn
s be an immersion

of a compact oriented differentiable semi-riemannian manifold Mm.
In the following we want to define subspaces of Rn

s according to its
causality.

In this ambient we will consider the set of r-subspaces through the
origin and we will name them Gr;s,n.

As well as Rn
s becomes a semi-riemannian manifold, an analogous

structure is induced on Gr;s,n which we can call the real indefinite Grass-
mann manifold. The signature of a given r-subspace may be (p, q) in
such a way that p + q = r, where p indicates the number of ”minus ”and
q indicates the number of ”plus ”of the metric tensor of the r-subspace.

Naturally, for 0 ≤ p ≤ s, 0 ≤ q ≤ n− s they verify

0 ≤ p ≤ min(r, s) and r − p = q ≤ n− s.

Now, fixing p and q, Gp,q;s,n will denote the Grassmann manifold
of subspaces of signature (p, q) in Rn

s . This concept corresponds to the
Gp,s−p;q,n−q of Wolf, [7].

Definition 2.1 Let Rn
s and Sn−1

s be the n-dimensional semi-riemannian
space of signature (s,n-s) (for s > 0) and the unit sphere in it, respec-
tively.



G. S. Birman 87

a) For n > 3, s ≤ n − 2 we will say that the subspace Rr is timelike

if Rr ∩ Sn−1
s =

{ ∅ for r ≤ n− 2, r ≤ s
Sn−2

s for s < r = n− 1
where Sn−2

s is the unit sphere

in Rn−1
s .
b) For r ≤ n − 1 we will say that the subspace Rr is spacelike if

Rr ∩ Sn−1
s w Sr−1 where Sr−1 is the (r-1)-euclidean sphere.

For n =2, the case is trivial, and thus its measure is finite and of easy
computing.

In particular, for r = n− 1, s = 1, we add

Definition 2.2 Let Rn
1 be the semi-euclidean space of signature (1, n−1)

with the corresponding inner product and Rn−1 be an hyperplane in Rn
1 .

Let N be its normal vector ( respect to the lorentzian metric) then Rn−1 is
a spacelike (timelike) hyperplane if and only if N is a timelike (spacelike)
vector.

Now, we are going to define the notion of pure manifold; following
the idea of [5] and [2] we want to characterize the causal condition of a
differentiable manifold in terms of the causality of its tangent space.

Definition 2.3 We will say that a differentiable semi-riemannian man-
ifold M r is pure if at every point p ∈ M , its tangent space TpM(w Rr)
is timelike or spacelike. We can be more explicit saying pure timelike or
pure spacelike.

We also generalize the concept of piece-pure curve:

Definition 2.4 We will say that a differentiable semi-riemannian man-
ifold M r is piece-pure if the measure of its set of null points vanish.

We call Gp,0;s,n the indefinite Grassman manifold of p-timelike sub-
spaces in Rn

s . Analogously, G0,q;s,n is the indefinite Grassman manifold of
q-spacelike subspaces in Rn

s .
If | Gp,0;s,n | (*) and | G0,q;s,n | (**) are the invariant measures

of these disjoint manifolds, we can not express the invariant measure
| Gp,q;s,n | in terms of (*) and (**). But we can assert that upon a set of
measure zero we have

∫

Gp,q;s,n

| Gp,q;s,n |=
∫

Gp,0;s,n

| Gp,0;s,n | +
∫

G0,q;s,n

| G0,q;s,n | . (2.1)
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3 Crofton’style formulas

Now, following Banchoff &Pohl, we will show that some formulas pre-
sented in [1] are still valid for indefinite Grassmann manifolds.

[1] asserts ¨Let f : Mm → Rn be an immersion of a compact oriented
differentiable manifold Mm. Let A(Mm) be

A(Mm) = Km,n

∫

Gq,n

λ2(h) | dHn−m−1,n | (3.1)

where Hn−m−1,n denotes the Grassmann manifold of all (n-m-1)-planes in
Rn, h ∈ Hn−m−1,n, λ(h) is the linking number of h, and

Km,n =
n∏

j=m+2

π−(m+1)n/2 Γ((j + 1)/2)

Γ((j −m)/2)
.

If q > n−m− 1, then

lm,n,q

∫

Hq

A(Mm ∩Hq) | dHq,n |= A(Mm), (3.2)

where

lm,n,q =
Km,n

Kq−n+m,q

∏q−n+m
j=0 Sj∏n

k=0 Sk

n−q−1∏
i=0

Si ,

and Sj = 2π(j+1)/2

Γ((j+1)/2)
is the surface area of the unit j-sphere. ¨

A(Mm) generalizes the volume bounded by a simple subspace (Km,n =
1) and, in particular, for m=1 q=1, n=2, (3.1) is one of the classical
Crofton’s formulas. For n=2 and q=1, we show, in [2], that the Crofton’s
formulas are valid in the Lorentzian plane.

The result (3.2) is called the reproductive property of A. Such a
property hold for pure manifolds, we mean, if Mm is pure timelike
(spacelike) the property is still valid. Comparing notations we have that
Gq,n = G0,q;0,n, for q > n−m− 1, and | dGq,n | is the invariant measure
or density.

Let f : Mm → Rn
s be an immersion of a compact oriented differen-

tiable manifold Mm. As in [1], let A(Mm) be

A(Mm) = Km,n

∫

Gq,n

λ2(h) | dGq,n |, (3.3)
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where h ∈ Gq,n, λ(h) is the linking number of h, and

Km,n =
n∏

j=m+2

π−(m+1)n/2 Γ((j + 1)/2)

Γ((j −m)/2)
.

Theorem 3.1 Let f, A(Mm), Km,n and lm,n,q be as above.
a) If Mm is a pure timelike manifold and Gq is a timelike q-subspace
s > q > n−m− 1, then

lm,n,q

∫
Hq

A(Mm ∩Gq) | dGq,n |= A(Mm),

where lm,n,q = Km,n

Kq−n+m,q

∏q−n+m
j=0 Sj∏n

k=0 Sk

∏n−q−1
i=0 Si.

b) If Mm is a pure spacelike manifold and Gq+ is a spacelike q-
subspace,

s > n− q, q > n−m− 1, then

lm,n,q

∫

Hq

A(Mm ∩Gq) | dGq,n |= A(Mm),

where lm,n,q = Km,n

Kq−n+m,q

∏q−n+m
j=0 Sj∏n

k=0 Sk

∏n−q−1
i=0 Si.

c) If Mm is an oriented compact piece-pure semi-riemannian mani-
fold in Rn

s and Gq+, Gq− are spacelike and timelike subspaces, respectively
(q = q+ + q−) q− ≤ s, then

A(Mm) = lm,n,q−
∫

Gq−
A(Mm ∩Gq−) | dGq−,0;p,n | +

+lm,n,q+

∫
Hq+

A(Mm ∩Gq+) | dG0,q+;p,n |.
Proof. a) and b) Let f : Mm → Rn

s be an immersion of a compact
oriented differentiable manifold Mm

The q-planes in Gq,n can be thought as euclidean. Then, from Defi-
nition 2.3, when Mm and Gq have the same causality, we are under the
hypothesis of Banchoff & Pohl´s theorem, [1], and the formulas (3.1) and
(3.2) are still valid.

c) As the properties of being timelike or spacelike is a disjoint con-
dition for manifolds, if Mm is an oriented compact piece-pure semi-
riemannian manifold in Rn

s then we can state from a), b) and Definition
4 that

A(Mm) = lm,n,q−
∫

Gq−
A(Mm ∩Gq−) | dGq−,0;p,n | +

+lm,n,q+

∫
Hq+

A(Mm ∩Gq+) | dG0,q+;p,n |.

¤
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4 Anti-isoperimetric inequality

Let L2 be the Lorentzian plane provided with metric of signature ( +,-);
it is well known that in L2 there are timelike lines, Lt, and spacelike lines,
Ls, [2]. The general equation of the timelike lines is

Lt ≡ xchv − yshv − p = 0, (4.1)

and of the spacelike lines is

Ls ≡ xshv − ychv − p = 0, (4.2)

where p = p(v) is the distance from the right line to the origin and v ∈ R
is such that v = (1, ctghv) .

From (4.1), notating with ’ the derivation with respect to v, we have,

p = xchv − yshv

p′ = xshv − ychv.

From the preceding equations we can not find the radius of curvature
of the evolvent, since ds in terms of p and p′ vanish.

This situation is different from that in R2, [6], we mean that in L2 the
function p = p(v) is not a support function of the lines Lt (analoguosly
Ls).

Also from [2] we know that the density for timelike lines can be
expresssed by

dLt = dp ∧ dv, (and analogously for dLs) .
Let D be a convex domain in L2 which area is F , its border ∂D = C

is a pure, closed, simple curve of length l, [2] and [3]. We assume that Lt

intersects D in a timelike (spacelike) point.
Naming u = u(s) the angle between the tangent to C in the point

given by the arc-length parameter s and the y-axis and taking w =
v − u(s) we can rewrite, [2],

dLt = sh | w | ds ∧ dw

and analogously for dLs.
Classically, [6], we name σt, (σs), the length of the chord Lt∩D, (Ls∩

D).
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Considering the timelike lines Lt, (or spacelike ones Ls), which in-
tersect the curve C in two points T1, T2, (S1, S2), both timelike, ( both
spacelike) we have

σtdLt = shw1shw2ds1ds2 (4.3)

analogously σsdLs, where wi is the angle between the line and the tangent
to the curve at the intersection point .

From [3] it is known that the curve C has four vertex, which will be
named P,Q, R, S, running the curve in counter-clock sense. In conse-
quence, the arcs PQ and RS are part of timelike curves and the arcs QR
and SP are part of spacelike curves.

Applying (4.3) to the non-oriented lines Lt, analogously Ls, we have,
[6],

∫

Lt∩C
σtdLt =

∫

Ls∩C
σsdLs = Fπ/2. (4.4)

If the right lines are oriented
∫

Lt∩C
σtdLt =

∫

Ls∩C
σsdLs = Fπ. (4.5)

Without loss of generality, we know that, up to a set of measure zero

∫

L∩C
σdL =

∫

Lt∩C
σtdLt +

∫

Ls∩C
σsdLs = (4.6)

=A +

∫

Lt(PQ)∪Lt(RS)

σtdLt +

∫

Ls(QR)∪Ls(SP )

σsdLs ,

where A is the area of the cuadrangle PQRS. Now, we can apply formulas
(4.5) and (4.6) because the right lines intersect the border in points with
the same causality, then we have

∫

L∩C
σdL = A +

∫

Lt(PQ)∪Lt(RS)

shw1shw2ds1ds2+

+

∫

Ls(QR)∪Ls(SP )

shu1shu2ds1ds2 .

Having in mind that shw1shw2 = 1/2{ch(w1 + w2) − ch(w1 − w2)}
and that the integral
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∫

L

ch(w1 − w2)ds2

is equal to the projection of C on the right line which is tangent to the
other intersection point, (and in consequence is equal to zero), we obtain

∫

L∩C
σdL = A + 1/2

∫

Lt(PQ)∪Lt(RS)

ch(w1 + w2)ds1ds2+

+1/2

∫

Ls(QR)∪Ls(SP )

ch(u1 + u2)ds1ds2 ≥ A + 1/2l2.

Sustituting (4.5) in the preceding expression and using the corre-
sponding analogous, we get

2πF ≥ A + 1/2l2

or equivalently

4πF − l2 > 2A > 0 (4.7)

which we call anti-isoperimetric inequality.
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Abstract

Let M = M0 × R be a Lorentzian manifold equipped with a static
metric γL = 〈α(x)·, ·〉 − β(x)dt2 where β has a subquadratic growth.
Then, fixed P0, P1 submanifolds of M0, a suitable version of the Fermat
principle and the classical Ljusternik–Schnirelman theory allow to prove
that the existence of normal lightlike geodesics joining P0×{0} to P1×R
is influenced by the topology of M0, P0 and P1.

1 Introduction

In these last years an increasing interest has been turned to the study of
geodesics in Lorentzian manifolds by using variational tools and topolog-
ical methods.

In fact, if (M , γL) is a Lorentzian manifold, or more in general a
semi–Riemannian manifold, it is well known that the geodesic equation

Dsż = 0

has a variational structure; so, a smooth curve z : [0, 1] → M is a
geodesic if and only if it is a critical point of the action functional

f(z) =

∫ 1

0

〈ż(s), ż(s)〉L ds
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in a suitable manifold of curves Z which depends on the required “bound-
ary conditions” (see Section 2).

But unlike to the Riemannian case, in the Lorentzian one the func-
tional f is not bounded both from above and from below; moreover, its
critical points have infinite Morse index. Hence, classical topological the-
ories, as the Ljusternik–Schnirelman or the Morse one, can not be applied
directly to the research of critical points of f in Z.

A way to overcome these difficulties is selecting some classes of semi–
Riemannian manifolds in which a suitable new variational principle allows
to introduce a new functional, bounded from below, whose critical points
are related to those ones of f .

In this approach the main idea is that, when the metric γL admits
Killing vector fields, then the negative contribution of the variational
problem in the directions of the Killing vector fields can be “factored
out” (see, for examples, in [3, 14] for standard stationary and static
manifolds, in [5] for plane fronted waves, in [8] for Gödel type Space–
Times). Moreover, if we are interested in lightlike geodesics, a variational
principle similar to the Fermat principle in optics allows to define another
good enough functional (cf. [11, 12]).

So, in order to give an idea of possible variational tools, we just point
out how to solve a particular problem in a simple model of Lorentzian
manifold.

Definition 1.1 A Lorentzian manifold (M , γL) is static if there exists
a connected finite dimensional Riemannian manifold (M0, γ), a smooth
symmetric linear strictly positive operator α(x) : TxM0 → TxM0 and a
smooth strictly positive scalar field β : M0 → R such that M = M0×R
and

γL = 〈α(x)·, ·〉 − β(x) dt2 (1.1)

on any tangent space TzM ≡ TxM0 × R, z = (x, t) ∈M .

Definition 1.2 Let (M , γL) be a Lorentzian manifold and let N0, N1 be
two submanifolds of M . A curve z : [0, 1] → M is a normal geodesic
joining N0 to N1 if it is a geodesic in M such that

{
z(0) ∈ N0

ż(0) ∈ Tz(0)N⊥
0

,

{
z(1) ∈ N1

ż(1) ∈ Tz(1)N⊥
1

,

where, for i ∈ {0, 1}, Tz(i)N⊥
i denotes the orthogonal space of Tz(i)Ni in

Tz(i)M with respect to the Lorentzian metric γL.
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From now on, let M = M0 ×R be a Lorentzian manifold equipped
with the static metric (1.1) and consider N0 = P0×{t0} and N1 = P1×R
with t0 ∈ R and P0, P1 two submanifolds in M0.

Roughly speaking, we say that a curve z : [0, 1] → R, z = (x, t),
joining N0 to N1 has arrival time in the future if it is t(1) > t0 while in
the past if it is t(1) < t0.

Remark 1.3 If there exists x̄ ∈ P0 ∩ P1, then the constant curve (x̄, t0)
is a (constant) lightlike normal geodesic joining N0 to N1.

Aim of this paper is to show that the minimum number of (non–
constant) lightlike normal geodesics joining N0 to N1 depends on the
topology of P0, P1 and M0; moreover, some of them have arrival time in
the future while some others in the past.

More precisely, the following results can be stated (here and after,
d(·, ·) is the distance induced on M0 by its Riemannian metric γ, see
(2.1), while cat(·) is the Ljusternik–Schnirelman category, see Definition
3.1).

Theorem 1.4 Let M = M0×R be a Lorentzian manifold equipped with
the static metric γL defined in (1.1). Suppose that

(H1) (M0, γ) is a complete C3 Riemannian manifold;

(H2) there exist λ, ν > 0, R1, R2 ≥ 0, q ∈ [0, 2[ and a point x0 ∈ M0

such that

〈α(x)ξ, ξ〉 ≥ λ 〈ξ, ξ〉 for all ξ ∈ TxM0, x ∈M0, (1.2)

ν ≤ β(x) ≤ R1 + R2 dq(x, x0) for all x ∈M0. (1.3)

Moreover, let N0 = P0 × {t0}, N1 = P1 × R be two submanifolds of M
such that t0 ∈ R and

(H3) P0 and P1 are closed submanifolds of M0 and one of them is com-
pact;

(H4) P0 ∩ P1 = ∅.
Then, at least two lightlike normal geodesics joining N0 to N1 exist: one
with arrival time in the future and the other one in the past.

Furthermore, the hypothesis

(H5) P0 and P1 are both contractible in M0
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implies the existence of at least cat(P0×P1) of such geodesics with arrival
time in the future and cat(P0 × P1) ones with arrival time in the past.

Theorem 1.5 Let M = M0 × R be a static Lorentzian manifold such
that (H1) and (H2) hold. Moreover, consider P0 and P1 which satisfy the
assumptions (H3) and (H5). If M0 is not contractible in itself then there
exists a sequence of (non–constant) lightlike normal geodesics joining N0

to N1 with arrival times diverging positively and a sequence with arrival
times diverging negatively.

If M is a (standard) stationary Lorentzian manifold some similar
results have been already obtained in [11, 12] if both P0 and P1 are
reduced to single points (see also [14]) and in [6] if P0, P1 satisfy (H3)
but the coefficient β in (1.1) is bounded.

2 Variational setting

Let (M , γL) be a static Lorentzian manifold with M = M0 × R and
γL as in (1.1), where (M0, γ) is a Riemannian manifold such that (H1),
(H2) hold. Moreover, let P0 and P1 be two submanifolds of M0 which
satisfy (H3). For simplicity, assume t0 = 0 and I = [0, 1]. Assume
N0 = P0 × {0}, N1 = P1 × R.

Let us remark that we are interested in lightlike normal geodesics
joining N0 to N1, i.e., we look for smooth curves z : I →M , z = (x, t),
such that {

Dsż(s) = 0 for all s ∈ I,
〈ż(s), ż(s)〉L = 0 for all s ∈ I,

with boundary conditions

{
x(0) ∈ P0, t(0) = 0,
〈α(x(0))ẋ(0), ξ〉 = 0 for all ξ ∈ Tx(0)P0{
x(1) ∈ P1, ṫ(1) = 0,
〈α(x(1))ẋ(1), ξ〉 = 0 for all ξ ∈ Tx(1)P1.

So, in order to solve this problem with variational tools, let us introduce
a suitable variational setting.

Since M = M0 × R, the infinite dimensional manifold H1(I,M )
is diffeomorphic to the product manifold H1(I,M0) × H1(I,R) and is
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equipped with a structure of an infinite dimensional Riemannian manifold
γ1 by setting

〈ζ, ζ〉1 =

∫ 1

0

〈ξ, ξ〉 ds +

∫ 1

0

〈Dsξ, Dsξ〉 ds +

∫ 1

0

τ 2ds +

∫ 1

0

τ̇ 2ds,

for any z = (x, t) ∈ H1(I,M ) and ζ = (ξ, τ) ∈ TzH
1(I,M ) ≡

TxH
1(I,M0)×H1(I,R).
By the Nash Embedding Theorem we can assume that M0 is a

submanifold of an Euclidean space RN and γ is the restriction to M0

of the Euclidean metric of RN while d(·, ·) is the corresponding distance,
i.e.,

d(x1, x2) = inf

{∫ 1

0

√
〈γ̇, γ̇〉ds : γ ∈ Ax1,x2

}
(2.1)

if x1, x2 ∈ M0, where γ ∈ Ax1,x2 if γ : I → M0 is a piecewise smooth
curve such that γ(0) = x1, γ(1) = x2.

Hence, it can be proved that the manifold H1(I,M0) can be identified
with the set of the absolutely continuous curves x : I → RN with square
summable derivative such that x(I) ⊂M0.

Furthermore, since M0 is a complete Riemannian manifold with re-
spect to γ, also H1(I,M ) is a complete Riemannian manifold equipped
with the previous scalar product.

Let Z be the smooth manifold of all the H1(I,M )–curves joining
N0 to N1 while Ω(P0, P1) denotes the smooth submanifold of H1(I,M0)
which contains all the curves joining P0 to P1 (cf. [13]). From the product
structure of H1(I,M ) it is

Z ≡ Ω(P0, P1)×W,

where W = {t ∈ H1(I,R) : t(0) = 0} is a subspace of H1(I,R).
Clearly, it is

TzZ ≡ TxΩ(P0, P1)×W for all z = (x, t) ∈ Z.

Proposition 2.1 Since the hypotheses (H1), (H3) hold, then the sub-
manifold Ω(P0, P1) is complete and Z is complete, too.

By (1.1) it follows that the action integral f : Z → R is defined as

f(z) =

∫ 1

0

〈ż, ż〉L ds =

∫ 1

0

(〈α(x)ẋ, ẋ〉 − β(x)ṫ2) ds
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for any z = (x, t) ∈ Z. It is easy to prove that f is a C1 functional with
Fréchet differential

f ′(z)[ζ] =

∫ 1

0

〈α′(x)[ξ] ẋ, ẋ〉 ds + 2

∫ 1

0

〈α(x)ẋ, ξ̇〉 ds

−
∫ 1

0

β′(x)[ξ] ṫ2 ds− 2

∫ 1

0

β(x)ṫτ̇ ds,

for all z = (x, t) ∈ Z, ζ = (ξ, τ) ∈ TzZ, where α′ and β′ denote, re-
spectively, the derivatives of α and β with respect to the Riemannian
structure on M0.

In a quite standard way it can be proved that a curve z : I → M
is a lightlike normal geodesic joining N0 to N1 if and only if z ∈ Z is
a critical point of the action functional f such that f(z) = 0 (for more
details, see, e.g., [7, Proposition 2.1]).

As already remarked in the introduction, a similar variational prin-
ciple holds also for the study of normal geodesics joining two given sub-
manifolds in a Riemannian manifold (cf. [13]), but in the Riemannian
case the action functional is bounded from below while it is not more
true in the Lorentzian case. But the coefficients in the metric (1.1) are
time–independent so it is possible to get over such a difficulty by intro-
ducing a new functional which depends only on the Riemannian variable
x.

Anyway, in this particular case there is a one more problem: the
arrival time is unknown, so we can not work “directly” as in [4]. By
the way, a Fermat type principle introduced in General Relativity by
D. Fortunato, F. Giannoni and A. Masiello allows to overcome such a
trouble (see [11]). The idea is to express the arrival time by means of
a new functional whose critical points in Ω(P0, P1) are related to those
ones of f in Z with null energy.

Thus, let λ ∈ R be fixed and consider the set of curves

Zλ = {z ∈ Z : z = (x, t), t(1) = λ}.

If fλ = f |Zλ
, then z = z(s) is a lightlike normal geodesic joining N0 to N1

with arrival time λ if and only if z ∈ Zλ is such that f ′λ(z) = fλ(z) = 0.

The following propositions can be proved.

Proposition 2.2 Let z̄ = (x̄, t̄) ∈ Zλ. Then, z̄ is a critical point of
the action functional fλ in Zλ if and only if x̄ is a critical point of the
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functional

Jλ(x) =

∫ 1

0

〈α(x)ẋ, ẋ〉 ds − λ2 K(x̄)

in Ω(P0, P1), while it is

t̄(s) = λK(x̄)

∫ s

0

1

β(x̄)
dσ, with K(x̄) =

( ∫ 1

0

1

β(x̄)
ds

)−1
.

In both these cases it is fλ(z̄) = Jλ(x̄).

(For the proof, see [3, Theorem 2.1] or also [4, Proposition 2.2]).

Thus, Proposition 2.2 implies that we have to look for x ∈ Ω(P0, P1)
such that

J ′λ(x) = Jλ(x) = 0, (2.2)

where it is Jλ(x) = 0 if and only if

λ2 =

∫ 1

0

〈α(x)ẋ, ẋ〉 ds ·
∫ 1

0

1

β(x)
ds.

Defined H : (λ, x) ∈ R × Ω(P0, P1) 7→ Jλ(x) ∈ R, (2.2) is equivalent
to look for (λ, x) ∈ R× Ω(P0, P1) such that

∂H

∂x
(λ, x) = H(λ, x) = 0, (2.3)

where (1.3) implies that ∂H
∂λ

(λ, x) = 0 if and only if λ = 0, i.e., x is
constant.

In order to apply the Fermat principle, let us define the two func-
tionals F± : Ω(P0, P1) → R such that

F±(x) = ±
√∫ 1

0

〈α(x)ẋ, ẋ〉 ds ·
∫ 1

0

1

β(x)
ds.

Obviously, it is F− = −F+. Thus, let us consider F = F+.
By simple calculations it is possible to prove that F is continuous

but not differentiable at level zero while it is smooth everywhere else.
Clearly, it is F (x) ≥ 0 for all x ∈ Ω(P0, P1) and F (x) = 0 if and only if
x is a constant function.

Remark 2.3 If (H4) holds, then Ω(P0, P1) has no constant at all. Thus,
F is always different from zero and C1 in Ω(P0, P1).
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Proposition 2.4 Let x ∈ Ω(P0, P1) be such that

F ′(x) = 0, F (x) > 0. (2.4)

Then, taken λ = F (x), (λ, x) solves (2.3).

Proof. If we define the manifold

G+ = {(λ, x) ∈ R+ × Ω(P0, P1) : H(λ, x) = 0},
it is easy to verify that it is the graph of the functional F ; whence, the
conclusion follows by the Fermat principle (for more details, see, e.g., [14,
Theorem 6.2.2]).

¤

Thus, from now on, our aim is to solve (2.4); hence, to look for strictly
positive critical levels of F in Ω(P0, P1).

3 Ljusternik–Schnirelman Theory

First of all, let us recall the main tools of the Ljusternik–Schnirelman
Theory (for more details, see, e.g., [1, 14, 15]).

Definition 3.1 Let X be a topological space. Given A ⊆ X, the Ljusternik–
Schnirelman category of A in X, briefly catX(A), is the least number of
closed and contractible subsets of X covering A. If it is not possible to
cover A with a finite number of such sets, it is catX(A) = +∞.

We denote cat(X) = catX(X).

Definition 3.2 A C1 functional g on a Riemannian manifold Ω satisfies
the Palais–Smale condition at level a ∈ R, briefly (PS)a, if any (xn)n ⊂
Ω such that

g(xn) → a and g′(xn) → 0 as n → +∞
converges in Ω up to subsequences.

Theorem 3.3 Let Ω be a complete Riemannian manifold and g a C1

functional on Ω which satisfies (PS)a for all a ∈ R. Taken any k ∈ N,
k > 0, let us define

ck = inf
A∈Γk

sup
x∈A

g(x) with Γk = {A ⊆ Ω : catΩ(A) ≥ k}. (3.1)
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Then, ck is a critical value of g for each k such that Γk 6= ∅ and ck ∈ R;
if, moreover, g is bounded from below then g attains its infimum and has
at least cat(Ω) critical points.

Remark 3.4 Let Ω and g be as in Theorem 3.3. If g is bounded from
below, then for all c ∈ R it is

catΩ(gc) < +∞,

where gc = {x ∈ Ω : g(x) ≤ c}.

Remark 3.5 Let g be a positive functional not differentiable at level
zero while it is smooth elsewhere in a complete Riemannian manifold Ω.
If (PS)a holds at any level a > 0, then it can be proved that ck is a
critical value of g for all k such that Γk 6= ∅ and ck > 0.

In order to apply Theorem 3.3 to the functionals F+ and F− defined
in the previous section, we need evaluating the Ljusternik–Schnirelman
category of the manifold of curves Ω(P0, P1).

Proposition 3.6 Let (M0, γ) be a smooth complete connected finite di-
mensional Riemannian manifold and let P0, P1 be closed submanifolds
both contractible in M0. Then

cat(Ω(P0, P1)) ≥ cat(P0 × P1) .

(For the proof, see [6, Theorem 3.7]).

Proposition 3.7 Let (M0, γ) be a smooth complete connected finite di-
mensional Riemannian manifold and let P0, P1 be two of its closed sub-
manifolds. If M0 is not contractible in itself while both P0 and P1 are
contractible in M0, then Ω(P0, P1) has infinite category and possesses
compact subsets of arbitrary high category.

(For the proof, see [9, 10]).

4 Proof of the main theorems

Let M = M0 × R be a static Lorentzian manifold such that (H1) and
(H2) hold; moreover, let P0 and P1 be two submanifolds of M0 which
satisfy (H3).
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As already remarked in Section 2, now we have to apply the Ljusternik–
Schnirelman Theory to the study of strictly positive critical levels of F
in Ω(P0, P1).

To this aim, first of all we need some more information on F .

Lemma 4.1 The functional F is coercive with respect to ‖ẋ‖2 =
∫ 1

0
〈ẋ, ẋ〉ds,

i.e.,
F (x) → +∞ if ‖ẋ‖ → +∞.

Proof. By (1.2) the proof is trivial if M0 is compact.
On the contrary, by the hypothesis (H2), (2.1) and some comments (for
example, see [4, Lemma 4.1]) it follows that there exists a constant R∗ > 0
such that

F (x) ≥ R∗ ‖ẋ‖
1 + ‖ẋ‖ q

2

,

with q < 2. Hence, the proof is complete.

¤
Proposition 4.2 Taken any a > 0, the functional F satisfies (PS)a.

Proof. Taken a > 0, let (xn)n ⊂ Ω(P0, P1) be such that

F (xn) → a and F ′(xn) → 0 as n → +∞. (4.1)

Clearly, Lemma 4.1 and (4.1) imply that (‖ẋn‖)n is bounded; hence, by
(H3) it follows that (xn)n is bounded in Ω(P0, P1).
Then, there exists x ∈ H1(I,RN) such that, up to subsequences,

xn ⇀ x weakly in H1(I,RN), xn → x uniformly in I.

By Proposition 2.1 it is x ∈ Ω(P0, P1); furthermore, by [2, Lemma 2.1]
there exist two sequences (ξn)n, (νn)n ⊂ H1(I,RN) such that

ξn ∈ TxnΩ(P0, P1), xn − x = ξn + νn for all n ∈ N,

ξn ⇀ 0 weakly and νn → 0 strongly in H1(I,RN). (4.2)

Thus, (4.1) implies that (F (xn))n is bounded and far from zero if n is
large enough; moreover,

o(1) = F ′(xn)[ξn]

=

(∫ 1

0

(〈α′(xn)[ξn]ẋn, ẋn〉+ 2〈α(xn)ẋn, ξ̇n〉) ds ·
∫ 1

0

1

β(xn)
ds

−
∫ 1

0

〈α(xn)ẋn, ẋn〉 ds ·
∫ 1

0

β′(xn)[ξn]

β2(xn)
ds

)
1

2F (xn)
;
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whence,

o(1) =

∫ 1

0

(〈α′(xn)[ξn]ẋn, ẋn〉+ 2〈α(xn)ẋn, ξ̇n〉) ds ·
∫ 1

0

1

β(xn)
ds

−
∫ 1

0

〈α(xn)ẋn, ẋn〉 ds ·
∫ 1

0

β′(xn)[ξn]

β2(xn)
ds.

On the other hand, (α′(xn))n and (β′(xn))n are bounded while ξn → 0
uniformly in I; hence, (β(xn))n bounded and far from zero and (‖ẋn‖)n

bounded imply

∫ 1

0

〈α′(xn)[ξn]ẋn, ẋn〉 ds ·
∫ 1

0

1

β(xn)
ds = o(1),

∫ 1

0

〈α(xn)ẋn, ẋn〉 ds ·
∫ 1

0

β′(xn)[ξn]

β2(xn)
ds = o(1).

So, it is ∫ 1

0

〈α(xn)ẋn, ξ̇n〉 ds = o(1),

with xn = x + ξn + νn; hence, by (4.2) it follows

∫ 1

0

〈α(xn)ξ̇n, ξ̇n〉ds = o(1)

which implies ξn → 0 strongly in H1(I,RN).

¤

Lemma 4.3 For all c ∈ R it is

catΩ(P0,P1)(F
c) < +∞, (4.3)

where F c = {x ∈ Ω(P0, P1) : F (x) ≤ c}.
Proof. If P0 ∩ P1 = ∅, then the result follows by Remarks 2.3 and 3.4.
By the way, more in general, F is not differentiable at level zero but work-
ing as in the proof of Lemma 4.1 it follows that there exists a constant
R > 0 such that

F (x) ≥ R ‖ẋ‖1− q
2 , (4.4)

with q < 2 as in (1.3).
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Thus, let us consider the functional

g : x ∈ Ω(P0, P1) 7−→
∫ 1

0

〈ẋ, ẋ〉 ds ∈ R.

It can be proved that g is a smooth positive function which satisfies
the Palais–Smale condition at any real level on the manifold of curves
Ω(P0, P1); hence, by Remark 3.4 it follows that

catΩ(P0,P1)(g
c) < +∞, for all c ∈ R. (4.5)

On the other hand, (4.4) implies that for all c ∈ R there exists c ∈ R
such that F c ⊂ g c; whence, by (4.5) it follows (4.3).

¤
Proof of Theorem 1.4. By (H4), Remark 2.3, Proposition 4.2 and The-
orem 3.3 imply that F has at least cat(Ω(P0, P1)) critical points whose
critical levels are the arrival times of the corresponding lightlike normal
geodesics (see Proposition 2.4). On the other hand, the same arguments
apply to F− = −F so by Theorem 3.6 the proof is complete.

¤
Proof of Theorem 1.5. First of all let us remark that, in general,
Ω(P0, P1) can contain some constants; hence, F attains the value zero.
By the way, in the given hypotheses Proposition 3.7 implies that Γk 6= ∅
for all k ∈ N (with Γk as in (3.1) with Ω = Ω(P0, P1)); so, in order to
apply the result in Remark 3.5, it is enough to prove that a sequence
(ki)i ⊂ N exists such that

0 < cki
< cki+1

with cki
= inf

A∈Γki

sup
x∈A

F (x) if i ∈ N.

Clearly, this is true if we prove that fixed any a > 0 there exists k̄ ∈ N
such that

B ∈ Γk̄ =⇒ B ∩ Fa 6= ∅ , (4.6)

where Fa = {x ∈ Ω(P0, P1) : F (x) > a}. In fact, (4.6) implies ck̄ ≥ a and
the result follows by the arbitrariness of a > 0.
In order to prove (4.6), suppose that it does not hold for some a > 0.
Then, there exists a sequence (Bn)n of subsets of Ω(P0, P1) such that

catΩ(P0,P1)(Bn) ≥ n and Bn ⊂ F a for all n ∈ N
which implies catΩ(P0,P1)(F

a) = +∞ in contradiction with Lemma 4.3.

¤
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Abstract

Some characterizations of certain semi-Riemannian product, warped
product and twisted product structures of semi-Riemannian manifolds by
the existence of nontrivial solutions to certain partial differential equa-
tions on semi-Riemannian manifolds are surveyed.

1 Introduction

In analysis, mostly the existence of a nontrivial solution to a differential
equation on a certain domain is argued. But in geometry, one can also
argue the existence of a manifold structure for a differential equation to
possess a nontrivial solution. This may be considered as an analytic char-
acterization (or representation) of a manifold structure by a differential
equation if this manifold structure serves as a unique domain structure
for this differential equation to possess a nontrivial solution in a certain
class of manifolds.
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In this survey, we give several analytic characterizations of semi-
Riemannian product, warped product and twisted product structures of
semi-Riemannian manifolds by differential equations, that is, by the ex-
istence of nontrivial solutions to some differential equations on certain
semi-Riemannian manifolds. In Section 3, we survey the analytic char-
acterizations of the above product semi-Riemannian structures of semi-
Riemannian manifolds by the existence of solutions to Eikonal equation,
Obata’s equation and Möbius equation in each subsection, respectively.
We mostly concentrate our attention to the cases of Riemannian and
Lorentzian manifolds to obtain the strongest results. Unfortunately, in
generic semi-Riemannian cases, the results are mostly weak when they
involve the linear algebra of indefinite inner product spaces.

In fact, the purpose of this survey paper is to call some attention to
characterizations (or representations) of product semi-Riemannian struc-
tures analytically by differential equations on certain classes of semi-
Riemannian manifolds determined by mild geometric/topological assump-
tions. Although we expect that every manifold structure cannot be
characterized (or represented) by a differential equation, such manifold
structures that can be characterized by differential equations may be
a larger class of manifold structures than semi-Riemannian product,
warped product and twisted product structures of semi-Riemannian man-
ifolds. In any case, having a better knowledge about characterizations
of manifold structures by differential equations may lead us a better
understanding of a possible relation between differential equations and
differential geometric structures.

2 Preliminaries

Here, we briefly state the main concepts and definitions used throughout
this paper.

Let (M1, g1) and (M2, g2) be semi-Riemannian manifolds of dimen-

sions n1 and n2 with Levi-Civita connections
1

∇ and
2

∇, respectively, and
let f : (M1, g1) → (M2, g2) be a map. We denote the set of vector fields
on M1 by ΓTM1 and the set of vector fields along f by ΓfTM2. We also

denote the pullback of
2

∇ along f by
2

∇. Recall that the map

∇f∗ : ΓTM1 × ΓTM1 → ΓfTM2
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defined by

(∇f∗)(X,Y ) =
2

∇X f∗Y − f∗(
1

∇X Y )

is called the second fundamental form of f . The trace τ(f) of ∇f∗ with
respect to g1 is called the tension field of f . That is,

τ(f) = trace∇f∗

=

n1∑
i=1

g1(Xi, Xi)(∇f∗)(Xi, Xi),

where {X1, · · · , Xn1} is a local orthonormal frame for TM1. If ∇f∗ = 0
then f is called affine (or totally geodesic), and if τ(f) = 0 then f is
called harmonic.

Let (M, g) be an n-dimensional semi-Riemannian manifold and let
∇ denote both the Levi-Civita connection and the gradient operator on
(M, g). The Hessian tensor hf of a function f : M → R is defined by
hf (X) = ∇X∇f , where X ∈ ΓTM . Also the symmetric (0, 2)-tensor field
Hf defined on (M, g) by Hf (X, Y ) = g(hf (X), Y ) is called the Hessian
form of f , where X,Y ∈ ΓTM . We define the Laplacian ∆f of a function
f on (M, g) by ∆f = div∇f (= trace hf ), where div is the divergence.
Note that, in particular, if f = (f1, · · · , fm) : (M, g) → (Rm, ḡ), where ḡ
is a semi-Euclidean metric tensor on Rm, then

∇f∗ =
m∑

i=1

Hfi

∂

∂xi
◦ f and τ(f) =

m∑
i=1

(∆fi)
∂

∂xi
◦ f,

where (x1, · · · , xm) is the usual coordinate system of Rm.

Next we recall some notation and terminology on product struc-
tures to be used throughout this note. Let (B, gB) and (F, gF ) be semi-
Riemannian manifolds of dimensions r and s, respectively, and let, π : B×
F → B and σ : B × F → F be the canonical projections. Also let
λ : B × F → (0,∞) be a smooth function. Then the twisted product of
(B, gB) and (F, gF ) with twisting function λ is defined to be the prod-
uct manifold M = B × F with metric tensor g = gB ⊕ λ2gF given
by g = π∗gB + λ2σ∗gF . For brevity in notation, we denote this semi-
Riemannian manifold (M, g) by B × λF. In particular, if λ only depends
on the points of B then B × λF is called the warped product of (B, gB)
and (F, gF ) with warping function λ.
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A local characterization of twisted and warped products can be stated
in terms of the extrinsic geometry of the foliations LB and LF of the
product manifold M = B × F as follows. Let g be a semi-Riemannian
metric tensor on the manifold M = B×F and assume that the canonical
foliations LB and LF intersect perpendicularly everywhere. Then g is the
metric tensor of (see [18])

(i) a twisted product B × λF if and only if LB is a totally geodesic
foliation and LF is a totally umbilic foliation,

(ii) a warped product B × λF if and only if LB is a totally geodesic
foliation and LF is a spheric foliation,

(iii) a usual product of semi-Riemannian manifolds if and only if LB and
LF are totally geodesic foliations.

Note that the condition relating (i) and (ii) in the above is the nor-
mal parallelism of the mean curvature vector field of the totally umbilic
foliation LF . This can be equivalently described by a curvature condition
on the Ricci tensor of (M, g) as follows: a twisted product M = B×λF is
indeed a warped product if and only if the Ricci tensor of (M, g) satisfies
Ric(X, V ) = 0 for every X ∈ ΓTB and V ∈ ΓTF [6].

3 Characterizations of Product Semi-Riemannian
Structures

In this section, we survey the known differential equations characterizing
product semi-Riemannian structures, that is, we state the known differ-
ential equations defined on certain classes of semi-Riemannian manifolds
which uniquely determine the certain semi-Riemannian product, warped
product and twisted product structures as their domain structures in the
case of the existence of nontrivial solutions to these differential equations.
In the following subsections, we discuss the characterizations by eikonal
equation, Obata’s equation and Möbius equation, respectively.

3.1 Characterizations by Eikonal Equation

In this subsection, we state some results related to the characteriza-
tions of certain Riemannian and Lorentzian product structures in semi-
Riemannian geometry by eikonal equation. Let (M, g) be an n-dimensional
semi-Riemannian manifold. A map f : (M, g) → R is said to satisfy an
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eikonal equation on (M, g) if g(∇f,∇f) = k0, where k0 is either of −1, 0
or 1. (See [10, Chapter 6]).

Here, from the viewpoint of this survey, we consider special cases
of eikonal equation on Riemannian and Lorentzian manifolds where we
obtain the strongest splitting results due to this equation.

Proposition 3.1 Let (M, g) be an n(≥ 2)-dimensional Riemannian (re-
spectively, Lorentzian) manifold and f : (M, g) → R be a map. Then, f
satisfies the equation g(∇f,∇f) = 1 (respectively, g(∇f,∇f) = −1) on
(M, g) if and only if f : (M, g) → (R, dt2) (respectively,
f : (M, g) → (R,−dt2)) is a semi-Riemannian submersion.

Proof. See [10, Proposition 6.1.1].

¤

In fact, the following property of the solutions to eikonal equations
in the above proposition yields the characterization of semi-Riemannian
product structures by a splitting result of Innami [12]. In the Proposi-
tion below, by the timelike nonnegative Ricci curvature of a Lorentzian
manifold (M, g), we mean Ric(z, z) ≥ 0 for all timelike z ∈ TM . This
condition is also called timelike convergence condition in relativity the-
ory.

Proposition 3.2 Let (M, g) be a connected, n(≥ 2)-dimensional com-
plete Riemannian (respectively, timelike geodesically complete Lorentzian)
manifold with nonnegative (respectively, timelike nonnegative) Ricci cur-
vature, and let f : (M, g) → R be a map. If f satisfies the equation
g(∇f,∇f) = 1 (respectively, g(∇f,∇f) = −1) on (M, g) then f is an
affine map on (M, g), that is, Hf = 0.

Proof. See [10, Proposition 6.2.5].

¤

Remark 3.3 In the proof of the Lorentzian case of the above theorem,
the diagonalizability of the Hessian tensor of f satisfying eikonal equation
g(∇f,∇f) = −1 plays a crucial role. In general, this is not true in generic
semi-Riemannian manifolds. Indeed, solutions of the Eikonal equation
with nondiagonalizable Hessian tensor are constructed in [11] for non-
Lorentzian signatures.
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Hence, by using the Main Theorem of [12], we obtain the following
splitting result due to eikonal equation.

Theorem 3.4 Let (M, g) be a connected, n(≥ 2)-dimensional complete
Riemannian (respectively, timelike geodesically complete Lorentzian) man-
ifold with nonnegative (respectively, timelike nonnegative) Ricci curva-
ture. Then, a necessary and sufficient condition for (M, g) to be isomet-
ric with a Riemannian (respectively, Lorentzian) product (R×N, dt2⊕gN)
(respectively, (R×N,−dt2 ⊕ gN)) is the existence of a nonconstant map
f : (M, g) → R satisfying the equation g(∇f,∇f) = 1 (respectively,
g(∇f,∇f) = −1) on (M, g), where (N, gN) is a Riemannian manifold.

Proof. See [10, Theorem 7.2.2] and [10, Theorem 7.3.2].

¤

Remark 3.5 Note here that, by the above theorem, the differential
equation g(∇f,∇f) = 1 (respectively, g(∇f,∇f) = −1) on a con-
nected, n(≥ 2)-dimensional complete Riemannian (respectively, time-
like geodesically complete Lorentzian) manifold (M, g) with nonnega-
tive (respectively, timelike nonnegative) Ricci curvature, has a nontriv-
ial solution if and only if its domain manifold (M, g) is a Riemannian
product (R × N, dt2 ⊕ gN) (respectively, a Lorentzian product (R ×
N,−dt2 ⊕ gN)). Hence the differential equation g(∇f,∇f) = 1 (re-
spectively, g(∇f,∇f) = −1) may be considered as an analytic charac-
terization (or representative) of Riemannian products (R×N, dt2 ⊕ gN)
(respectively, Lorentzian products (R × N,−dt2 ⊕ gN)) among the con-
nected, n(≥ 2)-dimensional complete Riemannian (respectively, timelike
geodesically complete Lorentzian) manifolds (M, g) with nonnegative (re-
spectively, timelike nonnegative) Ricci curvature.

Finally in this subsection, we state a result of Sakai [19] related to
eikonal equation characterizing a specific warped product in Riemannian
geometry.

Theorem 3.6 Let (M, g) be a connected, n(≥ 2)-dimensional complete
Riemannian manifold with Ric(z, z) ≥ −(n − 1)k, k > 0, for all unit
z ∈ TM . Then, a necessary and sufficient condition for (M, g) to
be isometric with a Riemannian warped product (R × N, dt2 ⊕ φ2gN),

where φ(t) = e±
√

kt and (N, gN) is a complete Riemannian manifold
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of nonnegative Ricci curvature, is the existence of a nonconstant func-
tion f : (M, g) → R satisfying the equations g(∇f,∇f) = 1 and |∆f | =
(n− 1)k on (M, g).

Proof. See [19, Theorem 3.5] and [19, Remark 3.6].

¤

Remark 3.7 As in Remark 3.5, by the above theorem, the simultane-
ous differential equations g(∇f,∇f) = 1 and |∆f | = (n − 1)k, k > 0,
may be considered as an analytic characterization (or representative) of

Riemannian warped products (R × N, dt2 ⊕ φ2gN), where φ(t) = e±
√

kt

and (N, gN) is a complete Riemannian manifold of nonnegative Ricci cur-
vature, among the connected, n(≥ 2)-dimensional complete Riemannian
manifolds (M, g) with Ric(z, z) ≥ −(n−1)k, k > 0, for all unit z ∈ TM .

From the viewpoint of this survey, here we only considered the
strongest consequences of eikonal equation related to splitting results for
Riemannian and Lorentzian manifolds. More detailed analysis of eikonal
equation in semi-Riemannian geometry may be found in [10]. Also a de-
tailed analysis of eikonal equation in Riemannian geometry may be found
in [7] and [8].

Note that timelike eikonal equation has a special significance in gen-
eral relativity. In fact, a spacetime (M, g) is stably causal if and only
if there exist a real function with timelike gradient (‖∇f‖ < 0), i.e., a
solution of the timelike eikonal inequality. Now, it is easy to check the
existence of a conformal metric on M where the timelike eikonal equation

admits a solution. Indeed, f itself satisfies gc(
c

∇ f,
c

∇ f) = −1, where

gc = (−g(∇f,∇f))g and
c

∇ is the gc-gradient operator. Then, one has
the following singularity versus splitting result [9]

Theorem 3.8 Let (M, g) be a stably causal spacetime. Then, either
(M, gc) is timelike geodesically incomplete or else, (M, g) is conformally
diffeomorphic to a parametrized Lorentzian product (R×N, −(dt⊗dt)⊕
gt), where gc = −g(∇f,∇f)g and f is a time function for a synchroniz-
able reference frame on (M, g).

In particular, if there exists a proper time synchronizable reference
frame on (M, g) then, either (M, g) is timelike geodesically incomplete or
else, (M, g) is isometric to timelike geodesically complete a parametrized
Lorentzian product (R×N, −(dt⊗ dt)⊕ gt).
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Recall here the construction of a parametrized product structure. Let
(a, b) be an open interval in R furnished with the usual negative definite
metric tensor −dt⊗ dt, where t is the usual coordinate on (a, b). Let N
be a manifold and let gt be a smooth 1-parameter family of Riemannian
metric tensors on N parametrized over (a, b). Then the parametrized
Lorentzian product of (a, b) and N is defined to be the product manifold
M = (a, b)×N with Lorentzian metric tensor g = −ψ(dt⊗dt)⊕gt, where
ψ : (a, b) → (0,∞) is a smooth function.

Note that, if (M, g) = ((a, b)×N, −ψ(dt⊗dt)⊕gt) is a parametrized
Lorentzian manifold then (M, g) is a stably causal spacetime. Indeed, if
f = t ◦ π1 : M → R, then g(∇f,∇f) = − 1

ψ◦π1 < 0. In particular, if

ψ = 1 then f = t ◦ π1 is a solution of the timelike eikonal equation of
(M, g).

Remark 3.9 Special cases of parametrized Lorentzian products are as
follows

(i) If gt(q) = λ(t, q)2gN(q), where λ : (a, b) × N → (0,∞) and gN

is a fixed Riemannian metric on N , then (M, g) is the Lorentzian
twisted product of ((a, b), ψ(dt ⊗ dt)) and (N, gN) with twisting
function λ.

(ii) If gt = λ(t)2gN , where λ : (a, b) → (0,∞) and gN is a fixed Rieman-
nian metric on N , then (M, g) is the Lorentzian warped product of
((a, b), ψ(dt⊗ dt)) and (N, gN) with warping function λ.

(iii) If gt = gN , where gN is a fixed Riemannian metric tensor on N , then
(M, g) is the Lorentzian product of ((a, b), ψ(dt⊗ dt)) and (N, gN).

Note here that the special cases above can be detected through the
eikonal equation, under some additional conditions on the solutions (cf
[9]).

3.2 Characterizations by Obata’s Equation

In this subsection, we state some results related to characterizations of
certain Riemannian product and warped product structures in Rieman-
nian geometry by Obata’s equation. On an n(≥ 2)-dimensional Rieman-
nian manifold (M, g), the differential equation Hf + kfg = 0, k ∈ R,
where f : (M, g) → R is a function, is known as Obata’s equation. In
fact, the existence of a nontrivial solution to the equation Hf + kfg =
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0, k > 0, on a connected, n(≥ 2)-dimensional complete Riemannian man-
ifold (M, g) has a very strong consequence that (M, g) is isometric with
the Euclidean sphere Sn(k) of sectional curvature k. (See [36, Theorem
A], and also [1] for a survey of known results related to the characteriza-
tions of certain rank-one symmetric Riemannian manifolds by differential
equations). However the differential equation Hf + kfg = 0, k ≤ 0, is
not as deterministic in characterizing its domain Riemannian manifold
(M, g) as in the case of k > 0. Yet the results obtained by Kanai [13] for
the case k ≤ 0 of Obata’s equation are of interest from viewpoint of this
survey in characterizing certain Riemannian product and warped prod-
uct structures in Riemannian geometry. First we consider the case k = 0
in Obata’s equation. In fact, the theorem below is also a consequence of
the Main Theorem of [12].

Theorem 3.10 Let (M, g) be a connected, n(≥ 2)-dimensional complete
Riemannian manifold. Then, a necessary and sufficient condition for
(M, g) to be isometric with a Riemannian product (R×N, dt2 ⊕ gN)) is
the existence of a nonconstant map f : (M, g) → R satisfying the equation
Hf = 0 on (M, g), where (N, gN) is a Riemannian manifold.

Proof. See [13, Theorem B] or [20, Theorem 2].

¤

Remark 3.11 As in Remark 3.5, by the above theorem, the equation
Hf = 0 may be considered as an analytic characterization (or represen-
tative) of Riemannian products (R×N, dt2⊕ gN) among the connected,
n(≥ 2)-dimensional complete Riemannian manifolds (M, g).

Concerning the case k < 0 of Obata’s equation, Kanai showed in
[13] (also see [20]) that, a necessary and sufficient condition for a con-
nected, n(≥ 2)-dimensional complete Riemannian manifold (M, g) to be
isometric with a connected component Hn

±(k) of the real hyperbolic space
Hn(k) of sectional curvature k(< 0) (respectively, with a warped prod-
uct of the Euclidean line and a complete non-Euclidean Riemannian
manifold, where the warping function φ : R → R+ satisfies the equa-
tion φ′′ + kφ = 0, k < 0), is the existence of a nonconstant function
f : M → R with a critical point (respectively, without critical points)
satisfying the equation Hf + kfg = 0, k < 0, on (M, g). Note here
that, a connected component Hn

±(k) of the real hyperbolic space Hn(k)
of sectional curvature k(< 0), is the warped product of the Euclidean
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line and the Euclidean space with warping function φ(t) = e±
√−kt on R.

Thus, we combine the above two results of Kanai to give a characteriza-
tion of certain warped products in Riemannian geometry by differential
equations.

Theorem 3.12 Let (M, g) be a connected, n(≥ 2)-dimensional complete
Riemannian manifold. Then, a necessary and sufficient condition for
(M, g) to be isometric with a Riemannian warped product (R×N, dt2 ⊕
φ2gN), where (N, gN) is a complete Riemannian manifold and the warp-
ing function φ satisfies the equation φ′′ + kφ = 0, k < 0, is the ex-
istence of a nonconstant function f : M → R satisfying the equation
Hf + kfg = 0, k < 0, on (M, g).

Proof. See [13, Corollary E].

¤

Remark 3.13 As in Remark 3.5, by the above theorem, the equation
Hf + kfg = 0, k < 0, may be considered as an analytic characterization
(or representative) of Riemannian warped products (R×N, dt2⊕ φ2gN),
where (N, gN) is a complete Riemannian manifold and warping function
φ satisfies the equation φ′′+kφ = 0, k < 0, among the connected, n(≥ 2)-
dimensional complete Riemannian manifolds (M, g).

Remark 3.14 Note that, Theorem 3.6 has a similar prediction (in fact,
stronger) as of Theorem 3.12. Indeed, it can be shown by using the
Bochner identity 1

2
∆g(∇f,∇f) = ‖hf‖2 + Ric(∇f,∇f) + g(∇∆f,∇f)

(see [10, pag. 79]) and the fact that ‖hf‖2 ≥ (∆f)2

n−1
for a function f sat-

isfying g(∇f,∇f) = 1 on an n(≥ 2)-dimensional Riemannian manifold
(M, g) that, the function f in the statement of Theorem 3.6 also satisfies
the equation Hf − kfg = 0, (k > 0), on the Riemannian manifold (M, g)
in the statement of Theorem 3.6.

3.3 Characterizations by Möbius Equation

In this subsection, we state some results related to the characterizations
of certain semi-Riemannian twisted product and warped product struc-
tures in semi-Riemannian geometry by Möbius equation. Let (M1, g1)
and (M2, g2) be semi-Riemannian manifolds of dimensions dimM1 =
n1 > n2 = dimM2 ≥ 1. A submersion f : (M1, g1) → (M2, g2) is called
nondegenerate if the fibres of f are semi-Riemannian submanifolds of
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(M1, g1). (Note that, if (M1, g1) is connected then these fibres are all
semi-Riemannian submanifolds of the same metric index).

Definition 3.15 Let (M1, g1) and (M2, g2) be semi-Riemannian mani-
folds of dimensions n1 > n2 ≥ 1. A nondegenerate submersion
f : (M1, g1) → (M2, g2) is said to satisfy the local Möbius equation if

(∇f∗)(X, Y ) =
τ(f)

n1 − n2

g1(X,Y )

(∇f∗)(X,U) = 0

for all X,Y ∈ Γkerf∗ and U ∈ Γ(kerf∗)⊥.

Now we state a local characterization of semi-Riemannian twisted
products by the local Möbius equation.

Theorem 3.16 Let (M1, g1) and (M2, g2) be semi-Riemannian mani-
folds of dimensions n1 > n2 ≥ 1. If there exists a nondegenerate sub-
mersion f : (M1, g1) → (M2, g2) satisfing the local Möbius equation then
(M1, g1) is locally a semi-Riemannian twisted product (M1

1 × M2
1 , g1

1 ⊕
λ2g2

1), where (M1
1 , g1

1) and (M2
1 , g2

1) are semi-Riemannian manifolds and
f : M1

1 ×M2
1 → M1

1 is the projection.
Conversely, if (M1, g1) = (M1

1×M2
1 , g1

1⊕λ2g2
1) is a semi-Riemannian

twisted product, where (M1
1 , g1

1) and (M2
1 , g2

1) are semi-Riemannian man-
ifolds, then the projection map π1 : M1

1 ×M2
1 → M1

1 satisfies the Möbius
equation.

Proof. See [3, Theorem 1] and [3, Theorem 2].

¤

Remark 3.17 Note that, by the above theorem, the local Möbius equa-
tion may be considered as an analytic characterization (or representative)
of locally twisted product semi-Riemannian manifolds.

Recall that a map f : (M1, g1) → (M2, g2) between semi-Riemannian
manifolds (M1, g1) and (M2, g2) is called harmonic if f satisfies the differ-
ential equation τ(f) = 0. Also, with this additional differential equation
to the local Möbius equation, we can characterize locally product semi-
Riemannian manifolds.
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Theorem 3.18 Let (M1, g1) and (M2, g2) be semi-Riemannian mani-
folds of dimensions n1 > n2 ≥ 1. If there exists a nondegenerate sub-
mersion f : (M1, g1) → (M2, g2) satisfying the local Möbius equation with
τ(f) = 0 then (M1, g1) is locally a semi-Riemannian product (M1

1 ×
M2

1 , g1
1 ⊕ g2

1), where (M1
1 , g1

1) and (M2
1 , g2

1) are semi-Riemannian mani-
folds and f : M1

1 ×M2
1 → M1

1 is the projection.
Conversely, if (M1, g1) = (M1

1 ×M2
1 , g1

1 ⊕ g2
1) is a semi-Riemannian

product, where (M1
1 , g1

1) and (M2
1 , g2

1) are semi-Riemannian manifolds,
then the projection map π1 : M1

1×M2
1 → M1

1 satisfies the Möbius equation
with τ(π1) = 0.

Proof. See [3, Corollary 1].

¤

Remark 3.19 Note that, by the above theorem, the local Möbius equa-
tion together with the equation τ(f) = 0, may be considered as an ana-
lytic characterization (or representative) of locally product semi-
Riemannian manifolds. Note also that, if (M1, g1) = (M, g) is a Rieman-
nian manifold and (M2, g2) = (R, dt2) in the above theorem, then we
obtain a local version of Theorem 3.10.

Also, with an additional differential equation to the local Möbius
equation, we can characterize locally warped product semi-Riemannian
manifolds.

Theorem 3.20 Let (M1, g1) and (M2, g2) be semi-Riemannian mani-
folds of dimensions n1 > n2 ≥ 1. If there exists a nondegenerate sub-
mersion f : (M1, g1) → (M2, g2) satisfying the local Möbius equation with
(∇∇f∗)(X, Y, Z) = 0 for all X,Y, Z ∈ Γkerf∗ then (M1, g1) is locally a
semi-Riemannian warped product (M1

1 ×M2
1 , g1

1 ⊕ λ2g2
1), where (M1

1 , g1
1)

and (M2
1 , g2

1) are semi-Riemannian manifolds and f : M1
1 ×M2

1 → M1
1 is

the projection.
Conversely, if (M1, g1) = (M1

1×M2
1 , g1

1⊕λ2g2
1) is a semi-Riemannian

warped product, where (M1
1 , g1

1) and (M2
1 , g2

1) are semi-Riemannian man-
ifolds then the projection map π1 : M1

1 ×M2
1 → M1

1 satisfies the Möbius
equation with (∇∇π∗)(X, Y, Z) = 0 for all X, Y, Z tangent to the copies
of M2

1 in M1
1 ×M2

1 .

Proof. See [3, Theorem 4] and [3, Theorem 5].

¤
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Remark 3.21 Note that, by the above theorem, the local Möbius equa-
tion together with the equation (∇∇f∗)(X,Y, Z) = 0 for all X, Y, Z ∈
Γkerf∗, may be considered as an analytic characterization (or represen-
tative) of locally warped product semi-Riemannian manifolds.

It is shown in [6] that, a semi-Riemannian twisted product (M, g) =
(N1×N2, gN1 ⊕λ2gN2) can be written as a warped product if and only if
(M, g) is mixed Ricci-flat, that is, Ric(X,U) = 0 for all X and U tangent
to the copies of N1 and N2 in N1 × N2, respectively. (See [6, Theorem
1]). Thus, we also have the following version of Theorem 3.20.

Theorem 3.22 Let (M1, g1) and (M2, g2) be semi-Riemannian mani-
folds of dimensions n1 > n2 ≥ 1. If f : (M1, g1) → (M2, g2) is a nonde-
generate submersion satisfying the local Möbius equation and Ric(X, U) =
0 for all X ∈ Γkerf∗ and U ∈ Γ(kerf∗)⊥ then (M1, g1) is locally a semi-
Riemannian warped product (M1

1 ×M2
1 , g1

1 ⊕ λ2g2
1), where (M1

1 , g1
1) and

(M2
1 , g2

1) are semi-Riemannian manifolds and f : M1
1 ×M2

1 → M1
1 is the

projection.
Conversely, if (M1, g1) = (M1

1×M2
1 , g1

1⊕λ2g2
1) is a semi-Riemannian

warped product, where (M1
1 , g1

1) and (M2
1 , g2

1) are semi-Riemannian man-
ifolds, then the projection map π1 : M1

1 ×M2
1 → M1

1 satisfies the Möbius
equation and Ric(X,U) = 0 for all X and U tangent to the copies of M1

1

and M2
1 in M1

1 ×M2
1 , respectively.

Proof. Immediate from Theorem 3.16 and [6, Theorem 1].

¤

In literature, a function f on an n(≥ 2)-dimensional semi-Riemannian
manifold (M, g) is said to satisfy the Möbius equation if

Hf − df ⊗ df − 1

n
[∆f − g(∇f,∇f)]g = 0

on (M, g). (See [17]). Also, by making the transformation t = e−f , the
Möbius equation becomes the

Ht =
∆t

n
g

on (M, g), which we call the localized Möbius equation. (Indeed, if t is a
solution of the equation Ht = ∆t

n
g then f = −log |t| satisfies the Möbius

equation Hf−df⊗df− 1
n
[∆f−g(∇f,∇f)]g = 0 on the subset of M where



122 Characterizing Product Structures by ...

t 6= 0). The localized Möbius equation has been analyzed in the literature
in detail. (See for example, [14] and [15] and the references therein). One
of the results related to localized Möbius equation which is of interest
from viewpoint of this survey is the following: Let (M, g) be an n(≥ 2)-
dimensional semi-Riemannian manifold. If a nondegenerate submersion
f : (M, g) → R satisfies the equation Hf = ∆f

n
g on (M, g) then (M, g)

is locally a semi-Riemannian warped product of a semi-Euclidean open
interval and a semi-Riemannian manifold. (See [15, Lemma 2.3]).

Meanwhile note that, if such an f satisfies the local Möbius equation
then, by Theorem 3.16, (M, g) is locally a semi-Riemannian twisted prod-
uct of a semi-Euclidean open interval and a semi-Riemannian manifold.
The reason is, in the latter case, f satisfies the equations Hf (X,Y ) =
∆f
n−1

g(X,Y ) and Hf (X, U) = 0 for all X, Y ∈ Γkerf∗ and U ∈ Γ(kerf∗)⊥.
But this yields loss of information which is used to show that the totally
umbilic semi-Riemannian fibres of f are spherical. (See [14, Lemma 11]).
In fact, this lack of information is recovered in Theorem 3.20 and The-
orem 3.22 with additional assumptions. Nevertheless, the local Möbius
equation is of interest in relativity theory. Although the time functions
of physically realistic spacetimes do not satisfy localized Möbius equa-
tion, they satisfy local Möbius equation, hence yield splitting results for
these spacetimes. For example, see [4] and [5] for the applications of local
Möbius equation in relativity theory.
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Ünal, A Curvature Condition for a Twisted Product to be a Warped
Product, Manuscripta Math., 106(2), (2001), 213-217.

[7] A. E. Fischer, Riemannian Maps Between Riemannian Manifolds,
Contemp. Math., 132, (1992), 331-366.

[8] A. E. Fischer, Riemannian Submersions and the Regular Interval
Theorem of Morse Theory, Ann. Glob. Anal. Geom., 14, (1996),
263-300.
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Abstract

In a Lorentzian space (or more generally in a pseudo-Riemannian
space) appears a class of submanifolds where the induced metric is degen-
erate; they are called lightlike submanifolds. This work tries to give some
relations between geometric objects of a lightlike submanifold and those
ones of a Riemannian submanifold in a Lorentzian space. These rela-
tions allow us to obtain some characterization results for totally geodesic
submanifolds in Lorentzian space forms.

2000 Mathematics Subject Classification: 53B30, 53C50, 53A04.

1 Introduction

It is well-known that in a Lorentzian manifold we can find three causal
types of submanifolds: spacelike (or Riemannian), timelike (or Lorentzian)
and lightlike (degenerate or null), depending on the character of the in-
duced metric on the tangent space. The growing importance of lightlike
submanifolds in global Lorentzian geometry, and their use in general
relativity, motivated the study of degenerate submanifolds in a semi-
Riemannian manifold. Due to the degeneracy of the metric, basic differ-
ences occur between the study of lightlike submanifolds and the classical
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theory of Riemannian as well as semi-Riemannian submanifolds (see, for
example, [1], [3], [5], [7], [11], and [14]).

Lightlike submanifolds (in particular, lightlike hypersurfaces) appear
in many papers in physics. For instance, the lightlike submanifolds are
very interesting in general relativity, since they produce models of dif-
ferent types of horizons (event horizons, Cauchy’s horizons, Kruskal’s
horizons). The idea that the Universe we live in can be represented as a
4-dimensional submanifold embedded in a (4+d)-dimensional space-time
manifold has attracted the attention of many physicists. Higher dimen-
sional semi-Euclidean spaces should provide a theoretical framework in
which the fundamental laws of physics may appear to be unified, as in
the Kaluza-Klein scheme. Lightlike hypersurfaces are also studied in the
theory of electromagnetism (see, for example, [4], [15] and [16]).

In the following section we introduce the necessary geometric objects
to study the geometry of lightlike submanifolds. The aim of this work is
to relate the geometry of a lightlike submanifold in a Lorentzian space
with the geometry of a Riemannian submanifold in the same ambient
space. Making use of the well known results in the non-degenerate ge-
ometry we obtain some interesting results for lightlike submanifolds. In
the last section, and as an application of the results obtained before,
we completely describe the totally geodesic lightlike submanifolds in a
Lorentzian space of constant curvature.

2 Preliminaries

Let (Mn+1
1 ,N ◦) be an (n + 1)-dimensional Lorentzian manifold endowed

with a metric g (also denoted by 〈, 〉). An m-dimensional submanifold
Pm in Mn+1

1 is said to be a lightlike submanifold if the induced metric
on Pm is degenerate. In the sequel, and for simplicity of notation, we
will write M and P instead of Mn+1

1 and Pm, respectively. Also, we will
suppose that m ≥ 3.

The notation and basic facts on lightlike submanifolds are taken from
[5]. The tangent vector bundle on M restricted to P can be, not uniquely,
decomposed as

TM |P = TP ⊕ tr(TP ) = S(TP )⊥(K ⊕ K̃)⊥S(TP⊥), (2.1)

where K is the 1-dimensional radical distribution of TP , that is, K =
TP ∩ TP⊥, K is called a lightlike transversal vector bundle, and S(TP )
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and S(TP⊥) are called a screen distribution and a screen transversal
vector bundle of P , respectively. They satisfy

TP = S(TP )⊥K and TP⊥ = S(TP⊥)⊥K.

Bearing in mind the decomposition

TM |P = TP ⊕ tr(TP ),

we obtain the Gauss formula for lightlike submanifolds,

N ◦
XY = ∇XY + θ(X, Y ), for all X,Y ∈ ΓTP,

where ∇XY = (N ◦
XY )> and θ(X,Y ) = (N ◦

XY )t stand for the tangential
and transversal parts, respectively. ∇ is called the induced connection
on P and θ the lightlike second fundamental form of P ⊂ M , which is
bilinear and symmetric. If U and X are normal and tangent sections,
respectively, we can consider

AU(X) = −S (N ◦
XU) ,

where S : ΓTP −→ ΓS(TP ) denotes the projection map on the screen
distribution. The operator AU is called the lightlike shape operator with
respect to the section U . The properties of these operators can be found
in [5]. Now we will restrict our attention on a special type of lightlike
submanifolds defined by Kupeli, [11].

Definition 2.1 A lightlike submanifold P of M is said to be irrotational
if N ◦

Xξ ∈ ΓTP for all tangent section X of P , where ξ is a section of the
radical distribution K.

It is easy to check that this definition is independent of the choice of ξ,
and equivalent to the condition θ(X, ξ) = 0 for any decomposition.

A submanifold P is called geodesic or totally geodesic if it contains the
geodesics of M which are somewhere tangent to it. In other words, if q ∈
P and v ∈ TqP , then the geodesic γ in M with initial conditions γ(0) = q
and γ′(0) = v lies in P . This is equivalent to saying that the vector fields
on P are invariant by covariant derivation (this equivalence is valid for
all torsion free connections, [9]). Although there is no way to induce
connections on arbitrary lightlike submanifolds, the totally geodesic ones
have such a connection, which is compatible with the degenerate metric
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but not derived from it, as degenerate metrics do not have Levi-Civita
connections.

Trivial examples of irrotational submanifolds are the totally geodesic
lightlike submanifolds, since N ◦

XY = ∇XY , or equivalently, θ = 0. An-
other important example are the lightlike hypersurfaces, since 〈N ◦

Xξ, ξ〉 =
0 and so the transversal part vanishes.

Definition 2.2 Let P be an m-dimensional lightlike submanifold of an
(n + 1)-dimensional Lorentzian manifold M . We say that P is a to-
tally umbilical lightlike submanifold if for all U ∈ ΓTP⊥, there exist a
differentiable function λU verifying

AU(X) = λUSX, for all X ∈ ΓTP. (2.2)

This definition is independent of the choice of the distribution S(TP ).
If P is an irrotational lightlike submanifold, for ξ ∈ ΓK, U ∈ ΓTP⊥

and W ∈ ΓS(TP ), we have
〈N ◦

ξ U,W
〉

= − 〈N ◦
ξ W,U

〉
= 0,

then S(N ◦
ξ U) = 0, which implies

AU(X) = AU(SX), for all U ∈ ΓTP⊥, X ∈ ΓTP. (2.3)

From now on, {E1, . . . , Em−1, ξ, η, N1, . . . , Nn−m} will denote a pseudo-
orthonormal basis of TM |P adapted to the decomposition (2.1), where

Ei ∈ ΓS(TP ), Nj ∈ ΓS(TP⊥), ξ ∈ ΓK, η ∈ ΓK̃, satisfying

〈Ei, Ei〉 = 〈Nj, Nj〉 = 〈ξ, η〉 = 1, 〈ξ, ξ〉 = 〈η, η〉 = 0.

The following proposition can be found in [11, page 80]. Here we
present a different point of view.

Proposition 2.3 Let P be an m-dimensional irrotational lightlike sub-
manifold of a Lorentzian manifold M . The following statements are
equivalent:

(i) There exist a transversal section H satisfying that

θ(X, Y ) = 〈X,Y 〉H, for all X,Y ∈ ΓTP.

(ii) P is totally umbilical.
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Proof. Let {E1, . . . , Em−1, ξ, η,N1, . . . , Nn−m} be a pseudo-orthonormal
basis adapted to TM |P . We claim that θ(X, Y ) = θ(SX, SY ) for X, Y ∈
ΓTP . The proof is a consequence of the following computation

θ(SX, SY ) = 〈N ◦
SXSY, ξ〉 η +

n−m∑
j=1

〈N ◦
SXSY, Nj〉Nj

= −〈N ◦
SXξ, SY 〉 η −

n−m∑
j=1

〈N ◦
SXNj, SY 〉Nj

= 〈Aξ(SX), SY 〉 η +
n−m∑
j=1

〈
ANj

(SX), SY
〉
Nj.

(2.4)

Let us assume (i). Then θ(SX, SY ) = 〈SX, SY 〉H, H being

H = λη +
n−m∑
j=1

λjNj, (2.5)

and so, combining this equality with (2.4), we obtain

〈Aξ(SX), SY 〉 = λ 〈SX, SY 〉 , 〈
ANj

(SX), SY
〉

= λj 〈SX, SY 〉 .
These equations are equivalent to

〈Aξ(SX)− λSX, SY 〉 = 0,
〈
ANj

(SX)− λjSX, SY
〉

= 0

∀X, Y ∈ ΓTP , which imply

Aξ(X) = Aξ(SX) = λSX, ANj
(X) = ANj

(SX) = λjSX

∀X, Y ∈ ΓTP . Taking into account that {ξ,N1, . . . , Nn−m} is a basis of
TP⊥, we obtain (ii).

Conversely, if P is totally umbilical, then equation (2.2) implies that
there exist differentiable functions λ, λj satisfying Aξ(X) = λSX and
ANj

(X) = λjSX for all X ∈ ΓTP . Substituting these equalities in (2.4)
we complete the proof.

¤

If P is irrotational, we know that S(N ◦
ξ ξ) = 0, and so there exist a

differentiable function ρ such that N ◦
ξ ξ = −ρξ. As a consequence of this

computation we have the following result.
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Proposition 2.4 Let P be an irrotational lightlike submanifold of a
Lorentzian manifold M . Then the integral curves of ξ ∈ ΓK are null
pregeodesics of M .

Proof. Let h be a function such that ξ(log h) = ρ, and take ξ = hξ.
It is easy to check that N ◦

ξ ξ = 0, hence the integral curves of ξ are
geodesics and, in consequence, the integral curves of ξ are pregeodesics.

¤

The above statement is true for all lightlike hypersurfaces. Further-
more, if M have constant curvature, it is well know that the null geodesics
are null lines, which implies that P is swept out by null lines.

3 Lightlike submanifolds and submersions

Let P be an m-dimensional lightlike submanifold immersed in an (n+1)-
dimensional Lorentzian manifold M by ψ : P −→ M . Let π : M −→ B
be a Lorentzian submersion of codimension one (that is, dim(B)=1), and
set π = π◦ψ. Let us assume that π : P −→ B = π(P ) is a submersion,
or equivalently, P is not contained in any fiber of π.

Let us denote by Ft and Σt the fibers of π and π, respectively. It is
clear that Σt is a Riemannian submanifold immersed in Ft. The following
diagram illustrates the situation:

(Ft, N̂ ◦
t )

it−−−→ (M,N ◦)
π−−−→ B

ψt

x
xψ

xi

(Σt, N̂t)
jt−−−→ (P,∇)

π̃−−−→ B = π(P )

(3.1)

The Levi-Civita connections N̂ ◦
t and N̂t on Ft and Σt, respectively,

can be extended to connections N̂ ◦ and N̂ on the vertical distributions
V(TM) and V(TP ), respectively.

Our aim now is to define geometric objects with respect to these
submersions.

Definition 3.1 Let P be a lightlike submanifold of a Lorentzian man-
ifold M and π : M −→ B a submersion as before. The screen vector
bundle S(TP ) = V(TP ) on P is called the canonical screen distribution
associated to the submersion π.
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Bearing in mind the above diagram, definitions and notations, we
can split the tangent vector bundle TM |P in a different way from (2.1),
as follows,

TM |P = V(TM)|P⊥H(TM)|P
=

( V(TP )⊥ V(TP )⊥
)⊥H(TM)|P

= S(TP )⊕ ( V(TP )⊥⊥ H(TP )
)
,

(3.2)

where V(TP )⊥ denotes the orthogonal of V(TP ) in V(TM)|P . Com-
paring the decompositions (2.1) and (3.2) we deduce

(K ⊕ K)⊥S(TP⊥) = V(TP )⊥⊥ H(TP ).

Let χ ∈ H(TM) be a unit local basic vector field with respect to π
and write χ = χ|P ∈ H(TP ). Since P is not contained in any fiber of
π, then 〈ξ, χ〉 6= 0 for ξ ∈ ΓK, so that K⊕ H(TP ) is a hyperbolic plane.
Choose K such that Π = K⊕ K = K⊕ H(TP ). We can construct local
frames {ξ, η} and {N, χ}, with N ∈ V(TP )⊥ and η ∈ K, satisfying

ε = 〈N,N〉 = −〈 χ, χ〉 , ξ =
1√
2
(N + χ), η =

ε√
2
(N − χ), (3.3)

where ε = ±1. In this case S(TP⊥) is necessarily the orthonormal com-
plementary of span {N} in V(TP )⊥.

Definition 3.2 The section ξ and the vector bundle S(TP⊥) defined
above are called the canonical radical section and the canonical screen
transversal vector bundle associated to the submersion π.

If M is time-oriented, we can choose ξ and η pointing out to the future.
In this case they are completely determined by the submersion π. Under
these conditions, if {N0 = N, N1, . . . , Nn−m} is a basis of V(TP )⊥, where
{N1, . . . , Nn−m} expands the canonical screen transversal vector bundle,
we consider the operators

ANj
: V(TP ) −→ V(TP )

W Ã − V(N̂ ◦
W Nj)

σ : V(TP )× V(TP ) −→ V(TP )⊥

(W1,W2) Ã
(
N̂ ◦

W1
W2

)⊥

where 0 ≤ j ≤ n−m. Moreover, these operators restricted to each fiber
are the shape operator respect to Nj and the second fundamental form
of the immersion ψt : Σt −→ Ft, respectively.



132 Geometry of lightlike submanifolds

On the other hand, bearing in mind the diagram (3.1), we can con-
sider the operators defined by

Â◦ : V(TM) −→ V(TM)

V Ã −N ◦
V χ

σ̂◦ : V(TM)× V(TM) −→ H(TM)

(V1, V2) Ã H (N ◦
V1

V2

)

These operators, restricted to each fiber Ft, are the shape operator and
the second fundamental form of the immersion it : Ft → M . We will
consider both operators acting on V(TM)|P .

We can write the following equations relating the above geometric
objects,

N ◦
V1

V2 = N̂ ◦
V1

V2 + σ̂◦(V1, V2) = N̂ ◦
V1

V2 − ε
〈
Â◦(V1), V2

〉
χ,

N̂ ◦
W1

W2 = N̂W1W2 + σ(W1,W2)

= N̂W1W2 + ε 〈 AN(W1),W2〉N +
n−m∑
j=1

〈
ANj

(W1),W2

〉
Nj,

(3.4)

where W1,W2 are sections on V(TP ) = S(TP ) and V1, V2 are sections on
V(TM)|P . These equations restricted to each fiber represent the Gauss
equations of both immersions Ft ⊂ M and Σt ⊂ Ft, respectively.

We are going to state some results relating the different geometric
objects defined above. From these relationships we will obtain interesting
applications for particular cases.

Proposition 3.3 Let P be an m-dimensional irrotational lightlike sub-
manifold of an n + 1-dimensional Lorentzian manifold M , and let
π : M −→ B be a totally umbilical semi-Riemannian (Riemannian or
Lorentzian) submersion. Let S(TP ) be the canonical screen distribution,
ξ the canonical radical section associated to π and {N, N1, . . . , Nn−m} an
orthonormal basis of V(TP )⊥. Then the following statements hold:

(i) N ◦
W ξ = Aξ(W ), for all W ∈ ΓS(TP ).

(ii) ANj
= ANj

for 1 ≤ i ≤ n−m, and Aξ = 1√
2
( AN + µId), where µ

is the differentiable function satisfying the equation Â◦(V ) = µV .

Proof. (i) By hypothesis, N ◦
Xξ is a section of TP . The proof follows by
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showing that 〈N ◦
W ξ, η〉 = 0. Indeed,

〈N ◦
W ξ, η〉 =

〈
1√
2
N ◦

W (N + χ),
ε√
2
(N − χ)

〉

=
ε

2
(−〈N ◦

W N, χ〉+ 〈N ◦
W χ,N〉)

= ε 〈N ◦
W χ,N〉

= ε
〈
−Â◦(W ), N

〉
= 0.

(ii) Clearly, ANj
= ANj

since S(TP ) = V(TP ). Bearing in mind
the above statement and that the fibers of π are totally umbilical, that
is, Â◦(W ) = µW , we obtain

Aξ(W ) = − 1√
2
N ◦

W (N + χ)

= − 1√
2

(N ◦
W N +N ◦

W χ)

= − 1√
2

(
N̂ ◦

W N − Â◦(W )
)

=
1√
2

( AN(W ) + µW ) .
¤

Proposition 3.4 Let P be an irrotational lightlike submanifold of a
Lorentzian manifold M and π : M −→ B a totally umbilical submer-
sion with semi-Riemannian fibers Ft. Let π be the submersion induced
by π on P with fibers Σt. Then P is totally umbilical if and only if Σt is
totally umbilical in Ft for all t ∈ π(P ).

The proof is a direct consequence of Proposition 3.3. In particular, for
totally geodesic lightlike submanifolds we have ANj

= 0, 1 ≤ j ≤ n−m,
and AN = −µId. Then if the fibers Ft are totally geodesics (µ = 0),
then the immersions Σt ⊂ Ft are totally geodesics.

4 Applications to Lorentzian space forms

This section contains some applications to Lorentzian manifolds of con-
stant curvature Mn+1

1 (c). In particular we describe the totally geodesic
lightlike submanifolds in Mn+1

1 (c). We study separately the ambient
spaces Rn+1

1 , Sn+1
1 and Hn+1

1 .
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Lightlike submanifolds in Rn+1
1

As it is well known, an irrotational lightlike submanifold is swept out
by null geodesics, and these ones can be naturally extended to complete
geodesics. The problem is the appearance of singular points, but we can
work locally.

Fix a vector a ∈ Rn+1
1 such that 〈a, a〉 = −1 and consider πa :

Rn+1
1 −→ R the map defined by πa(x) = 〈x, a〉. It is easy to prove

that π is a totally geodesic submersion with Riemannian fibers, and π
is a submersion, since P can not be contained in any fiber (they are
Riemannian). In particular, if we choose a = (1, 0, . . . , 0) we obtain a
submersion where the fibers are {t} × Rn.

We have the following situation:

{t} × Rn it−−−→ Rn+1
1

πa−−−→ R−

ψt

x
xψ

xi

Σt
jt−−−→ P

πa−−−→ πa(P )

(4.1)

Remark 4.1 Whenever P is a lightlike hypersurface of the (n + 1)- di-
mensional Lorentz-Minkowski space and πa is as above, with a = (1, 0, . . . , 0),
the lightlike transversal vector bundle expanded by the vector field η, given
by (3.3), agrees with the canonical lightlike transversal vector bundle in-
troduced in [2] (up to the orientation). In particular, if n = 3, the Gauss
map N t of the immersion Σt ⊂ Ft defined by

N t : Σt −→ S2

p Ã N |Σt(p)

where the N is given by (3.3), agrees with the Gauss map associated to
a lightlike hypersurface P with base Σt introduced by Kossowski in [10].

It is well-known that the only totally geodesic submanifolds of Rn

are pieces of r-planes, with 2 ≤ r < n. Moreover, the only non geodesic
totally umbilical hypersurfaces of Rn are pieces of spheres. Then from
this fact and by using Proposition 3.4 we deduce the following results
already known.

Proposition 4.2 The only totally geodesic lightlike submanifods in the
Lorentz-Minkowski space Rn+1

1 are pieces of null m-planes.
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Proof. We know that P is sweot out by null lines, and the sections
Σt provided by the submersion π are (m − 1)-planes. We only have to
prove that ξ is a parallel section with respect to V(TP ) = S(TP ). Using
Proposition 3.3 we have

N ◦
W ξ = Aξ(W ) = 0, for all W ∈ ΓS(TP ),

which is the desired conclusion.

¤
The following result, already proved by Akivis and Goldberg in [1],

can also be easily deduced.

Proposition 4.3 The only totally umbilical lightlike hypersurfaces in
Rn+1

1 are the lightlike cones.

Proof. Let P be a totally umbilical lightlike hypersurface, then the
fibers Σt are spherical. It is easy to see that there are only two lightlike
hypersurfaces that contain the fiber Σt, but we can construct two lightlike
cones containing Σt. This concludes the proof.

¤

Lightlike submanifolds in the De-Sitter space Sn+1
1

Fix a vector a ∈ Rn+2
1 such that 〈a, a〉 = −1 and consider as before π̄a :

Rn+2
1 −→ R the map defined by π̄a(x) = 〈x, a〉. It is not difficult to prove

that πa = π̄a|Sn+1
1

is a totally umbilical submersion with Riemannian

fibers. To simplify the computations, choose a = (1, 0, . . . , 0). Then,
for each t ∈ R, the fiber Ft = π−1

a (t) is a totally umbilical hypersurface

with shape operator Â◦ = µI, where µ = t/
√

t2 + 1. Therefore Ft have
positive constant curvature 1/(t2 + 1), so that Ft is a sphere of radius√

t2 + 1. Note that the fiber F0 is totally geodesic (µ|F0 = 0). We have
the following situation:

{t} × Rn+1 ιt−−−→ Rn+2
1

π̄−−−→ R−

ψ̄t

x
xψ̄

xi

{t} × Sn(1/(1 + t2))
it−−−→ Sn+1

1
πa−−−→ R−

ψt

x
xψ

xi

Σt
jt−−−→ P

πa−−−→ πa(P )

(4.2)
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Proposition 4.4 The m-dimensional totally geodesic lightlike submani-
folds P in the De-Sitter space Sn+1

1 ⊂ Rn+2
1 are exactly the intersections

of null (m + 1)-planes in Rn+2
1 through the origin with Sn+1

1 .

Proof. Consider πa : Sn+1
1 −→ R with a = (1, 0, . . . , 0), defined as above.

Then the fibers Ft are exactly Sn(1/(1+ t2). Since totally geodesic light-
like submanifolds are swept out by null lines, then it is very important
to study the immersion Σ0 ⊂ F0 = Sn(1). We work in F0 because it is
the unique totally geodesic fiber in Sn+1

1 .
By using Proposition 3.3, for a suitable basis {N,N1, . . . , Nn−m} of

V(TP )⊥, we have

Aξ =
1√
2
( AN + µId), ANj

= ANj
, 1 ≤ j ≤ n−m.

Then P is totally geodesic if and only if ANj
= 0 and AN = −µId. In

particular, if we restrict these operators to the fiber Σ0, then AN = 0 and
consequently the immersion Σ0 ⊂ Sn is totally geodesic. It is well-known
that the totally geodesics submanifolds of Sn are (m − 1)-dimensional
spheres of maximum radius (that is, intersections of m-planes through
the origin with Sn). Until now, we have proved that Σ0 = Πm∩Sn where
Πm is an m-plane contained in F0 = Rn+1. We are going to prove that ξ
is a parallel section on Σ0 in Rn+2

1 .
We denote by ν the normal vector field of the immersion Sn+1

1 ⊂
Rn+2

1 , so that the shape operator of Sn+1
1 is given by Aν = −Id. If

W ∈ S(TP ) = V(TP ) and ξ is the canonical radical section, then

∇̄◦
W ξ = N ◦

W ξ + 〈Aν(W ), ξ〉 ν = Aξ(W ) = 0.

Let Π̄ be the null (m+1)-plane given by Π̄ = Πm⊥span {v}, where v have
the same direction of ξ|Σ0 , then it is easy to check that P = Π̄ ∩ Sn+1

1 .

¤

Lightlike submanifolds of the Anti-De Sitter space Hn+1
1

We can obtain similar results as in the De Sitter space. Fix a vector
a ∈ Rn+2

2 such that 〈a, a〉 = 1 and let us consider π̄a : Rn+2
2 −→ R the map

defined by π̄a(x) = 〈x, a〉. Consider πa = π̄a|Hn+1
1

. It can be proved that

πa is a totally umbilical submersion with Lorentzian fibers. The fibers
Ft = π−1

a (t) are totally umbilical hypersurfaces with shape operator Â◦ =
(−t/

√
t2 + 1)I. Then they are of negative constant curvature −1/(1+t2)
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and therefore they are pseudo-hyperbolic spaces Hn
1 (−1/(1 + t2)). Note

that the fiber F0 is totally geodesic in Hn+1
1 . The induced map π is not

in general a submersion, but in this case, since the fibers are again anti
De-Sitter spaces, we can suppose that P is not contained in any fiber
and then π is a submersion. Choosing the point a = (0, . . . , 0, 1), we are
in the following situation.

{t} × Rn+1
2

ιt−−−→ Rn+2
2

π̄−−−→ R+

ψ̄t

x
xψ̄

xi

{t} ×Hn
1 (−1/(1 + t2))

it−−−→ Hn+1
1

πa−−−→ R+

ψt

x
xψ

xi

Σt
jt−−−→ P

πa−−−→ πa(P )

(4.3)

Denote by Π̄m+1
i,r an (m + 1)-plane through the origin of Rn+2

2 , where i
and r denote the index and the dimension of the radical distribution,
respectively. In the semi-Euclidean space Rn+2

2 there exist six different
types of (m + 1)-planes, they are: Π̄m+1

0,0 , Π̄m+1
1,0 , Π̄m+1

2,0 , Π̄m+1
1,1 , Π̄m+1

0,1 and

Π̄m+1
0,2 .

The intersection of (m+1)-planes of index 0 with the Anti De-Sitter
space is empty. On the other hand, Π̄m+1

1,0 ∩ Hn+1
1 is a hyperbolic space

Hm and Π̄m+1
2,0 ∩ Hn+1

1 is an Anti De-Sitter space Hm
1 . The following

proposition describes the intersection Π̄m+1
1,1 ∩Hn+1

1 .

Proposition 4.5 The m-dimensional totally geodesic lightlike subman-
ifolds P of the Anti De-Sitter space Hn+1

1 ⊂ Rn+2
2 are exactly the in-

tersections of the (m + 1)-planes Π̄m+1
1,1 in Rn+2

2 through the origin with

Hn+1
1 .

Proof. Consider the submersion πa : Hn+1
1 −→ R defined above and

let π be the submersion induced by π. Similar considerations as in
the De-Sitter space apply to this case, and prove that P is of the form
Σ0 × ` where ` stands for a constant null direction and Σ0 is an (m −
1)−dimensional totally geodesic Riemannian submanifold of F0 = Hn

1 ,
that is, Σ0 = Hm−1. Actually, we can write Σ0 = Πm∩Hn, where Πm is a
Lorentzian plane of dimension m. Take Π̄m+1

1,1 = Πm⊥span {v}, where v

have the same direction of `, then it is easy to show that P = Π̄m+1
1,1 ∩Hn+1

1 .

¤
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Abstract

In some Lorentzian manifolds the problem of the geodesic connect-
edness can be reduced to a topological problem related to Brouwer’s
degree. This approach allows us to obtain the geodesic connectedness of
some important spacetimes as multiwarped ones or the exterior region
of slow Kerr spacetime. Other related properties of interest can be also
studied.

1 Introduction

This talk is based on the results obtained in the articles [11], [12], [13]
and [14]. Our main aim is to describe briefly a new technique for the
study of the geodesic connectedness in Lorentzian Geometry, that is, the
problem of finding a geodesic joining two given points in a connected
Lorentzian manifold (M, g). This problem is not easy (even if M is com-
pact, the geodesic connectedness may fail), and different techniques have
been developed to solve it (see [23] for a survey). Recall that these tech-
niques are related to methods of groups theory [9], geometrical methods
(introduced in [8] and studied in the book [2]), variational methods (in-
troduced in [3]; see for example [18] or [23]) and methods based on a
direct integration of the geodesic equations (for example [22]). Other
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techniques allow the study of the existence of geodesics with a defined
causal character between two given points. Among the results for these
geodesics, we emphasize the classical Avez-Seifert one: in a globally hy-
perbolic spacetime, two points can be joined by a causal geodesic if and
only if they can be joined by a causal curve.

In Section 3 we introduce our topological technique. Given a splitting
manifold, we give an overview of the steps to obtain conditions which
imply the geodesic connectedness of the manifold.

After a brief description of multiwarped spacetimes, in Section 4 we
stablish the results on geodesic connectedness obtained when the topo-
logical methods are applied to this class of spacetimes. In the particular
case of Generalized Robertson-Walker (GRW) spacetimes, the results on
existence are more accurate and we also give results on multiplicity, con-
jugate points and Morse type relations.

Finally, in Section 5 we apply the technique to Kerr spacetime. Here
we obtain results not only on connectedness but also on non-connectedness
of different natural regions of this spacetime.

From now on, we will assume for the manifolds to be connected.
Given a Lorentzian manifold (M, g), a tangent vector v will be called
timelike (resp. lightlike; causal; spacelike) if g(v, v) < 0 (resp. = 0 and
v 6= 0; ≤ 0 and v 6= 0; > 0 or v = 0).

2 A topological technique

First, let us explain intuitively the relation between geodesic connected-
ness and topological arguments. Consider two points p0 6= p1 of a split-
ting manifold Mn+1, and fix a topological sphere of the tangent space
to p0, S ⊂ Tp0M , such that the vector 0 is included in the interior of
S. Consider now the subset expp0sS, for each s ∈ R, yielded by the
geodesics emanating at p0 (expp0 is the exponential map at p0). Initially,
for small s, p1 is outside expp0sS, but for some bigger s, p1 may lie inside
expp0sS. This topological change (from being outside to being inside the
exponential of a sphere) reflects that p0 and p1 can be connected by a
geodesic, and suggest to use a topological argument.

Even though this is quite intuitive, the mathematical formalization
of these ideas is rather long. More precise mathematically, consider the
following steps:

– Step 1. Assume that M is an open subset of Rn+1, and consider the
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function

F : D ⊂ Tp0M ≡ Rn+1 → Rn+1, F(v) = γv(1)− p1, (2.1)

where γv is the unique geodesic starting at p0 satisfying γ′v(0) = v,
for any v ∈ Tp0M , and γv is defined at 1 for all v in the domain
D. Now, the zeroes of the function F correspond with geodesics
connecting p0 and p1. (If M is not included in Rn+1, assume that
suitable coordinates can be chosen. Otherwise, the structure of the
spacetime may also make useful the idea underlying in (2.1), as in
multiwarped spacetimes).

– Step 2. Suppress the degree of freedom associated to the repara-
metrization of the geodesics and reduce the problem to find zeroes
of a new function F : D → Rn, where the new domain D is also
included in Rn.

– Step 3. Assume that, as in most classical spacetimes, a partial inte-
gration of the geodesics equations can be done (by Noether Theorem
this is possible if there exist Killing vector fields on M). Then, when
possible, rewrite F and D in terms of the constants of motion as-
sociated to the partial integration or Killing vector fields (typically,
D may be chosen as a compact n-rectangle).

– Step 4. If F satisfies certain conditions at the boundary of D then
Brouwer’s topological arguments may imply the existence of a zero.
In dimension n = 1 these conditions will be quite trivial: if [a, b] ⊂
D and F(a) · F(b) < 0 then F will have a zero. For dimension

n = 2 and, say, [a, b] × [a′, b′] ⊂ D, F = (F1
(x, y),F2

(x, y)), if

F1
(a, y) · F1

(b, y) < 0,∀y ∈ [a′, b′], F2
(x, a′) · F2

(x, b′) < 0, ∀x ∈
[a, b], then the degree of F will be 6= 0, and F will have a zero;
natural extensions of these conditions will be needed for n ≥ 3.

More exactly, we will need some variations of previous arguments.

For example under, say, the condition for F1
, F1

(a, y) · F1
(b, y) <

0,∀y ∈ [a′, b′], a connected set C of zeroes of F1
which joins the

horizontal lines y = a′, y = b′ can be found. Then, we will look for

a zero of F2
in C. Some other subtleties will be taken into account

for specific applications.
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3 Application to multiwarped spacetimes

The first class of Lorentzian manifolds where our technique was applied,
is the class of multiwarped spacetimes, which have a remarkable role in
General Relativity.

Consider n Riemannian manifolds (Fi, gi), an open interval I =
(a, b) ⊆ R with opposite metric to the usual −dτ 2, and n differentiable
functions fi > 0 i = 1, . . . , n on I. A multiwarped spacetime with
base (I,−dτ 2), fibers (Fi, gi) i = 1, . . . , n and warping functions fi > 0,
i = 1, . . . , n is the product manifold M = I × F1 × · · · × Fn endowed
with the Lorentz metric:

g = −π∗Idτ 2 +
n∑

i=1

(fi ◦ πI)
2π∗i gi ≡ −dτ 2 +

n∑
i=1

f 2
i gi ,

where πI and πi i = 1, . . . , n are the natural projections of I × F1 ×
· · · × Fn onto I and F1, . . . , Fn, respectively.

Examples of multiwarped spacetimes are the following:
(1) For n = 1 fibers these manifolds correspond with Generalized

Robertson-Walker (GRW) spacetimes (I × F,−dτ 2 + f 2gF ), which are
natural generalizations of Friedmann-Lemaitre-Robertson-Walker cosmo-
logical spacetimes [1], [22].

(2) Two classical spacetimes can be seen as particular cases when
n = 2 [21]:

Consider the metric on (r−, r+)× R× S2

−
(

1− 2m

r
+

e2

r2

)
dt2 +

(
1− 2m

r
+

e2

r2

)−1

dr2 + r2(dθ2 + sin2 θdϕ2)

being e,m constants (m positive), e2 < m2, r ∈ (r−, r+), r− = m −
(m2 − e2)1/2, r+ = m + (m2 − e2)1/2, t ∈ R and θ, ϕ are the spherical
coordinates on S2. [Notice that the new variable τ ∈ (0, τ+) obtained
from

dτ =

(
−1 +

2m

r
− e2

r2

)−1/2

dr

provides the interval I and the warping functions in our definition of mul-
tiwarped spacetime]. When e = 0 this metric represents the Schwarzschild
black hole, generated by a spherically symmetric massive object. When
e 6= 0 this metric is the intermediate zone of usual Reissner-Nordström
spacetime, generated by a spherically symmetric charged body.
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(3) Moreover, multiwarped spacetimes include Bianchi type IX space-
times as Kasner’s, and may also represent relativistic spacetimes together
with internal spaces attached at each point or multidimensional inflation-
ary models (see [19] and references therein).

In order to apply the topological technique, the following subtleties
must be considered in relation to the four steps of Section 3:

Step 1 and 3. Multiwarped spacetimes are not included in Rn+1, but
the projection of a geodesic γ(s) on each fiber Fi is a pregeodesic γi(s).
Fixed xi, x

′
i ∈ Fi we will assume that γi(s) is the reparametrization of a

minimizing geodesic, and the only relevant degree of freedom will be its
initial velocity ci = (f 4

i ◦ τ) · gi(dγi/ds, dγi/ds). On the other hand, the
projection on the base τ(s) is then characterized by τ ′(0); by technical
reasons, a new parameter K ∈ R directly related to τ ′(0) is introduced.
So, every geodesic γ(s) is characterized by (K, c1, . . . , cn) which takes
values in Rn+1.

Step 2. Every geodesic is reparametrized by the component τ . Thus,
the points with τ ′(s) = 0 must be specifically studied.

Step 4. Given the two points to be connected z0 = (τ0, x), z′0 =
(τ ′0, x

′) ∈ I × (F1 × · · · × Fn), one can prove first an Avez-Seifert type
result (see below) and thus, if |τ ′0−τ0| is big enough the two points can be

joined by a causal geodesic. For the intermediate values of τ ′0 ∈ [â, b̂] some

functions F1
, . . . ,Fn

of (K, c1, . . . , cn) can be defined. The simultaneous
zeroes of these functions correspond with geodesics joining z0 with a
point in the line {(τ, x′) : τ ∈ (a, b)}. The boundary conditions of the

F i
’s ensure the existence of a connected set of zeroes C which correspond

with geodesics joining z0 and (τ ′0, x
′) for any τ ′0 in an interval which

includes [â, b̂].
As consequence, the problem of the geodesic connectedness is essen-

tially solved if we assume weak convexity for every fiber Fi, that is, each
two points xi, x

′
i ∈ Fi can be joined by a minimizing Fi-geodesic (the fiber

is strongly convex if previous minimizing geodesic is the unique one). In
fact, we have:

• An (Avez-Seifert type) result on geodesic connectedness [12, Th.
2]: in a multiwarped spacetime with weakly convex fibers two points
causally related can be joined by a causal geodesic.

• A result with a natural geometric interpretation [12, Th. 1]:
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Theorem 3.1 A multiwarped spacetime (I ×F1× · · · ×Fn, g) with
weakly convex fibers is geodesically connected if the following condi-
tion holds: every point z = (τ, x) ∈ I × (F1 × · · · × Fn) and every
line L[x′] = {(τ, x′) : τ ∈ I}, x′ ∈ F1 × · · · × Fn can be joined by
both a future and a past directed causal curve.

Previous condition is equivalent to the following property on the
warping functions f1, . . . , fn:

∫ c

a

f−2
i (

1

f 2
1

+ · · ·+ 1

f 2
n

)−1/2 = ∞,

∫ b

c

f−2
i (

1

f 2
1

+ · · ·+ 1

f 2
n

)−1/2 = ∞,

for all i and for c ∈ (a, b).

This condition seems appropriate when either I = R or fi goes
to zero at the extremes. But, for example, a strip I × Rn, I 6= R
in Lorentz-Minkowski spacetime Ln+1 does not satisfy this condi-
tion. However, Theorem 3.1 does not cover all the possibilities of
the technique, and we can obtain results stronger (although under
more intrincated hypotheses on the fi’s). As a consequence, all
previous results are reproven or extended; in particular, geodesic
connectedness of Reissner-Nordström Intermediate spacetime is re-
proven [12, Section 6] by using a technique completely different to
the one in [15] (and without the restriction 2r− > r+ in this refer-
ence). Moreover, the accuracy of our technique is shown by proving
the geodesic connectedness of Schwarzschild black hole [12, Th. 6].
The geodesic connectedness of spacetimes as Kasner’s can be triv-
ially determined by using our results.

• Finally, we remark that these results are easily extendible to the
case that every fiber Fi is a manifold with boundary ∂Fi (improving
results in [16]). In fact, in this case the problem is reduced to answer
when the structure of ∂Fi imply that Fi is weakly convex (if Fi∪∂Fi

is a complete smooth manifold with boundary, Fi is weakly convex
if and only if the second fundamental form of the boundary, with
respect to the interior normal, is positive semidefinite; for more
general results see [6]). Of course, the results work when we consider

strips (â, b̂)×D1× · · · ×Dn ⊆ I ×F1× · · · ×Fn. Moreover, further
multiplicity results can be obtained if the topology of one of the
fibers is not trivial (see for example [11, Th. 3])
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As we commented before, we can give more accurate conditions for the
geodesic connectedness when only n = 1 fibers are considered (Condi-
tions (A), (B), (C) and (R) in [11, Section 3]). These conditions are
somewhat cumbersome, because they yield not only sufficient but also
necessary hypotheses for geodesic connectedness. More precisely, if the
fiber is strongly convex then the GRW is geodesically connected if and
only if one of the Conditions (C) or (R) in [11] holds (Condition (A) in
[11] is less accurate than (C), but it is translatable to any multiwarped
spacetime to obtain geodesic connectedness; Condition (B) is an interme-
diate condition). Nevertheless, from these conditions it is easy to obtain
simple general sufficient conditions for connectedness. For example (see
[11, Lemmas 3 and 9]), if the GRW spacetime is not geodesically connected
then f must admit a limit at some extreme of the interval I = (a, b); if
this extreme is b (resp. a) then f ′ must be strictly positive (resp. neg-
ative) in a non-empty subinterval (b̄, b) ⊆ (a, b) (resp. (a, ā) ⊆ (a, b)),
(etc.)

On the other hand, this machinery allows us to obtain a precise rela-
tion between the conjugate points z0 = (τ0, x0), z

′
0 = (τ ′0, x

′
0) of a geodesic

γ(s) = (τ(s), γF (s)) in the GRW and the points x0, x
′
0 of its projection

γF (s) on F (recall that γF (s) is a pregeodesic on F ). Concretely, if m is
the multiplicity of conjugation along γ of z0, z

′
0 then the multiplicity of

the projections x0, x
′
0 along γF is m′ ∈ {m,m−1}. In particular, if z0, z

′
0

are non-conjugate then so are x0, x
′
0. Even more, if γ is a causal geodesic

(or any geodesic without zeroes in dτ/ds) then m′ = m [11, Th. 4].
From here, Morse type relations which relate the topology of the

space of curves joining two non-conjugate points with the Morse indexes
of the geodesics joining them can be obtained [11, Section 5]. Finally, all
these results can be applied to the following two cases [11, Section 6].

– F is an interval of R and, thus, −g is static standard. Our results
improve the previous ones in [5] obtained from completely different
techniques. Concretely, we obtain:

Corollary 3.2 Given (y0, x0), (y
′
0, x

′
0) in the static spacetime (K×

J ⊆ R2, gS = dy2 − f 2(y)dx2), these points are

(i) spacelike related (i.e. timelike related for −gS) if and only if∫ y′0
y0

f−1 > d(x0, x
′
0). In this case there exist a unique geodesic which

joins them; this geodesic is necessarily spacelike and without conju-
gate points.
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(ii) lightlike related (connectable with a lightlike curve) if and only

if
∫ y′0

y0
f−1 = d(x0, x

′
0). In this case there exist a unique geodesic

which joins them; this geodesic is necessarily lightlike and without
conjugate points.

(iii) timelike related if and only if
∫ y′0

y0
f−1 < d(x0, x

′
0). All points

which are timelike related can be joined by a geodesic (necessarily
timelike) if and only if either Condition (C) or Condition (R) holds.

– Ric(∂τ , ∂τ ) ≥ 0 (⇔ f ′′ ≤ 0). This hypothesis is natural from a
physical point of view (it is implied by the timelike convergence
condition and, thus, by some energy conditions). Concretely, we
obtain:

Corollary 3.3 An inextendible GRW spacetime (i.e. with f de-
fined on a maximal interval I) with Ric(∂τ , ∂τ ) ≥ 0 and weakly
convex fiber satisfies

(i) Each two causally related points can be joined with causal geodesic,
which is unique if the fiber is strongly convex.

(ii) The spacetime is geodesically connected. Moreover, each strip

(â, b̂) × F ⊂ I × F , a < â < b̂ < b with the restricted metric is

geodesically connected if and only if f ′(â) ≥ 0 and f ′(b̂) ≤ 0 (i.e.

f ′(â) · f ′(b̂) ≤ 0).

(iii) There exist a natural surjective map between geodesics connect-
ing z0 = (τ0, x0), z′0 = (τ ′0, x

′
0) ∈ I × F and F-geodesics connecting

x0 and x′0. Under this map, when the geodesic connecting z0 and z′0
is causal then the multiplicity of its conjugate points is equal to the
multiplicity for the corresponding geodesic connecting x0, x′0.

(iv) If (F, gF ) is complete and F is not contractible in itself, then
any z0, z

′
0 ∈ I×F can be joined by means of infinitely many spacelike

geodesics. If x0, x
′
0 are not conjugate there are at most finitely many

causal geodesics connecting them.

Other applications (for example an extension of [24, Th. 5.3] for
GRW spacetimes) are possible.

4 Application to Kerr spacetime

Kerr spacetime represents the stationary axis-symmetric asymptotically
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flat gravitational field outside a rotating massive object. The simplest
description of the Kerr metric tensor is in terms of the time coordinate
t on R and spherical coordinates r, θ, ϕ on R3 (θ denotes colatitud and
ϕ longitud), which are called Boyer-Lindquist coordinates (we follow the
notation in [20, Section 1.1]). Let m > 0 and a be two constants, such
that m represents the mass of the object and ma the angular momentum
as measured from infinity. In previous coordinates, Kerr metric takes the
form

ds2 = gt,tdt2 + gr,rdr2 + gθ,θdθ2 + gϕ,ϕdϕ2 + 2gϕ,tdϕdt

with

gr,r = ρ(r,θ)2

4(r)
gϕ,ϕ = [r2 + a2 + 2mra2 sin2 θ

ρ(r,θ)2
] sin2 θ

gθ,θ = ρ(r, θ)2 gϕ,t = −2mra sin2 θ
ρ(r,θ)2

gt,t = −1 + 2mr
ρ(r,θ)2

and being

ρ(r, θ)2 = r2 + a2 cos2 θ and 4(r) = r2 − 2mr + a2.

Halting the rotation by setting a = 0, Kerr spacetime becomes
Schwarzschild spacetime; if, then, the mass is removed (m = 0) only
(empty) Lorentz-Minkowski spacetime remains.

Formulae above show that Kerr metric fails when either ρ(r, θ)2 = 0
or 4(r) = 0. The zeroes of the function ρ(r, θ)2 correspond with a
physical singularity. On the other hand, the function 4(r) has the zeroes
r+ = m +

√
m2 − a2 and r− = m−√m2 − a2 and,

4(r) = (r − r−)(r − r+).

However, these zeroes do not correspond with singularities in the curva-
ture. In fact, the hypersurfaces R×{x ∈ R3 : r = r+} and R×{x ∈ R3 :
r = r−} are event horizons. More precisely:

– If a2 < m2 (slow Kerr spacetime) we have two event horizons r = r+

and r = r−.

– If a2 = m2 (extreme Kerr spacetime) we only have one event horizon
r = r+ = r−.

– Finally, if a2 > m2 (fast Kerr spacetime) we do not have event
horizons.
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The region in slow Kerr spacetime satisfying r > r+ (resp. r− < r < r+;
r < r−) is called exterior (resp. intermediate; interior) Kerr spacetime.
Intermediate Kerr spacetime has a strange physical behaviour: matter
might disappear in finite proper time, or suddenly appear from nowhere.
In interior Kerr spacetime, the ring singularity appears with its associated
time machine.

In order to apply the topological technique, the following subtleties
must be considered:

Step1. Even though Kerr spacetime is an open subset of R4, arbitrary
values for coordinates θ, ϕ will be permitted for convenience.

Step 2. We reparametrize our geodesic by the component r. So, the
points with r′(s) = 0 must be specifically studied.

Step 3. The partial integrations are given by the constants of motion
L (angular momentum; ∂ϕ is a Killing vector field), E (energy; ∂t is a
Killing vector field), q (normalization of the geodesic; rest mass) and K
(Carter constant).

Step 4. In this case we actually consider a sequence of increasing
rectangles [am, bm] × [a′m, b′m] × [a′′m, b′′m] ⊂ D, and the function F =

(F1
,F2

,F3
) will have the boundary conditions F1

(am, y, z)·F1
(bm, y, z) <

0 ∀(y, z) ∈ [a′m, b′m] × [a′′m, b′′m], F2
(x, a′m, z) · F2

(x, b′m, z) < 0 ∀(x, z) ∈
[am, bm] × [a′′m, b′′m]. So, a sequence of connected sets Cm of zeroes of F1

and F2
connecting the faces z = b′′m and z = a′′m can be found and, for

m big enough, the existence of a zero in some Cm for F3
is proved.

Then, the following result is obtained:

Theorem 4.1 Exterior Kerr spacetime K with a2 < m2 is geodesically
connected [14].

In particular, this result reproves that (outer) Schwarzschild spacetime
is geodesically connected (see also [4] or [13, Th. 6]).

Even more, by using exactly the same technique we obtain the geodesic
connectedness of the Schwarzschild black hole (r < r+, a = 0) [10]. No-
tice that this result has been obtained only by applying our technique,
and can be obtained in two different ways: (1) considering Schwarzschild
black hole as a multiwarped spacetime, and (2) working as in a region of
Kerr spacetime.

It is worth pointing out that our technique circumvents the following
difficulties:

(1) In K there is not a globally defined timelike Killing vector field
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K (if K existed the problem would be reduced to a “Riemannian” one,
where variational methods yield very precise results).

(2) Another possibility would be to consider K as a splitting manifold
as those studied by using variational methods and Rabinowitz’s saddle
point Theorem in [17]. But these results are specially appropiate to study
globally hyperbolic spacetimes under a splitting with complete Cauchy
hypersurfaces t = constant and no clear choice of the time function t
seems to be natural to apply such techniques for K.

(3) At any case, the role of the event horizon r = r+ seems to be
unavoidable (under our approach, geodesics approaching to the event
horizon play an essential role). As we have commented, the convexity
of the boundary of a semi-Riemannian manifold sometimes yields the
geodesic connectedness of the manifold, especially in the Riemannian
case [23]. The boundary r = r+ of K is singular, and the approaching
hypersurfaces r = r+ + ν, ν > 0, are not convex (regions r > r+ + ν are
not geodesically connected, see below). In the Riemannian case, there
are techniques to measure if the lack of convexity goes to zero, when
ν → 0, yielding geodesic connectedness, [6]. In the static case, some of
these techniques are translatable [7], and geodesic connectedness of some
spacetimes with singular boundary, including Schwarzschild spacetime,
has been proven [4]. But none of these techniques seem appliable to a
non-stationary situation.

On the other hand, we obtain the non-geodesic connectedness of some
regions of the slow, extreme and fast Kerr spacetime [15, Section 4].
Firstly, we have:

Theorem 4.2 Stationary Kerr spacetime Ma = R × {x ∈ R3 : r >
m +

√
m2 − a2 cos2 θ} with 0 < a2 ≤ m2 is not geodesically connected.

Even more, we prove that (stationary or not) regions R of exterior
Kerr spacetime with a2 ≤ m2 satisfying r > r+ + ν (ν > 0) are not
geodesically connected. Moreover, no region Ma

ε = R×{x ∈ R3 : r > m+√
m2 + ε− a2 cos2 θ} with a2 ≤ m2 and ε > 0 is geodesically connected.

Finally, for fast Kerr spacetime we have:

Theorem 4.3 (i) Stationary fast Kerr spacetime is not geodesically con-
nected (if we assume r > 0 as well as if r ∈ R).

(ii) Regions (stationary or not) of fast Kerr spacetime determined by
r > ν for some ν > 0 are not geodesically connected.

(iii) The whole fast Kerr spacetime (including non-stationary regions
and r ∈ R) is not geodesically connected.
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Abstract

In this work we define and study the relations between Lorentzian
manifolds given by the diffeomorphisms which map causal future directed
vectors onto causal future directed vectors. This class of diffeomorphisms,
called proper causal relations, contains as a subset the well-known group
of conformal relations and are deeply linked to the so-called causal ten-
sors of Ref.[1]. If two given Lorentzian manifolds are in mutual proper
causal relation then they are said to be causally isomorphic: they are
indistinguishable from the causal point of view. Finally, the concept of
causal transformation for Lorentzian manifolds is introduced and its main
mathematical properties briefly investigated.

1 Basics on causal relations

In this section the definitions of the basic concepts and the notation
to be used throughout this contribution shall be presented. Differen-
tiable manifolds are denoted by italic capital letters V ,W,U, . . . and, to
our purposes, all such manifolds will be connected causally orientable
Lorentzian manifolds of dimension n. The signature convention is set to
(+ − · · ·−). Tx(V ) and T ∗

x (V ) will stand respectively for the tangent
and cotangent spaces at x ∈ V , and T (V) (resp. T ∗(V)) is the tangent
bundle (cotangent bundle) of V . Similarly the bundle of j-contravariant
and k-covariant tensors of V is denoted T j

k (V ). If ϕ is a diffeomorphism
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between V and W , the push-forward and pull-back are written as ϕ
′
and

ϕ∗ respectively. The hyperbolic structure of the Lorentzian scalar prod-
uct naturally splits the elements of Tx(V ) into timelike, spacelike, and
null, and as usual we use the term causal for the vectors (or vector fields)
which are non-spacelike. To fix the notation we introduce the sets:

Θ+(x) = { ~X ∈ Tx(V ) : ~X is causal future directed},
Θ(x) = Θ+(x) ∪Θ−(x), Θ+(V ) =

⋃
x∈V

Θ+(x)

with obvious definitions for Θ−(x), Θ−(V ) and Θ(V ). Before we proceed,
we need to introduce a further concept taken from [1].

Definition 1.1 A tensor T ∈ T 0
r (x) satisfies the dominant property if

for every ~k1, . . . , ~kr ∈ Θ+(x) we have that T(~k1, . . . , ~kr) ≥ 0.

The set of all r-tensors with the dominant property at x ∈ V will be
denoted by DP+

r (x) whereas DP−r (x) is the set of tensors such that −T ∈
DP+

r (x). We put DPr(x) ≡ DP+
r (x) ∪ DP−r (x). All these definitions

extend straightforwardly to the bundle T 0
r (V ) and we may define the

subsets DP+
r (U), DP−r (U) and DPr(U) for an open subset U ⊆ V as

follows:

DP±r (U) =
⋃
x∈U

DP±r (x), DPr(U) = DP+
r (U) ∪ DP−r (U).

The simplest example (leaving aside R+) of causal tensors are the causal
1-forms (≡ DP1(V )) [1]1, while a general characterization of DP+

r ≡
DP+

r (V ) is the following (see [3] for a proof)1:

Proposition 1.2 T ∈ DP+
r if and only if the components Ti1...ir of T in

all orthonormal bases fulfill T0...0 ≥ |Ti1...ir |, ∀i1 . . . ir, where the 0-index
refers to the temporal component.

We are now ready to present our main concept, which tries to capture
the notion of some kind of relation between the causal structure of V and
W ([2]).

Definition 1.3 Let ϕ : V → W be a global diffeomorphism between two
Lorentzian manifolds. We shall say that W is properly causally related

1See also Bergqvist’s and Senovilla’s contributions to this volume.
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with V by ϕ, denoted V ≺ϕ W , if for every ~X ∈ Θ+(V ) we have that

ϕ
′ ~X belongs to Θ+(W ). W is said to be properly causally related with V ,

denoted simply as V ≺ W , if ∃ϕ such that V ≺ϕ W .

Remarks

1. This definition can also be given for any set ζ ⊆ V by demanding
that (ϕ

′ ~X)ϕ(x) ∈ Θ+(ϕ(x)) ∀ ~X ∈ Θ+(x), ∀x ∈ ζ.

2. Two diffeomorphic Lorentzian manifolds may fail to be properly
causally related as we shall show later with explicit examples.

Definition 1.4 Two Lorentzian manifolds V and W are called causally
isomorphic if V ≺ W and W ≺ V . This shall be written as V ∼ W .

We claim that if V ∼ W then their causal structure are somehow the
same.

Let g and g be the Lorentzian metrics of V and W respectively. By
using

g(ϕ
′ ~X, ϕ

′ ~Y ) = ϕ∗ g( ~X, ~Y ), (1.1)

we immediately realize that V ≺ϕ W implies that ϕ∗ g ∈ DP+
2 (V ).

Conversely, if ϕ∗ g ∈ DP+
2 (V ) then for every ~X ∈ Θ+(V ) we have that

(ϕ∗ g)( ~X, ~X) = g(ϕ
′ ~X, ϕ

′ ~X) ≥ 0 and hence ϕ
′ ~X ∈ Θ(W ). However,

it can happen that Θ+(V ) is actually mapped to Θ−(W ), and Θ−(V )
to Θ+(W ). This only means that W with the time-reversed orientation
is properly causally related with V . Keeping this in mind, the assertion
ϕ∗ g ∈ DP+

2 (V ) will be henceforth taken as equivalent to V ≺ϕ W .

2 Mathematical properties

Let us present some mathematical properties of proper causal relations.

Proposition 2.1 If V ≺ϕ W then:

1. ~X ∈ Θ+(V ) is timelike =⇒ ϕ
′ ~X ∈ Θ+(W ) is timelike.

2. ~X ∈ Θ+(V ) and ϕ
′ ~X ∈ Θ+(W ) is null =⇒ ~X is null.
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Proof. For the first implication, if ~X ∈ Θ+(V ) is timelike we have,

according to equation (1.1), that ϕ∗ g( ~X, ~X) = g(ϕ
′ ~X, ϕ

′ ~X) which
must be a strictly positive quantity as ϕ∗ g ∈ DP+

2 (W ) [1]. For the

second implication, equation (1.1) implies 0 = ϕ∗ g( ~X, ~X) which is only

possible if ~X is null since ϕ∗ g ∈ DP+
2 (V ) and ~X ∈ Θ+(V ) (see again

[1]).

¤

Proposition 2.2 V ≺ϕ W ⇐⇒ ϕ
′ ~X ∈ Θ+(W ) for all null ~X ∈

Θ+(V ).

Proof. For the non-trivial implication, making again use of (1.1) we can
write:

ϕ
′ ~X ∈ Θ+(W ) ∀ ~X null in Θ+(V ) ⇔ ϕ∗ g( ~X, ~Y ) ≥ 0 ∀ ~X, ~Y null in Θ+(V )

which happens if and only if ϕ∗ g is in DP+
2 (V ) (see [1] property 2.4).

¤

Proposition 2.3 (Transitivity of the proper causal relation)
If V ≺ϕ W and W ≺ψ U then V ≺ψ◦ϕ U

Proof. Consider any ~X ∈ Θ+(V ). Since V ≺ϕ W , ϕ
′ ~X ∈ Θ+(W ) and

since W ≺ψ U we get ψ
′
[ϕ

′ ~X] ∈ Θ+(U) so that (ψ ◦ϕ)
′ ~X ∈ Θ+(U) from

what we conclude that V ≺ψ◦ϕ U .

¤

Therefore, we see that the relation ≺ is a preorder. Notice that if
V ∼ W (that is V ≺ W and W ≺ V ) this does not imply that V = W .
Nevertheless, one can always define a partial order for the corresponding
classes of equivalence.

Next, we identify the part of the boundary of the null cone which
is preserved under a proper causal relation. A lemma is needed first.
Recall that ~X is called an “eigenvector” of a 2-covariant tensor T if
T(·, ~X) = λg(·, ~X) and λ is then the corresponding eigenvalue.

Lemma 2.4 If T ∈ DP+
2 (x) and ~X ∈ Θ+(x) then T( ~X, ~X) = 0 ⇐⇒ ~X

is a null eigenvector of T.
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Proof. Let ~X ∈ Θ+(x) and assume 0 = T( ~X, ~X) = TabX
aXb. Then

since TabX
b ∈ DP+

1 (x) [1] we can conclude that Xa and TabX
b must be

proportional which results in Xa being a null eigenvector of Tab. The
converse is straightforward.

¤

Proposition 2.5 Assume that V ≺ϕ W and ~X ∈ Θ+(x), x ∈ V . Then

ϕ
′ ~X is null at ϕ(x) ∈ W if and only if ~X is a null eigenvector of ϕ∗ g(x).

Proof. Let ~X be in Θ+(x) and suppose ϕ
′ ~X is null at ϕ(x). Then,

according to proposition 2.1, ~X is also null at x. On the other hand
we have 0 = g(ϕ

′ ~X, ϕ
′ ~X) = ϕ∗ g( ~X, ~X) and since ϕ∗ g|x ∈ DP+

2 (x),

lemma 2.4 implies that ~X is a null eigenvector of ϕ∗ g at x.

¤

The vectors which remain null under the causal relation ϕ are called
its canonical null directions. On the other hand, the null eigenvectors of
T ∈ DP+

2 can be used to classify this tensor, as proved in [1]. As a result
we have

Proposition 2.6 If the relation V ≺ϕ W has n linearly independent
canonical null directions then ϕ∗ g = λg.

Proof. If there exist n independent canonical null directions, then ϕ∗ g
has n independent null eigenvectors which is only possible if ϕ∗ g is
proportional to the metric tensor g ([1, 3].)

¤

Proposition 2.6 has an interesting application in the following theo-
rem

Theorem 2.7 Suppose that V ≺ϕ W and W ≺ϕ−1 V . Then ϕ∗ g = λg
and (ϕ−1)∗g = 1

(ϕ−1)∗λ g for some positive function λ defined on V .

Proof. Under these hypotheses, using proposition 2.1, we get the fol-
lowing intermediate results

ϕ
′ ~X ∈ Θ+(W ) null and ~X ∈ Θ+(V ) =⇒ ~X is null,

(ϕ−1)
′ ~Y ∈ Θ+(V ) null and ~Y ∈ Θ+(W ) =⇒ ~Y is null.
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Now, let ~X ∈ Θ+(V ) be null and consider the unique ~Y ∈ T (V ) such

that ~X = (ϕ−1)
′ ~Y . Then ~Y = ϕ

′ ~X and ~Y ∈ Θ+(W ) as ϕ sets a proper

causal relation and ~X is in Θ+(V ). Hence, according to the second result

above ~Y must be null and we conclude that every null ~X ∈ Θ+(V ) is
push-forwarded to a null vector of Θ+(W ) which in turn implies that
ϕ∗ g = λg. In a similar fashion, we can prove that (ϕ−1)∗g = µ g and
hence (ϕ−1)∗λ = 1/µ.

¤

Corollary 2.8 V ≺ϕ W and W ≺ϕ−1 V ⇐⇒ ϕ is a conformal relation.

3 Applications to causality theory

In this section we will perform a detailed study of how two Lorentzian
manifolds V and W such that V ≺ϕ W share common causal features.
To begin with, we must recall the basic sets used in causality theory,
namely I±(p) and J±(p) for any point p ∈ V (these definitions can also
be given for sets). One has q ∈ J+(p) (respectively q ∈ I+(p)) if there
exists a continuous future directed causal (resp. timelike) curve joining
p and q. Recall also the Cauchy developments D±(ζ) for any set ζ ⊆ V
[4, 5, 6]. Another important concept is that of future set: A ⊂ V is said
to be a future set if I+(A) ⊆ A. For example I+(ζ) is a future set for any
ζ. All these concepts are standard in causality theory and are defined in
many references, see for instance [4, 5, 6].

Proposition 3.1 If V ≺ϕ W then, for every set ζ ⊆ V , we have
ϕ(I±(ζ)) ⊆ I±(ϕ(ζ)) and ϕ(J±(ζ)) ⊆ J±(ϕ(ζ)).

Proof. It is enough to prove it for a single point p ∈ V and then getting
the result for every ζ by considering it as the union of its points. For
the first relation, let y be in ϕ(I+(p)) arbitrary and take x ∈ I+(p) such
that ϕ(x) = y. Choose a future-directed timelike curve γ joining p and
x. From proposition 2.1, ϕ(γ) is then a future-directed timelike curve
joining ϕ(p) and y, so that y ∈ I+(ϕ(p)). The second assertion is proven
in a similar way using again proposition 2.1. The proof for the past sets
is analogous.

¤



A. Garćıa-Parrado and J. M. M. Senovilla 161

The converse of this proposition does not hold in general unless we
impose further causality conditions over our spacetime.

Definition 3.2 A Lorentzian manifold V is said to be distinguishing if
for every neighbourhood Up of p ∈ V there exists another neighbourhood
Bp ⊂ Up containing p which meets every causal curve starting at p in a
connected set.

We need some concepts of standard causality theory. For any p ∈ V
one can introduce normal coordinates in a neighbourhood Np of p (see,
e.g. [6]). Then the exponential map provides a diffeomorphism exp :

O ⊂ Tp(V ) → Np where O is an open neighbourhood of ~0 ∈ Tp(V ).
The interior of the future (past) light cone of p is defined by C±

p =
exp(int(Θ±(p)) ∩ O), and obviously C±

p ⊆ I±(p) [6]. Other important
issue deals with the chronology relation << between two points. We have
p << q if there exist a future timelike curve joining p and q. See [7] for
an axiomatic study of this relation.

Proposition 3.3 Let γ be a continuous curve of the Lorentzian manifold
(V,g) and assume that γ is a total set with respect to the relation << (that
is to say every pair of elements of the curve is comparable by <<.) Then
γ is timelike iff V is distinguishing.

Proof. Clearly if γ is timelike then γ must be a total set for the relation
<< (this is true for every spacetime). For the converse consider a curve
γ which is total with respect to << and let q ∈ γ be an arbitrary point of
the curve. If we take a normal neighbourhood of q, Nq then we may find
a neighbourhood Uq of q which is intersected in a connected set by every
causal curve meeting q. Now, if we pick up a point z ∈ γ ∩ Uq we have
that either q << z or z << q. Assuming the former we deduce that there
exists a timelike curve γ joining q and z which implies that γ ∩ Uq is
a connected set. This property together with the distinguishability of V
implies that γ must be a subset of Uq and hence γ ⊂ Nq from what we
conclude that γ ⊂ Cp ([6]) and hence z ∈ Cp ∀z ∈ γ ∩ Uq which is only
possible if γ ∩ Uq timelike. By covering γ with sets of the form γ ∩ Uq,
q ∈ γ we arrive at the desired result.

¤

Proposition 3.4 Let ϕ : V → W be a diffeomorphism with the property
ϕ(I+(p)) ⊆ I+(ϕ(p)) ∀p ∈ V . Then if W is distinguishing, ϕ is a proper
causal relation. A similar result holds replacing I+ by I−.
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Proof. From the statement of this proposition is clear that ∀ p, q of V
such that p << q then ϕ(p) << ϕ(q). Therefore every timelike curve γ of
V is mapped onto a continuous curve in W total with respect to << and
hence timelike due to the indistiguishability of W . Furthermore if the
curve γ is future directed then ϕ(γ) must be also future directed since <<
is preserved which is only possible if every timelike future-pointing vector

is mapped onto a future-pointing timelike vector. As a consequence, if ~k

is a null vector, ϕ
′~k must be a causal vector (to see it just construct a

sequence of timelike future directed vectors converging to ~k) which proves
that ϕ is a proper causal relation.

¤

The results for the Cauchy developments are the following:

Proposition 3.5 If V ≺ϕ W then D±(ϕ(ζ)) ⊆ ϕ(D±(ζ)), ∀ζ ⊆ V .

Proof. It is enough to prove the future case. Let y ∈ D+(ϕ(ζ)) arbi-
trary and consider any causal past directed curve γ−ϕ−1(y) ⊂ V containing

ϕ−1(y). Since the image curve by ϕ of γ−ϕ−1(y) is a causal curve passing

through y, ergo meeting ϕ(ζ), we have that γ−ϕ−1(y) must meet ζ from

what we conclude that y ∈ ϕ(D+(ζ)) due to the arbitrariness of γ−ϕ−1(y).

¤

Corollary 3.6 If S ⊂ W is a Cauchy hypersurface then ϕ−1(S) is also
a Cauchy hypersurface of V .

Proof. If S is a Cauchy hypersurface then D(S) = W , and from propo-
sition 3.5 D(S) ⊆ ϕ(D(ϕ−1(S))). Since ϕ is a diffeomorphism the result
follows.

¤

One can prove the impossibility of the existence of proper causal
relations sometimes. For instance, from the previous corollary we deduce
that V ≺ W is impossible if W is globally hyperbolic but V is not. Other
impossibilities arise as follows. Let us recall that, for any inextendible
causal curve γ, the boundaries ∂I±(γ) of its chronological future and
past are usually called its future and past event horizons, sometimes also
called particle horizons [4, 5, 6]. Of course these sets can be empty (then
one says that γ has no horizon).
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Proposition 3.7 Suppose that every inextendible causal future directed
curve in W has a non-empty ∂I−(γ) (∂I+(γ)). Then any V such that
V ≺ W cannot have inextendible causal curves without past (future) event
horizons.

Proof. If there were a future-directed curve γ in V with ∂I−(γ) =
∅, I−(γ) would be the whole of V . But according to proposition 3.1
ϕ(I−(γ)) ⊆ I−(ϕ(γ)) from what we would conclude that I−(ϕ(γ)) = W
against the assumption.

¤

The class of future (or past) sets characterize the proper causal rela-
tions for distinguishing spacetimes as it is going to be shown next (every
statement for future objects has a counterpart for the past).

Lemma 3.8 If A is a future set then p ∈ A ⇐⇒ I+(p) ⊆ A.

Proof. Suppose I+(p) ⊆ A. Then since C+
p ⊆ I+(p) and p ∈ C+

p we
have that Up ∩ C+

p 6= ∅ for every neighbourhood Up of p which in turn

implies that Up ∩A 6= ∅ and hence p ∈ A. Conversely, let p be any point
of A then I+(p) ⊆ I+(A) = I+(A) ⊆ A.

¤

Theorem 3.9 Suppose that (W, g) is a distinguishing spacetime. Then
a diffeomorphism ϕ : (V,g) → (W, g) is a proper causal relation if and
only if ϕ−1(A) is a future set for every future set. A ⊆ W .

Proof. Suppose A ⊆ W is a future set, V ≺ϕ W and take ϕ−1(A) ⊆ V .
Proposition 3.1 implies ϕ(I+(ϕ−1(A))) ⊆ I+(ϕ(ϕ−1(A))) = I+(A) ⊆ A
which shows that I+(ϕ−1(A)) ⊆ ϕ−1(A). Conversely, for any p ∈ V take
the future set I+(ϕ(p)) and consider the future set ϕ−1(I+(ϕ(p))). As

ϕ(p) ∈ I+(ϕ(p)) then p ∈ ϕ−1(I+(ϕ(p))) and according to lemma 3.8
I+(p) ⊆ ϕ−1(I+(ϕ(p))) so that ϕ(I+(p)) ⊆ I+(ϕ(p)). Since this holds
for every p ∈ V and W is distinguishing, proposition 3.4 ensures that ϕ
is a proper causal relation.

¤

This theorem has important consequences.
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Proposition 3.10 If V ∼ W then there is a one-to-one correspondence
between the future (and past) sets of V and W .

Proof. If V ∼ W then V ≺ϕ W and W≺ΨV for some diffeomorphisms
ϕ and Ψ. By denoting with FV and FW the set of future sets of V and
W respectively, we have that ϕ−1(FW ) ⊆ FV and Ψ−1(FV ) ⊆ FW , due
to theorem 3.9. Since both ϕ and Ψ are bijective maps we conclude that
FV is in one-to-one correspondence with a subset of FW and vice versa
which, according to the equivalence theorem of Bernstein 2, implies that
FV is in one-to-one correspondence with FW .

¤

4 Causal transformations

In this section we will see how the concepts above generalize, in a natural
way, the group of conformal transformations in a Lorentzian manifold V .

Definition 4.1 A transformation ϕ : V −→ V is called causal if V ≺ϕ

V .

The set of causal transformations of V will be denoted by C(V ). This
is a subset of the group of transformations of V which is closed under
the composition of diffeomorphisms, due to proposition 3.9, and contains
the identity map. This algebraic structure is well-known, see e.g. [9],
and called subsemigroup with identity or submonoid. Thus, C(V ) is a
submonoid of the group of diffeomorphisms of V . Nonetheless, C(V )
usually fails to be a group. In fact we have,

Proposition 4.2 Every subgroup of causal transformations is a group of
conformal transformations.

Proof. Let G ⊆ C(V ) be a subgroup of causal transformations and
consider any ϕ ∈ G, so that both ϕ and ϕ−1 are causal transforma-
tions. Then ϕ is necessarily a conformal transformation as follows from
Theorem 2.7.

¤
2See e.g. [8].
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From standard results, see [9], we know that C(V )∩C(V )−1 is just the
group of conformal transformations of V and there is no other subgroup
of C(V ) which contains C(V )∩C(V )−1. The causal transformations which
are not conformal transformations are called proper causal transforma-
tions.

It is now a natural question whether one can define infinitesimal gen-
erators of one-parameter families of causal transformations which gener-
alize the “conformal Killing vectors”, and in which sense. Notice, how-
ever, that if {ϕs}s∈R is a one-parameter group of causal transformations,
from the previous results the only possibility is that {ϕs} be in fact a
group of conformal motions. On the other hand, things are more subtle
if there are no conformal transformations in the family {ϕs} other than
the identity, in which case it is easy to see that the ‘best’ one can ac-
complish is that either G+ ≡ {ϕs}s∈R+ or G− ≡ {ϕs}s∈R− is in C(V ).
If this happens one talks about maximal one-parameter submonoids of
proper causal transformations. Of course, it is also possible to define lo-
cal one-parameter submonoids of causal transformations {ϕs}s∈I for some
interval I = (−ε, ε) of the real line assuming that {ϕs}s∈(0,ε) consists of
proper causal transformations. In any of these cases, we can define the

infinitesimal generator of {ϕs} as the vector field ~ξ = dϕs/ds|s=0. Given
that ϕ∗sg ∈ DP2 for all s ≥ 0 (or for all non-positive s), one can somehow

control the Lie derivative of g with respect to ~ξ. For instance, it is easy

to prove that £~ξ g(~k,~k) ≥ 0 (or ≤ 0) for all null ~k, clearly generalizing
the case of conformal Killing vectors. An explicit example of this will be
shown in the next section.

5 Examples

Example 5.1 Einstein static universe and de Sitter spacetime.
Let us take V as the Einstein static universe [4] and W = SS as de
Sitter spacetime. In both cases the manifold is R×S3 and hence they are
diffeomorphic. By proposition 3.7 we know that V 6≺ W because every
causal curve in de Sitter spacetime possesses event horizons. However,
the proper causal relation in the opposite way does hold as can be shown
by constructing it explicitly. The line element of each spacetime is (with
the notation dΩ2 = dθ2 + sin2 θdφ2):

V : ds2 = dt2 − a2(dχ2 + sin2 χdΩ2)

W : d s2 = dt̄2 − α2 cosh2(t̄/α)(dχ̄2 + sin2 χ̄dΩ̄2) ,
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where χ, θ, φ (and their barred versions) are standard coordinates in S3

and a, α are constants. The diffeomorphism Ψ : W → V is chosen as
{t = bt̄, χ = χ̄, θ = θ̄, φ = φ̄} for a constant b. One can readily get Ψ∗g

(Ψ∗g)abdxadxb = b2dt̄2 − a2(dχ̄2 + sin2 χ̄dΩ̄2)

which on using proposition 1.2 shows that Ψ∗g ∈ DP+
2 (W ) if b2 ≥ a2/α2

and therefore Ψ is proper causal relation for those b.

Example 5.2 Consider the following spacetimes: La is the region of
Lorentz-Minkowski spacetime with R > a > 0 in spherical coordinates
{T,R, Θ, Φ}; Wc is the outer region of Schwarzschild spacetime with
r > c ≥ 2M in Schwarzschild coordinates {t, r, θ, φ}. Define the dif-
feomorphism ϕ : La → Wc given by {t = bT, r = R−a+c, θ = Θ, φ = Φ}
for an appropriate positive constant b, so that we have

(ϕ∗ g)abdxadxb = b2

(
1− 2M

R− a + c

)
dT 2− dR2

1− 2M
R−a+c

−(R−a+c)2dΩ2.

By choosing b and a one can achieve ϕ∗ g ∈ DP+
2 (Va) whenever c > 2M ,

while for c = 2M ϕ fails to be a proper causal relation. Actually La 6≺
W2M due to corollary 3.6 as W2M is globally hyperbolic but La is not.

Take now the diffeomorphism Ψ : Wc → La defined by {T = t, R =
r, Θ = θ, Φ = φ}, so that Ψ∗g reads (Ψ∗g)abdxadxb = dt2 − dr2 − r2dΩ2

from where we immediately deduce that Ψ∗g ∈ DP+
2 (V ) for every c ≥ 2M

as long as a ≥ 2M . We have thus proved that Wc ∼ Lc if c > 2M , but
not for c = 2M . This is quite interesting and clearly related to the null
character of the event horizon r = 2M in Schwarzschild’s spacetime.

Example 5.3 (Friedman cosmological models with p = γρ.) Let
us take as (W, g) the flat Friedman-Robertson-Walker (FRW) spacetimes
in standard FRW coordinates {t, χ, θ, φ} with line element given by

ds2 = dt2 − a2(t)(dχ2 + χ2dΩ2)

and assume that the source of Einstein’s equations is a perfect fluid with
equation of state given by p = γρ (p = pressure, ρ = density, γ ∈
(−1, 1) constant). Then the scale factor is a(t) = Ct

2
3(1+γ) with constant
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C. By straightforward calculations, it can be proven the following causal
equivalences:

W ∼ L0 for γ = −1/3 where L0 is the whole Minkowski spacetime

W ∼ V for γ 6= −1/3 where (V,g) is the steady state part of SS, [4].

These causal equivalences are rather intuitive if we have a look at the
Penrose diagram of each spacetime (figure 1).

+

t=const

χ= const
χ=

0

χ= 8

χ= 8

+

t= 8

χ=
0 χ= 8 ,t=0

i 0

i 0

i +

t=const

χ=constt=0

χ=
0

χ= 8

i 0

+

i +

a) b) c)

Figure 1: Penrose’s diagrams of FRW spacetimes for a) −1/3 < γ < 1 , b)
−1 < γ < −1/3 and c) γ = 1/3. Notice the similar shape of diagram c) with
that of L, and of the steady state part of SS with a) and b) [4].

Example 5.4 (Vaidya’s Spacetime.) Let us show finally an example
of a submonoid of causal transformations. Consider the Vaidya spacetime
whose line element is [10]

ds2 =

(
1− 2M(t)

r

)
dt2 − 2dtdr − r2dΩ2, −∞ < t < ∞, 0 < r < ∞

where t is a null coordinate (that is, dt is a null 1-form), and M(t) is
a non-increasing function of t interpreted as the mass. Take the diffeo-
morphisms ϕs : t 7→ t + s. Then ϕ∗sg can be cast in the form

ϕ∗sg = g − 2

r
(M(t + s)−M(t))dt⊗ dt.
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Hence, ϕ∗sg ∈ DP+
2 (V ) iff M(t + s) − M(t) ≤ 0, which implies that

{ϕs}s≥0 are causal transformations, so that {ϕs}s∈R is a maximal sub-
monoid of causal transformations. The differential equation for the in-

finitesimal generator ~ξ = ∂/∂t of this submonoid is easily calculated and
reads

£(~ξ)g = −2

r
Ṁ(t)dt⊗ dt .

This is a particular case of a proper Kerr-Schild vector field, recently
studied in [11]. Notice that Schwarzschild spacetime is included for the

case M =const., in which case ~ξ is a Killing vector. This may lead to a
natural generalization of symmetries.

6 Conclusions

In this work a new relation between Lorentzian manifolds which keeps
the causal character of causal vectors has been put forward. With the
aid of this relation, we have introduced the concepts of causal relation
and causal isomorphism of Lorentzian manifolds which allow us to estab-
lish rigorously when two given Lorentzian manifolds are causally indis-
tinguishable regardless their metric properties. This tools could be also
useful in order to find out the global causal structure of a given spacetime
by just putting it in causal equivalence with another known spacetime.

Finally a new transformation for Lorentzian manifolds, called causal
transformation has been defined. These transformations are a natural
generalization of the group of conformal transformations and their actual
relevance is one of our main lines of future research.
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E-mail: mgl@agt.cie.uma.es, fjpalomo@eresmas.com,

aromero@ugr.es

Abstract

An integral inequality on a compact Lorentzian manifold admitting
a timelike conformal vector field is shown under some assumption on
its conjugate points along null geodesics. The inequality relates the be-
haviour of these conjugate points to global geometrical results. As an ap-
plication, several properties of the null geodesics of a natural Lorentzian
metric on each odd dimensional sphere are obtained.

1 Introduction

In [5], [6] the authors have introduced a new integral inequality on a re-
markable family of compact Lorentzian manifolds. It reproves a classical
result of M. Berger and L.W. Green in Riemannian geometry [4, Theors.
4.2, 5.3], and, in a suitable way, extends it to the Lorentzian setting.
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The main aim of this note is to show the use of that integral inequality
to the study of conjugate points along null geodesics on Lorentzian odd
dimensional spheres. In fact, each odd dimensional sphere may be en-
dowed with a natural Lorentzian metric (section 3). Our method permits
us to study null conjugate points without using the Jacobi equation and
related techniques. Moreover, as far as we know, there are not many
examples of compact Lorentzian manifolds where the behaviour of their
null geodesics, null conjugate points and null conjugate loci have been
described.

Compact Lorentzian manifolds have been historically neglected be-
cause of both physical and mathematical reasons. Recall that they have
closed timelike curves, and therefore they are acausal (in particular, they
cannot be isometrically immersed in a Lorentz-Minkowski space of any
dimension) and not physically admissible. On the other hand, a com-
pact Lorentzian manifold may be geodesically incomplete (this fact is
well known) and the elliptic model of Lorentzian space form is not com-
pact (contrary to the Riemannian case). However, it has been recently
argued [20] that the study of field theory on compact spacetimes could
be interesting for Physics and it could give valuable information about
the underlying manifold, complementary to the one obtained from the
Riemannian theory. From a mathematical point of view, the lack of
completeness in the compact case gave rise to the obtention of extra
conditions which joint to compactness would imply completeness of the
Lorentzian manifold. For instance, in [10] it has been proved that ev-
ery compact Lorentzian manifold with constant sectional curvature is
geodesically complete (the flat case was previously shown in [2]); in [16]
that every compact Lorentzian manifold which admits a timelike confor-
mal vector field is geodesically complete (see also [14] for a wide infor-
mation on completeness of Lorentzian manifolds). Physicists are famil-
iarized with the study of conformal vector fields, in fact the assumption
of their existence on spacetime is a way to impose some symmetry use-
ful, for instance, to study the Einstein equations (see, for example [3]).
Finally, recall the outstanding role of timelike conformal vector fields
in the introduction of Bochner’s technique in Lorentzian manifolds [17],
[18], [13].

The content of this note is organized as follows. Section 2 is first
devoted to recall the notion and main properties of the null congruence
associated to a timelike conformal vector field on a Lorentzian manifold.
In the compact case, an integral inequality is shown, Theorem 2.1, and,
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using a well known result of H. Karcher, it is analyzed when the equality
holds. Moreover, we also show that Theorem 2.1 provides information
on the manifold from the nonexistence of null conjugate points.

Finally, in section 3 we consider a natural Lorentzian metric g on
each sphere S2n+1 (it was called canonical in [20]) which is introduced
from three different procedures. It is shown that g has a large group of
isometries, an isotropic property for null tangent directions and that it
is homogeneous, Proposition 3.2. Its null geodesics are studied, showing
that no null geodesic is closed. Null conjugate points and null conjugate
loci are analyzed, Proposition 3.3. In fact, it is shown that all past
(or future) null geodesics starting from a point p meet at the second
conjugate point of p, and that the null conjugate locus at every point is
an imbedded (2n− 1)−dimensional sphere S2n−1.

2 Preliminaries

Let (M, g) be an n(≥ 2)−dimensional Lorentzian manifold; that is a
(connected) smooth manifold M endowed with a non-degenerate metric
g with index 1, i.e. with signature (−, +, ..., +). As usual, TpM denotes
the tangent space at p ∈ M , TM the tangent bundle of M , and π :
TM −→ M the natural projection. We shall write ∇ for the Levi-Civita
connection of g, R for the Riemannian curvature tensor (our convention
on the curvature tensor is R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z),

Ric for the Ricci tensor, R̃ic for the corresponding quadratic form, S for
the scalar curvature and dµg for the canonical measure induced from g.

The causal character of a tangent vector v ∈ TpM is timelike (resp.
null, spacelike) if g(v, v) < 0 (resp. g(v, v) = 0 and v 6= 0, g(v, v) > 0 or
v = 0). If v ∈ TpM then, γv will denote the unique geodesic such that
γv(0) = p and γ′v(0) = v. It is well-known that the causal character of
the velocities γ′(t), for any geodesic γ of (M, g), does not depend on the
parameter t. In particular, a null geodesic γ of (M, g) is a geodesic such
that γ′(t) is a null vector. A vector field K ∈ X(M) is said to be timelike
if Kp is timelike for all p ∈ M . A timelike or null tangent vector v ∈ TpM
is said to be future (resp. past) with respect to K if g(v, Kp) < 0 (resp.

g(v, Kp) > 0). We will write U = hK where h = [−g(K,K)−
1
2 ] and so

g(U,U) = −1 holds on all M .
Let ĝ be the Sasaki metric on TM induced from the Lorentzian metric

g. We point out that it may be introduced in a similar way to the
Riemannian case. But now ĝ is semi-Riemannian with index 2, and



174 Conjugate Points along null geodesics

the fact that the natural projection π : (TM, ĝ) −→ (M, g) is a semi-
Riemannian submersion remains true.

Throughout the remainder of this paper, (M, g) will denote a Lorentzian
manifold with dimension n ≥ 3, time oriented by a timelike vector field
K. Recall [8], [12] that the null congruence associated to K is defined as
follows:

CKM =
{
v ∈ TM : g(v, v) = 0, g(v, Kπ(v)) = 1

}
. (2.1)

This subset of TM has the following nice properties [5], [6]:

(i) For each null tangent vector v, there exists a unique t ∈ R such that
tv ∈ CKM , and the map v 7−→ [v] is a diffeomorphism from CKM to the
manifold N = {[v] ∈ PM : g(v, v) = 0} of the null directions of M (here
PM denotes the projective fiber bundle associated to TM).

(ii) It is an orientable imbedded submanifold of TM with dimension
2(n− 1). Moreover (CKM, π, M) is a fiber bundle with fibre type Sn−2,
and so CKM will be compact if M is assumed to be compact.

(iii) The induced metric on CKM from the Sasaki metric of TM , which
we agree also to represent by ĝ, is Lorentzian. Moreover, the restriction
of π to CKM is a semi-Riemannian submersion with spacelike fibers.

Sectional curvature of a Lorentzian metric can be defined for non-
degenerate tangent planes but it cannot be stated for null planes (i.e.
degenerate planes). If v is a null tangent vector and σ a null plane con-
taining it, the null sectional curvature with respect to v of the plane σ is
defined to be Kv(σ) = g(R(u, v)v, u)/g(u, u), where {u, v} is a basis of σ
[7], [8], [1, Def. A.6]. Note that Kv(σ) does not depend on the choice of
the non-zero spacelike vector u, but it does quadratically on v.

From now on let us suppose that a null congruence associated with
a timelike vector field K has been fixed. Then, we may choice, for every
null plane σ, the unique null vector v ∈ CKM ∩σ, thus the null sectional
curvature can be thought as a function on null tangent planes. In this
note we always use such convention, and we will call it the K−normalized
null sectional curvature.

Until now, no extra hypothesis on the timelike vector field K has
been assumed. Recall that a vector field X is called conformal (resp.
Killing) if each of its (local) fluxes consists of (local) conformal (resp.
isometric) transformations. It is well known that X is conformal if and
only if the Lie derivative of g with respect to X satisfies LXg = ρg, where
ρ : M → R (Killing when ρ = 0). If K is assumed to be conformal,
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then every null geodesic γv of (M, g) with v ∈ CKM , provides us with
the null geodesic γ′v of (CKM, ĝ). Furthermore, each null geodesic β of
(M, g) may be reparametrized to obtain a null geodesic α which satisfies
α′(t) ∈ CKM. In fact, consider the real number a = g(β′, Kβ), which
satisfies a 6= 0. If we put α(t) = β( t

a
), then g(α′, Kα) = 1 holds for all

t. Null geodesics will be considered to be parametrized by this K−affine
parameter.

We will next assume that (M, g) is a compact Lorentzian manifold
and K a timelike conformal vector field. Recall that in this case (M, g)
is geodesically complete [16]. The following integral inequality is the key
tool to relate null conjugate points to global geometric properties:

Theorem 2.1 [5, Theor. 3.5] Let (M, g) be a compact Lorentzian man-
ifold which admits a timelike conformal vector field K. If there exists
a ∈ (0, +∞) such that every null geodesic γv : [0, a] −→ M , with
v ∈ CKM , has no conjugate point of γv(0) in [0, a), then

∫

M

hn−2dµg ≥ a2

π2(n− 1)(n− 2)

∫

M

[
nR̃ic(U) + S

]
hndµg. (2.2)

Moreover, equality holds if and only if (M, g) has U−normalized null

sectional curvature π2

a2h2 .

Observe that if equality holds in (2.2) then the U−normalized null
sectional curvature of (M, g) is an everywhere non-zero point function.
On the other hand, it was proven by H. Karcher, [9] the following result:

Let U be a unit timelike vector field on an n(≥ 4)− dimensional
Lorentzian manifold (M, g). The U−normalized null sectional curvature
is an everywhere non-zero point function if and only if the following con-
ditions hold:

1. The distribution U⊥ is integrable.

2. The integral manifolds of U⊥ are totally umbilic and have constant
sectional curvature.

3. (M, g) is locally conformal to a flat Lorentzian manifold.

Combining Theorem 2.1 and Karcher’s result we can give a charac-
terization of the equality in (2.2) in terms of the distribution U⊥(= K⊥)
and the locally conformal flatness of (M, g).
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Moreover, Theorem 2.1 provides also information of (M, g) from the
nonexistence of null conjugate points. In fact, if it is assumed that every
null geodesic does not contain a pair of mutually conjugate points, then
(2.2) is valid for any positive real number a. Therefore it must happen

∫

M

[
nR̃ic(U) + S

]
hndµg ≤ 0. (2.3)

In the next section we will use the integral inequality (2.2) to get a
bound of a for a relevant family of compact Lorentzian manifolds which
admit a unit timelike Killing vector field.

3 Lorentzian Odd Dimensional Spheres

We consider R2n+2 identified to Cn+1 as usual: (x1, ..., x2n+2) =
(z1, ..., zn+1), with zj = xj + ixn+1+j. So that, the unit sphere of R2n+2

is written

S2n+1 =
{

z = (z1, ..., zn+1) ∈ Cn+1 :
n+1∑
j=1

|zj|2 = 1
}

.

Let U ∈ X(S2n+1) be given by Uz = iz at any z ∈ S2n+1. For the
canonical Riemannian metric gcan of S2n+1, U is Killing and satisfies
gcan(U,U) = 1. Therefore, ∇UU = 0, where ∇ is the Levi-Civita connec-
tion of gcan; that is, the integral curves of U are geodesics of gcan.

Let ω be the 1−form metrically equivalent to U with respect to gcan.
A Lorentzian metric on S2n+1 can be defined by

g = gcan − 2 ω ⊗ ω. (3.1)

This construction of g from gcan is standard, but the Lorentzian metric g
deserves of making stand out among all the Lorentzian metrics of S2n+1.
In fact, it has previously considered [20]. It is not difficult to show that

the Levi-Civita connection ∇̃ of g satisfies:

∇̃XY = ∇XY − 2 ω(X)∇Y U − 2 ω(Y )∇XU, (3.2)

where X, Y ∈ X(S2n+1). Moreover, the vector field U satisfies g(U,U) =

−1, it is Killing for g and ∇̃UU = 0; so that, its integral curves are unit
timelike geodesics of g. On the other hand, observe that the inclusion
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S2n+1 ↪→ S2m+1, n < m, (z1, .., zn+1) 7→ (z1, .., zn+1, 0, .., 0) is a totally
geodesic Lorentzian submanifold, when both spheres are endowed with
the corresponding Lorentzian metrics (3.1).

Recall now the classical Hopf fibration Π : (S2n+1, gcan) → (CP n, gFS),
z 7→ [z], where CP n is the complex projective space endowed with its
Fubini-Study Kähler metric gFS of constant holomorphic sectional cur-
vature 4 [11, p. 273]. Recall that Π permits to consider S2n+1 as a
principal fiber bundle over CP n with structural group S1. Moreover, Π
is a Riemannian submersion with totally geodesic fibres. If the Rieman-
nian metric gcan is replaced by the Lorentzian metric g, then Π becomes
a semi-Riemannian submersion from (S2n+1, g) to (CP n, gFS) with time-
like totally geodesics fibres. Let us remark that g may be considered as
a particular case of a Kaluza-Klein metric. In fact, if we put s1 = iR
for the Lie algebra of S1 then iω is a connection form on S2n+1, and
g = Π∗(gFS) − ω ⊗ ω, [15].

As a third description of the Lorentzian metric g, note that it can be
characterized from the properties:

g|V = −gcan|V , g|H = gcan|H , g(V ,H) = 0, (3.3)

where V and H are respectively the vertical and the horizontal distribu-
tions for the canonical connection of the Hopf fibration.

Now recall that if U is a unit timelike vector field on a Lorentzian
manifold (M, g), and p ∈ M , (M, g) is said to be spatially isotropic
with respect to U at p if for every two unit vectors u1, u2 ∈ U⊥

p there
exists an isometry φ : M −→ M such that φ(p) = p, dφp(Up) = Up and
dφp(u1) = u2. (M, g) is said to be spatially isotropic with respect to U if
it is spatially isotropic with respect to U at every point, [19, p. 47]. The
following results are easy to show:

Lemma 3.1 Let (M, g) be a Lorentzian manifold which admits a unit
timelike vector field U . Then (M, g) is spatially isotropic with respect to
U if and only if for every p ∈ M and for every u, v ∈ (CUM)p there
exists an isometry φ : M −→ M such that φ(p) = p, dφp(Up) = Up and
dφp(u) = v.

Proposition 3.2 [5, Prop. 4.2] (S2n+1, g) is spatially isotropic with re-
spect to U and the unitary group U(n+1) acts transitively by g−isometries
on S2n+1.
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Now note that in order to analyze the behaviour of the null geodesics
of the Lorentzian odd dimensional spheres, it suffices to consider the
ones starting from the specific point p = (1, ..., 0) ∈ S2n+1. Observe that
v ∈ (CUS2n+1)p if and only if v = (−i, v2, ..., vn+1) with

∑n+1
j=2 | vj |2= 1.

If we agree to represent γv(t) = (Θv
1(t), ..., Θ

v
n+1(t)), with Θv

k : R→ C,
1 ≤ k ≤ n + 1, then we get:

Θv
1(t) =

2−√2

4
e(−2−√2)it +

2 +
√

2

4
e(−2+

√
2)it

Θv
j (t) =

√
2ivj

4

[
e(−2−√2)it − e(−2+

√
2)it

]
, j ≥ 2,

The following figures show each kind of components of a lightlike
geodesic.
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From the previous equations the following facts directly follow:

(1) There is no closed null geodesic in (S2n+1, g),
(2) For every v, u ∈ (CUS2n+1)p, v 6= u, γv(t) = γu(t) holds if and

only if t = kπ√
2

for some k ∈ Z.

Now we pay attention to curvature properties of (S2n+1, g). Its scalar
curvature S can be computed to obtain S = 2n(2n + 3). On the other

hand, we get R̃ic(U) = 2n and the U−normalized null sectional curvature
of (S2n+1, g) is a point function if and only if n = 1, with Kv(v

⊥) = 8
for any v ∈ CUS3, (see [5] for details). So, it should be pointed out that
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the first conclusion in Karcher’s theorem does not remain true if it is
assumed dim M = 3, because of non integrability of the distribution U⊥.

We end this note with an application of our integral inequality (2.2)
to the study of the behaviour of conjugate points along null geodesics in
Lorentzian odd dimensional spheres.

Proposition 3.3 [5, Prop. 4.4] For every null geodesic γv of (S2n+1, g)
with v ∈ CUS2n+1, the points γv(0) and γv(

π
2
√

2
) are conjugate and there is

no conjugate point to γv(0) on [0, π
2
√

2
). Moreover the past null conjugate

locus of each point p ∈ S2n+1 is a (2n−1)−dimensional imbedded sphere.

Observe that previous result may be dualized to analyze the future
null conjugate locus.

Remark 3.4 A conjugate point γ(a) of γ(0) = p along a null geodesic γ
can be interpreted as an “almost-meeting point” of null geodesics starting
from p. In our case, the first conjugate point along any null geodesic is
exactly at the middle of the path to the first “meeting point” which is
the second null conjugate point. Thus, null geodesics of S2n+1 have an
“Auf wiedersehensflächen” type property as in Riemannian case, but in
contrast to that, in the Lorentzian setting the first “meeting point” is
not the first conjugate point.
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Abstract

The variational properties of the action integral on a semiriemannian
manifold are studied. In particular we state the Morse Inequalities for
the geodesics joining two nonconjugate points on a Lorentzian manifold.

1 Introduction

We consider a semiriemannian manifold (M, g), where M is a smooth,
connected, finite dimensional differentiable manifold and g is a metric
tensor on M. For any z ∈ M, the tensor g defines a bilinear form g(z)
on the tangent space TzM at z to M such that g(z) is symmetric and
nondegenerate. The number of the negative eigenvalues of the bilinear
form g(z) does not depend on z and such number is called the index of the
metric g and it is denoted by ν(g). The semiriemannian manifold (M, g)
is called Riemannian if ν(g) = 0 and it is called Lorentzian if ν(g) = 1.
We refer to the books [4, 29] for the basic properties of semiriemannian
manifolds.

A smooth curve γ :]a, b[−→M is said geodesic if

Dsγ̇ = 0, (1.1)
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where Ds denotes the covariant derivative along γ induced by the Levi-
Civita connection of g and γ̇ is the tangent vector field along γ. It is
well known that the geodesics joining two points on a semiriemannian
manifold satisfy a variational principle. Indeed the geodesics joining two
fixed points p and q on M are the extremals of the action integral

f(z) =

∫ 1

0

g(z(s))[ż(s), ż(s)]ds (1.2)

defined on the infinite dimensional Sobolev manifold of Ω1,2(p, q;M) of
the curves z(s) : [0, 1] −→ M such that z(0) = p, z(1) = q, z is con-
tinuous and its derivative ż is square integrable. It is well known that
the space Ω1,2(p, q;M) is equipped of a structure of infinite dimensional
manifold modelled on the Sobolev–Hilbert space H1,2([0, 1],Rn) of the
absolutely continuous curves on Rn, n = dimM, having square inte-
grable derivative. If z ∈ Ω1,2(p, q;M), the tangent space TzΩ

1,2(p, q;M)
at z is given by

TzΩ
1,2(p, q;M) = {ζ ∈ Ω1,2((p, 0), (q, 0); TM) : π ◦ ζ = z},

where TM denotes the tangent bundle of M and π : TM →M is the
bundle projection. In other words TzΩ

1,2(p, q;M) consists of the vector
fields ζ along z of class H1,2 and having null boundary conditions.

The study of the existence and the multiplicity of geodesics joining
two points on a Riemannian manifold and the relations between the set
of such geodesics and the topology of the manifold M have played a
central role in the XX century in the development of what is called now
the Calculus of Variations in the Large and in particular in the Critical
Point Theory, the study of the critical points of a functional which are
not only global or local minima (or maxima) as in the classical Calculus of
Variations, but also saddle points. This kind of studies take their origin
essentially by the seminal work of Henri Poincaré on celestial mechanics
and dynamical systems. After some first results by G. Birkhoff on closed
geodesics on compact surfaces, the major impetus on Critical Point The-
ory came with the fundamental work by M. Morse in the U.S.A and by
Ljusternik and Schnirelmann in the U.S.S.R. In particular Morse devel-
oped an exhaustive theory for geodesics on Riemannian manifolds, while
Ljusternik, Schnirelmann obtained many results about another classical
and difficult problem in Differential Geometry as the existence of closed
geodesics on a compact Riemannian manifold, which has been completely
solved only few years ago, see the book of Klingenberg [25].
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The extension of the results of Morse, Ljusternik and Schnirelmann to
semiriemannian manifolds of positive index presents immediately many
difficulties with respect to the Riemannian case. If the semiriemannian
manifold (M, g) has index ν(g) > 0, the action functional (1.2) is strongly
indefinite, i.e. now f : Ω1,2(p, q;M) −→ R is unbounded both from below
and from above, so the direct methods of the Calculus of Variations
can not be directly applied. Moreover any critical point of f (i.e. any
geodesic joining the points p and q) has its Morse index equal to +∞.
This means that any geodesic is an infinite dimensional saddle point for
the functional f . For these reasons the classical Morse Theory and the
classical Ljusternik–Schnirelmann Theory do not allow to obtain results
for semiriemannian manifolds with positive index, as for instance for
Lorentzian manifolds.

Critical Point Theory for strongly indefinite functionals has been the
object of several deep studies in the last twenty-five years and it has many
applications in the study of Hamiltonian systems, nonlinear hyperbolic
equations and in symplectic geometry, related to Floer homology and the
resolution of Arnold conjectures. We refer to a recent book by Alberto
Abbondandolo [1] on strongly indefinite functionals and applications to
Hamiltonian systems.

In this paper we present some recent results obtained in collabora-
tion with Alberto Abbondandolo, Vieri Benci and Dino Fortunato [2].
We shall state the Morse inequalities for the geodesics joining two non-
conjugate points on two classes of Lorentzian manifolds, the stationary
and the orthogonal splitting Lorentzian manifolds. The Morse inequal-
ities are obtained by applying an abstract Morse Theory for a class of
strongly indefinite functionals developed in [2].

In order to study the variational properties of geodesics as criti-
cal points of the action integral, is fundamental to evaluate the sec-
ond derivative f ′′(z) at a geodesic z. Let (M, g) be a semiriemannian
manifold, fix two points p and q in M and let z : [0, 1] → M be a
geodesic joining p and q. It is well known that the second derivative
f ′′(z) : TzΩ

1,2(p, q;M)× TzΩ
1,2(p, q;M) → R of the action integral at z

is given by

f ′′(z)[ζ, ζ ′] =

∫ 1

0

g(z)[Dsζ, Dsζ
′]ds−

∫ 1

0

g(z)[R(ζ, ż)ż, ζ ′]ds, (1.3)

for any ζ,ζ ′ ∈ TzΩ
1,2(p, q;M), where R denotes the curvature tensor for

the metric g.
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Formula (1.3) clearly shows as the index ν(g) influences on the spec-
tral properties of f ′′(z). Indeed if g is a Riemannian metric, then f ′′(z)
is a Fredholm operator and it is a compact perturbation of a positive
definite bilinear form. On the other hand, if ν(g) > 0, then f ′′(z) is still
a Fredholm operator, but now it is a compact perturbation of a sym-
metric bilinear form which is both negative definite and positive definite
on an infinite dimensional subspace of TzΩ

1,2(p, q;M). Then the Morse
index of any geodesic is finite for Riemannian metrics, but it is equal
to +∞ if ν(g) > 0. This makes difficult to apply the classical results
of critical point theory (and in particular the Morse Theory) based on
the deformation of the sublevels of the functional by the gradient flow,
because critical points having Morse index equal to +∞ do not change
the homotopy type of the sublevels of a functional (we are attaching in-
finite dimensional handles and the infinite dimensional unit sphere on a
Hilbert space is contractible !!).

A geodesic z ∈ Ω1,2(p, q;M) is said nondegenerate if it is a nonde-
generate critical point of the action integral f , i.e. the second derivative
defines an invertible linear operator on the tangent space TzΩ

1,2(p, q;M)
with respect to some H1,2 inner product on TzΩ

1,2(p, q;M). Since f ′′(z)
defines a Fredholm operator of index 0, this is equivalent to require that
the kernel of f ′′(z) is trivial and this is equivalent to say that there are no
solutions of the Jacobi equations D2

sζ + R(ζ, ż)ż = 0 such that ζ(0) = 0,
ζ(1) = 0.

Two points p and q of a semiriemannian manifold (M, g) are said
nonconjugate if any geodesic joining p and q is nondegenerate. From a
variational point view, the nonconjugation of the points p and q means
that the action integral (1.2) is a Morse function, i.e. its critical points
are nondegenerate. Using the Sard theorem it can be proved that all the
couple of points in M, except for a nowhere dense set, are nonconjugate
(cf. [28]).

2 A review of Classical Critical Point Theory

We present the classical results on critical point theory and the applica-
tions to Riemannian Geometry, in particular to the geodesics joining two
points on a complete Riemannian manifold, see [9, 25, 26, 28, 30].

Let (X, h) be a (possibly infinite dimensional) Riemannian manifold
and f : X → R a C2 functional, a point x ∈ X is said critical point of f
if f ′(x) = 0. A number c ∈ R is said critical value if there exists a critical
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point x of f such that f(x) = c, otherwise c is called regular value. Let
x be a critical point of f and denote by TxX the tangent space at x to
X. The Hessian f ′′(x) : TxX × TxX → R at x is defined in the following
way. For any ξ ∈ TxX we set

f ′′(x) [ξ, ξ] =

(
d2f(γ(s))

ds2

)

s=0

(where γ :] − ε, ε[→ X is a smooth curve such that γ (0) = x, γ̇(0) =
ξ) and then we extend f ′′(x) by polarization to any couple of tangent
vectors.

The critical point x is said nondegenerate if the linear operator in-
duced on TxX by f ′′(x) is an isomorphism. The functional f is said
to be a Morse function if all its critical points are nondegenerate. The
Morse index m(x, f) is the maximal dimension of a subspace of TxX
where f ′′(x) is negative definite. The augmented Morse index is given by
m∗(x, f) = m(x, f) + dim Kerf ′′(x), where

Kerf ′′(x) = {ξ ∈ TxX | f ′′(x) [ξ, ξ′] = 0, ∀ξ′ ∈ TxX} .

Clearly if dim X = +∞, the Morse index and the augmented Morse
index can be infinite. We recall now the Palais-Smale (PS) compactness
condition.

Definition 2.1 Let f : X → R be a C1 functional defined on a Rieman-
nian manifold (X, h) and let F be a closed subset of X, then the functional
f satisfies the Palais-Smale condition on F if for any sequence (xm)m∈N

of points of F , such that
i){f (xm)}

m∈N
is bounded;

ii)‖∇f(xm)‖ → 0,
there exists a converging subsequence. Here ‖·‖ denotes the norm induced
on the tangent bundle by the fixed Riemannian metric h on X.

For any c ∈ R we set

f c = {x ∈ X | f(x) ≤ c} ,
fc = {x ∈ X | f(x) ≥ c} .

(2.1)

Moreover for any a < b we set

f b
a = {x ∈ X | a ≤ f(x) ≤ b} . (2.2)
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We present now the main results of Critical Point Theory. They are
all based on the following deformation theorems which show the relations
between the changes of the homotopy type of the sublevels of a functional
and the presence of critical points of the functional itself.

Theorem 2.2 Let f : (X, h) → R be a C1 functional defined on a com-
plete Riemannian manifold (X, h), let a < b be two regular values of f
and assume that there are no critical points in f b

a and f satisfies the
Palais–Smale condition on the closed set f b

a.
Then there exists a continuous deformation of f b onto fa, i.e. there

exists a continuous homotopy H : [0, 1]× f b → f b such that
(i) H(0, x) = x, for any x ∈ f b;
(ii) H(t, y) = y, for any t ∈ [0, 1] and for any y ∈ fa;
(iii) H(1, f b) = fa.

The proof of the previous theorem can be found in the book of J.
Mawhin and M. Willem [27]. The idea is to construct the homotopy H
using the flow lines of the gradient vector field∇f of the functional f with
respect to the Riemannian structure h of the manifold X. The absence
of critical points of f on f b

a and the Palais–Smale condition on the same
set assure that the flow starting from f b reaches the sublevel fa in a
finite time, remaining fa fixed. Such idea works only for C2 functionals,
for which the gradient is locally Lipschitz continuous and the Cauchy
problems for the gradient flow have an unique solution. The proof for
functionals of class C1 is obtained using the notion of pseudogradient
field introduced by R. Palais.

The deformation lemma can be extended to in the case of presence
of critical points of the functional. We present now a version describing
the behavior of the functional nearby a critical value, see for instance
[27] for the proof.

Theorem 2.3 Let f : (X, h) → R be a C1 functional defined on the
complete Riemannian manifold (X, h), let c ∈ R and let Kc = {x ∈ X :
f(x) = c, f ′(x) = 0} be the set of the critical points of f at the level c
(the Palais–Smale condition implies that Kc is a compact set).

Then, for any neighborhood U of Kc, there exists a positive number
ε0 such that for any ε ∈]0, ε0[ there exists a continuous homotopy Hε :
[0, 1]× f c+ε \ U → f c+ε \ U such that

(i) Hε(0, x) = x, for any x ∈ f c+ε \ U ;
(ii) Hε(t, y) = y, for any t ∈ [0, 1] and y ∈ f c−ε \ U ;
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(iii) Hε(1, f
c+ε \ U) = f c−ε.

The two previous lemma are the basic tool to deduce some results on
the existence and the multiplicity of critical points of functionals bounded
from below and satisfying the Palais–Smale condition.

Theorem 2.4 Let f : (X, h) → R be a C1 functional defined on a com-
plete Riemannian manifold (X, h), bounded from below and satisfying the
Palais–Smale condition on X.

Then the infimum is attained and there exists a point x0 ∈ X such
that f(x0) = infX f .

The proof of this theorem is a simple consequence of the first defor-
mation lemma. If the topology of the manifold X is rich, we have the
following estimate from below of the number of critical points of a func-
tional in terms of a topological invariant of the manifold, the Ljusternik–
Schnirelmann category of X. We recall that for any topological space X,
the Ljusternik–Schnirelmann category cat(X) is equal to the minimal
number of closed and contractible subsets which cover X itself. If such
a minimal number does not exist, it is cat(X) = +∞.

Theorem 2.5 Let f : (X, h) → R be a C1 functional defined on a com-
plete Riemannian manifold (X, h), bounded from below and satisfying the
Palais–Smale condition.

Then the functional f has at least cat(X) critical points. Moreover,
if cat(X) = +∞, then there exists a sequence xn of critical points of f
such that f(xn) → +∞.

The proof of this theorem was obtained by Ljusternik and
Schnirelmann at the end of the twenties of the last century. A mod-
ern proof can be found in the book of Mawhin and Willem.

Finally we present the results of classical Morse Theory for a func-
tional f bounded from below and satisfying the Palais–Smale condition.
Morse Theory gives more precise estimates for the critical points of a
functional defined on a Hilbert manifold, in particular it gives some es-
timates on the number of critical points having a fixed Morse index.
However, in order to prove the results of Morse Theory, we have to pay
two costs. Firstly we have to assume that the functional is of class C2

and secondly all the critical points of f have to be nondegenerate, i.e.
the functional f is a Morse function. We state these results using co-
homology groups rather homology groups, because cohomology seems to
be more useful in extensions to strongly indefinite functionals.
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Let (A,B) be a topological pair, that is A is a topological space and B
is a subspace of A and let K a field. For any k ∈ N, Hk(A,B;K) denotes
the k-th relative cohomology group (with coefficients in K) of the pair
(A,B) (cf. [32]). Since K is a field, the cohomology group Hk(A,B;K)
is a vector field and its dimension βk(A,B;K) is called the k–th Betti
number of (A,B) (with respect to K). The Poincarè polynomial of the
pair (A,B) is defined by setting

P(A,B;K)(r) =
∞∑

k=0

βk(A,B;K)rk.

In general P is a formal series whose coefficients are positive cardinal
numbers (possibly +∞).

We state now the Morse Relations for a Morse functional, bounded
from below and such that the Morse index of any critical point is finite.
We deduce as a consequence the classical Morse Inequalities proved by
Morse, which relate the numbers of critical points having index k with
the k–th Betti number of the manifold. For the proof see the article of
Bott [9] or [27].

Theorem 2.6 Let f : X → R be a C2 functional defined on a complete
Riemannian manifold (X, h). Assume that f is bounded from below and
satisfies the Palais–Smale condition (PS) on X. Moreover assume that
all the critical points of f are nondegenerate and the Morse index m(x, f)
of any critical point x of f is finite.

Then for any field K there exists a formal series Q(r), whose coeffi-
cients are positive cardinal numbers, such that

∑

x∈K(f)

rm(x,f) = P(X,K)(r) + (1 + r)Q(r). (2.3)

Notice that under the assumption of the previous theorem, the num-
ber of critical points of the functional f is countable, because nondegen-
erate critical points are isolated, and the Palais–Smale condition holds
on the whole manifold X.

We state now the classical Morse inequalities, whose proof is a trivial
consequence of (2.3).

Theorem 2.7 Under the assumptions of Theorem 2.6, let K be a field,
let k ∈ N be a positive integer and denote by βk(X;K) the k–th Betti
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number of the manifold X (with respect to the field K) and by M(f, k)
the number of critical points x of f such that m(x, f) = k.

Then, for any k ∈ N, the following Morse inequality holds:

M(f, k) ≥ βk(X;K). (2.4)

We apply now the abstract results above to the action integral of
a Riemannian manifold, getting existence and multiplicity results and
a Morse Theory for geodesics on a Riemannian manifold. These results
were already the core of the results of Morse, Ljusternik and Schnirelmann,
obtained essentially using finite dimensional reductions of the problem
(see the classical book of J. Milnor [28] on Morse Theory). The infinite
dimensional approach using Hilbert manifolds, gradient flows and the
Palais–Smale condition was introduced by R. Palais in the celebrated
paper [30].

Let (M, g) be a complete Riemannian manifold, let p and q two points

of M and consider the action integral f(x) =
∫ 1

0
g(x(s))[ẋ(s), ẋ(s)]ds on

the manifold Ω1,2(p, q;M). Then f is bounded from below and it satisfies
the (PS) condition, see [30]. By Theorem 2.4, there exists a minimum of
f , so there exists a minimal geodesic joining p and q. This is a variational
proof of the geodesic connectedeness of a complete Riemannian manifold,
which is usually proved as a consequence of the well known Hopf–Rinow
Theorem in Riemannian Geometry. In order to obtain multiplicity re-
sults for the geodesics joining p and q, variational methods seem to
be necessary. In particular Fadell and Husseini have proved [12] that
the Ljusternik–Schnirelmann category cat(Ω1,2(p, q;M)) is equal to +∞
whenever the manifold M is noncontractible into iteself. In this case, for
any couple of points p and q of M, there exists infinitely many geodesics
joining p and q and there exists a sequence (xn) of such geodesics such
that the action integral f(xn) tends to +∞. This result was already
proved by Serre [31] in the case of a compact and simply connected man-
ifold.

Finally, if p and q are nonconjugate (a condition which holds al-
most surely), the Morse Relations and the Morse inequalities hold for
the geodesic joining p and q. So, the variational properties of the action
integral can be completely described. In particular the Morse inequalities
hold, then the number G(p, q; k) of geodesics joining p and q and having
index k ∈ N and the k–the Betti number βk(Ω1,2(p, q;M);K) are related
by the formula

G(p, q; k) ≥ βk(Ω1,2(p, q;M);K).
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Moreover, since the infinite dimensional manifold Ω1,2(p, q;M) is ho-
motopically equivalent to the based loop space Ω(M), then their coho-
mology groups are isomorphic, so we have a full relation between the
differential structure of the geodesics of the complete Riemannian met-
ric g and the topological structure of the manifold M and the following
inequality holds:

G(p, q; k) ≥ βk(Ω(M);K).

Whenever the M is contractible, then cat(Ω1,2(p, q;M)) = 1, and the
only nonnull Betti number of Ω(M) is β0(Ω(M);K) = 1. Then both the
Ljusternik–Schnirelmann and Morse Theory gives the existence of at least
one geodesic joining two points p and q on M, the minimal one. On the
other hand there are situations in which the numbers of geodesics can be
greater than one. Such cases are interesting in the study of the geometric
causes of the so called multiple image effect, studied in Astrophysics to
describe the gravitational lens effect. We cite the paper [20] for some
results in these directions.

3 Variational properties of geodesics on Lorentzian
manifolds

We consider now a semiriemannian manifold (M, g) of index ν(g) > 0,
in particular a Lorentzian manifold. As we said in the Introduction,
the geodesics for the metric g joining two points p and q on M are still
the critical points of the action integral f(z) =

∫ 1

0
g(z(s))[ż(s), ż(s)]ds on

the manifold Ω1,2(p, q;M), but now the variational properties of the func-
tional f are completely different from the case of a Riemannian manifold.
Now the functional f is unbounded both from below and from above, the
Morse index m(z, f) of any geodesic joining p and q is equal to +∞ and
finally, the functional f does not satisfy, in general, the (PS) condition.
These three facts makes very difficult the problem to find a critical point
for f , proving the geodesic connectedeness of a semiriemannian manifold.
One finds further difficulties to prove multiplicity results or to develop a
Morse Theory for the functional f .

These difficulties are not only of technical nature to develop varia-
tional arguments. Indeed, there are rather important counterexamples
to the geodesic connectedeness of a Lorentzian manifold. For instance
there exists Lorentzian manifolds which are geodesically complete, but
not geodesically connected. We recall that a semiriemannian manifold



Antonio Masiello 193

is geodesically complete if and only if any maximal geodesic is defined
on the whole real line R. The Hopf–Rinow shows that a Riemannian
manifold is geodesically complete if and only if it is complete, so any
geodesically complete Riemannian manifold is geodesically connected.

Moreover, there exists a compact Lorentzian manifold which is not
geodesically connected, see [26] and its references for such counterexam-
ples. It is not still known a complete geometric theory for the geodesic
connectedeness of a semiriemannian manifold, as for the Riemannian
case. The only classical result is the Avez–Seifert theorem on the exis-
tence of a maximal causal geodesic joining two causally related points
in a globally hyperbolic Lorentzian manifold, see [4]. Such a result was
proved using a maximization argument not far from the proof of Theo-
rem 2.4.

In the recent years the problem of the existence of geodesics (without
any restriction on the causality of such geodesics) joining two points in a
Lorentzian manifold has been studied by some authors using variational
methods, see [26] for an almost exhaustive literature on the topic. Other
results using arguments not variational in nature have been recently ob-
tained for the class of generalized Robertson–Walker spacetimes, see [15].
Here we present the results obtained via variational methods and in par-
ticular we state the Morse Inequalities for the geodesics joining two non-
conjugate points on a stationary or an orthogonal splitting Lorentzian
manifold.

We introduce now the notion of splitting Lorentzian manifold, which
is the most general class of Lorentzian manifold we shall study. Indeed,
orthogonal splitting and standard stationary Lorentzian manifolds are
two subclasses of it.

Definition 3.1 A Lorentzian manifold (M, g) is said splitting if M =
M0 × R, where M0 is a smooth connected manifold, and the metric g
has the following form. For any z = (x, t) ∈M and for any ζ = (ξ, τ) ∈
TzM = TxM0 ×R,

g(z)[ζ, ζ] = 〈α(x, t)ξ, ξ〉+ 2〈δ(x, t), ξ〉τ − β (z) τ 2, (3.1)

where 〈·, ·〉is a Riemannian metric on M0, α(x, t) is a positive linear
operator on TxM0, smoothly depending on z, δ(x, t) is a smooth vector
field tangent to M0 and β (z) is a smooth scalar field on M.

The metric g is said orthogonal splitting if the vector field δ(x, t) = 0,
while the metric g is said standard stationary if the linear operator α, the
vector field δ and the scalar field β do not depend on the variable t.
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If the metric is stationary we can assume without any loss of gener-
ality that the the linear operator α(x) is equal to the identity map and
the metric has the following form:

g(z)[ζ, ζ] = 〈ξ, ξ〉+ 2〈δ(x), ξ〉τ − β(x)τ 2, (3.2)

while an orthogonal splitting metric takes the form

g(z)[ζ, ζ] = 〈α(x, t)ξ, ξ〉 − β(x, t)τ 2. (3.3)

Remark 3.2 We recall a result of Geroch (see [17]) which states that any
globally hyperbolic Lorentzian manifold is diffeomorphic to a splitting
Lorentzian manifold. The problem on the geometric conditions which
assure that a Lorentzian manifold is splitting has been widely studied
(see for instance [4]).

We point out that the definition of splitting Lorentzian manifold
can be given intrinsically. Indeed a Lorentzian manifold is splitting if
and only if it admits a time function T on the manifold such that the
timelike vector field ∇T is complete. Moreover a standard stationary
Lorentzian manifold is a particular case of a stationary Lorentzian man-
ifold, i.e. a Lorentzian manifold admitting a global timelike Killing field.
We shall focus our attention on orthogonal splitting and standard sta-
tionary Lorentzian manifold. For the most general cases of splitting
Lorentzian manifolds see [19] and for stationary Lorentzian manifolds
see [23].

We introduce now a notion of regularity for orthogonal splitting and
standard stationary Lorentzian manifolds. They require the completeness
of the Riemannian factor of the manifold and some growth condition at
the spacelike infinity of the coefficients of the metric.

Definition 3.3 A standard stationary Lorentzian manifold (M, g), M =
M0 × R, is said to be regular if it satisfies the following assumptions:

A1) The Riemannian manifold (M0, 〈·, ·〉) is complete;
A2) There exists two positive constants 0 < ν ≤ M such that for any

z ∈M,
ν ≤ β(z) ≤ M ;

A3) sup{〈δ(x), δ(x)〉0, x ∈M0} < +∞.

Definition 3.4 An orthogonal splitting Lorentzian manifold (M, g) is
said to be regular if it satisfies the following assumptions:
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B1) The Riemannian manifold (M0, 〈·, ·〉) complete;
B2) There exists λ > 0, such that for any z = (x, t) ∈ M, and for

any ξ ∈ TxM0,
〈α(z)ξ, ξ〉 ≥ λ〈ξ, ξ〉;

B3) there exists two positive constants 0 < ν ≤ M such that for any
z ∈M,

ν ≤ β (z) ≤ M ;

B4) there exists L > 0 such that for any z ∈M,

|〈αt(z)ξ, ξ〉| ≤ L, |βt (z) | ≤ L,

where αt and βt denote respectively the partial derivative, with respect to
t, of α and β;

B5)
limsupt→+∞〈αt(x, t)ξ, ξ〉 ≤ 0,
liminft→−∞〈αt(x, t)ξ, ξ〉 ≥ 0,

uniformly in x ∈M0 and ξ ∈ TxM0, 〈ξ, ξ〉 = 1.

The first main result about regular orthogonal splitting or regular
standard stationary Lorentzian manifold is the following theorem.

Theorem 3.5 Let (M, g) be a regular standard stationary Lorentzian
manifold or a regular orthogonal splitting Lorentzian manifold.

Then (M, g) is geodesically connected, i.e. for any couple of points
p = (x0, t0) and q = (x1, t1) ∈ M = M0 × R, there exists a geodesic
joining p and q.

Theorem 3.5 has been proved in [5, 18] for standard stationary
Lorentzian manifolds and in [6] for orthogonal splitting manifolds. The
proofs of the results above are of variational nature. It is shown that if the
Lorentzian manifold is regular standard stationary or regular orthogonal
splitting, the action integral (1.2) has a critical point, which is an infinite
dimensional saddle point. In [18] a variational principle for the geodesics
on a stationary Lorentzian manifold is proved. Such a principle, obtained
using a global saddle point reduction and the implicit function theorem,
allows to characterize the spatial part of a geodesic as a critical point of
a new functional J defined on the manifold Ω1,2(x0, x1;M0). If the sta-
tionary Lorentzian manifold is regular, the functional J is bounded from
below and satisfy the (PS) condition. So the critical point theory devel-
oped in Sect. 2 permits to obtain the geodesic connectedeness of regular
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stationary Lorentzian manifold. If the coefficients of the Lorentzian met-
ric depend on the time variable, no global reduction permits to reduce the
problem to a Riemannian one and genuine methods for strongly indefinite
functionals have to be applied. In particular the geodesic connectedeness
of a regular orthogonal splitting Lorentzian metric is obtained applying
to the action integral (1.2) the so called Rabinowitz saddle point theorem.
Indeed, the assumption for an orthogonal splitting Lorentzian metric to
be regular imply that the action integral has the saddle point geome-
try. One finds further difficulties because in this case the action integral
does not satisfy the (PS) condition and the results are obtained using a
perturbation argument. We refer to [6, 26] for the details.

If the topology of the regular Lorentzian manifold is nontrivial, we
have the following multiplicity result.

Theorem 3.6 Let (M, g) be a regular standard stationary Lorentzian
manifold or a regular orthogonal splitting Lorentzian manifold. Assume
that the manifold M is noncontractible into itself.

Then, for any couple of points p = (x0, t0) and q = (x1, t1) ∈ M =
M0 × R, there exist infinitely many geodesics joining them. Moreover
there exists a sequence (zm) of such geodesics such that f(zm) → +∞

The previous results have been proved in [5, 18] for a regular station-
ary Lorentzian manifold and in [19] for an orthogonal splitting Lorentzian
manifold. So, for these two classes of regular Lorentzian manifolds there
hold the analogous existence and multiplicity results that for Rieman-
nian manifolds. The proof for the stationary case is obtained applying
the Ljusternik-Schnirelmann Theory to the functional J obtained by the
global saddle point reduction described above. The case of regular, or-
thogonal splitting manifolds is more delicate. In order to get multiplicity
results for critical points of strongly indefinite functionals, a new topo-
logical invariant, the relative category was introduced by some authors
[16]. Fadell and Husseini [13] have shown that for a noncontractible man-
ifold, this invariant takes arbitrarily large values on subsets of its based
loop spaces. Then, their results can be applied to obtain multiplicity of
geodesics, see [19].

Assume now that the points p and q are nondegenerate, so that the
action integral is again a Morse function as for the Riemannian case. In
order to develop a Morse Theory for the geodesics joining p and q, some
further difficulty immediately arises. Indeed, since any geodesic joining
p and q has Morse index equal to +∞, the statements of Theorem 2.6
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and of Theorem 2.7 do not make any sense.
Morse Theory for strongly indefinite functionals has been the object

of several studies in the last years. In particular the definition of the
index for a critical point of a functional such that the second differential
at the critical point is a Fredholm operator of index 0 has been studied
by many authors [1, 2, 3, 10, 11, 33].

We define here a relative index of a class of bilinear form on a Hibert
space. Let H be a real Hilbert and let a : H ×H −→ R be a continuous,
symmetric, nondegenerate bilinear form on H such that a = a0 + k,
where a0 is another continuous, symmetric, nondegenerate bilinear form
on H and k is a compact form. Let A and A0 be the linear isomorphisms
on H induced by the forms a and a0 and denote by V +(A) and V −(A)
the maximal A–invariant subspaces on which A is respectively positive
definite and negative definite. Analogously, the A0–invariant subspaces
V +(A0) and V −(A0) on which A0 is positive definite and negative definite
are defined. Then the index of a relatively to a0, denoted by j(a, a0) is
defined as follows:

j(a, a0) = dim(V −(A) ∩ V +(A0))− dim(V +(A) ∩ (V −(A0))). (3.4)

The relative index j(a, a0) is a relative integer number and coincides with
the Morse index of the form a (i.e. the maximal dimension of a subspace
where a is negative definite) if a0 is positive definite.

Now, let (M, g) be an arbitrary semiriemannian manifold and let p
and q two nonconjugate points of M. Let z be a geodesic joining p and
q, then it is a nondegenerate critical point of the action integral f(z) =∫ 1

0
g(z(s))[ż(s), ż(s)]ds. The second derivative f ′′(z) : TzΩ

1,2(p, q;M) ×
TzΩ

1,2(p, q;M) → R of the action integral at z is given by (see (1.3))

f ′′(z)[ζ, ζ ′] =

∫ 1

0

g(z)[Dsζ, Dsζ
′]ds−

∫ 1

0

g(z)[R(ζ, ż)ż, ζ ′]ds, (3.5)

Then f ′′(z) defines a Fredholm operator of index 0 on the tangent space
TzΩ

1,2(p, q;M). Indeed we have that that f ′′(z) = a0(z) + k(z), where

a0(z) =
∫ 1

0
g(z)[Dsζ, Dsζ

′]ds is nondegenerate and k(z) =

− ∫ 1

0
g(z)[R(ζ, ż)ż, ζ ′]ds defines a compact linear operator on

TzΩ
1,2(p, q;M).
We can define the relative index for a geodesic joining two points on

a semiriemannian manifold, see [2]
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Definition 3.7 Let (M, g) be a semiriemannian manifold and let
z : [0, 1] → M be a geodesic joining p = z(0) and q = z(1). The rel-
ative index j(z) of the geodesic z is defined setting

j(z, f) = j(f ′′(z), a0(z)), (3.6)

where f ′′(z) is the second differential evaluated at the geodesic z of the
action integral f .

By the abstract definition of the relative index, it follows that the
index for a semiriemannian geodesic z is a relative integer j(z) ∈ Z, so it
could be negative. If the metric g is Riemannian, then the bilinear form
a0(z) is positive definite and so the relative index j(z) reduces to the clas-
sical Morse index m(x, f) of the geodesic. If the metric is Lorentzian,
the spectral properties of f ′′(z) are partially known and one can conclude
that if z is a causal geodesic, then j(z) ∈ N, see [4, 7]. It would be inter-
esting to give examples or describe completely the (spacelike) geodesics
with negative index.

We state now the Morse inequalities for Lorentzian geodesics on reg-
ular standard stationary or regular orthogonal splitting Lorentzian man-
ifolds, see [2] for the proof.

Theorem 3.8 Let (M, g) be a regular standard stationary or a regular
orthogonal splitting Lorentzian manifold and let p and q two nonconjugate
points of M. Moreover, for any k ∈ N, let G(p, q; k) be the number of
geodesics z for the metric g, joining p and q and such that the relative
index j(z, f) is equal to k.

Then, for any k ∈ N and for any field K we have

G(p, q; k) ≥ βk(Ω1,2(p, q;M)), (3.7)

where βk(Ω1,2(p, q;M)) is the k–th Betti number of the manifold
Ω1,2(p, q;M) with respect to the field K.

Since the manifold Ω1,2(p, q;M) is homotopically equivalent to the
based loop space Ω(M) of the manifold M, the Morse inequalities (3.8)
can be stated as G(p, q; k) ≥ βk(Ω(M)) and this relates the differen-
tial structure of the geodesics for the Lorentzian metric g joining two
nonconjugate points and the topological structure of the manifold M.

Under the assumptions of the previous theorem, whenever the man-
ifold M is noncontractible into itself, there exits a sequence of geodesics
(zm) of geodesics joining the points p and q. The topological properties of
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the based loop space Ω(M) (cf. [12]) allows to estimate the relative index
j(zm, f) of such geodesics showing that j(zm, f) → +∞ as m → +∞,
see [2].

The Morse inequalities allows to estimate the number of geodesics
having positive index in terms of the singular cohomology groups of the
based loop space. If one wants to give some estimates on the number of
geodesics with negative index, classical homological or cohomological the-
ories (as singular homology or singular cohomology) do not work. From
the variational point of view, the classical theories are not affected by at-
taching an infinite dimensional cell, because the infinite dimensional unit
sphere is contractible. The study of cohomology theories for strongly
indefinite functionals is an active field of interaction between Algebraic
Topology and the Critical Point Theory (see [1, 33] for some recent re-
sult).

The proof of Theorem 3.8 is a consequence on some abstract results
on a Morse Theory for a class of strongly indefinite functionals, devel-
oped in [2]. The action integral for a standard stationary or a orthogonal
splitting Lorentzian manifold belongs to such a class of functionals. The
case of a regular standard stationary follows by a direct argument, be-
cause the action integral (1.2) of a regular standard stationary Lorentzian
manifold

f(z) = f(x, t) =

∫ 1

0

[〈ẋ, ẋ〉+ 〈δ(x), ẋ〉ṫ− β(x)ṫ2
]
ds

satisfies a variant of the (PS) condition, the so called (PS)∗ condition,
which is very useful for the study of strongly indefinite functionals. The
proof in the case of regular orthogonal splitting Lorentzian manifolds is
quite involved. Indeed, in this case the action integral (1.2),

f(z) = f(x, t) =

∫ 1

0

[〈α(x, t)ẋ, ẋ〉 − β(x, t)ṫ2
]
ds

does not satisfy the (PS) or the (PS)∗ condition, see for instance [26]. In
this case an approximation scheme with a family of functionals converging
in the bounded sets to the functional f and satisfying the (PS)∗ condition,
allows to pass to the limit in the approximation and to prove the Morse
inequalities for f as limit if the Morse inequalities of the approximating
functionals. We refer to [2] for the details.

While the classical Morse Inequalities hold both for regular standard
stationary and orthogonal splitting Lorentzian manifolds, the Morse Re-
lations as in Theorem 2.6 hold for regular standard stationary Lorentzian
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manifolds, but actually it is an open problem to prove them for regular
orthogonal splitting Lorentzian manifolds. This is due to the fact that
the lost of the (PS)∗ for the action integral f does not allow to control the
growth of the infinite dimensional cohomology (introduced by Szulkin in
[33]) of the sublevels f c of the functional f , as c → +∞, see [2].

Previous results on a Morse Theory for Lorentzian geodesics have
been proved by some authors. In [34] a Morse Theory for timelike
geodesics joining two chronologically related fixed points in a globally
hyperbolic Lorentzian manifold. In this paper the set of such timelike
geodesics is related to the topology of the space of the timelike curves
joining the fixed points. We would like to point out the evaluation of the
topological invariants of such a space, as for instance the Betti numbers,
is not known.

In some papers a Morse Theory for the lightlike geodesics joining an
event with a timelike curve representing the world line of a light source
is developed [14, 21, 34]. These results are obtained using a relativistic
version of the Fermat principle of classical optics and it has permitted to
produce a mathematical model of the gravitational lens effect in Astro-
physics. Such results have been extended to timelike geodesics in [22].

Some kind of Morse Relations for the geodesics joining two non-
conjugate points on stationary Lorentzian manifolds and on Generalized
Robertson–Walker spacetimes have proved in some papers [8, 15, 24].
The results of these papers are based on a reduction argument which
allows to deduce the Morse Relations by applying the classical Morse
Theory to a suitable functional, bounded from below, satisfying (PS)
and whose critical points have finite Morse index. However the index as-
sociated is always positive, so such Morse Relations are not obtained with
the natural Morse Index j(z, f) of a geodesic z. It is an open problem
to understand if these results are equivalent to the results presented in
this note. If the geodesic is causal, the equivalence between the theories
is true.

4 Conclusion

We have presented some recent results on the variational theory for
geodesics on Lorentzian manifolds and we have presented also some open
problem. For metrics g of index ν(g) greater that 2, we do not know any
result in these directions and much work must be done to understand the
variational properties of the action integral f(z) =

∫ 1

0
g(z(s))[ż(s), ż(s)]ds.
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José A. Pastor1
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Abstract

We prove that a Willmore surface in the Minkowski space with spher-
ical boundary and which intersects the plane of the circle in a constant
angle is a hyperbolic cap or a flat disc.

1 Introduction

On the last years, there has been some great efforts trying to determine
the compact surfaces satisfying a certain geometric condition in the Eu-
clidean space and having their boundary in a round circle. The surfaces
which satisfy such geometric condition – for example, constant mean
curvature surfaces or Willmore surfaces – admit an alternative charac-
terization as solutions of a variational problem. Therefore, the problem
mentioned above may be reformulated in the following terms: does a so-
lution of a variational problem necessarily inherit the symmetries of the
boundary?

The same situation can be considered in the Minkowski space for
spacelike compact surfaces with boundary. The author, jointly with Aĺıas
and López, gave a uniqueness result for constant mean curvature surfaces
in the Minkowski space with circular boundary (see [1]). In this paper,
we consider Willmore spacelike compact surfaces with circular boundary
and we prove the following uniqueness result:
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Theorem 1.1 Let ψ : Σ → L3 be a compact spacelike Willmore surface
in the Minkoski space with circular boundary. Assume that the surface
intersects the plane of the circle in a constant angle. Then, the image
ψ(Σ) is a hyperbolic cap or a flat disc.

The corresponding problem for the Euclidean space has been solved
by Palmer in [5]. Our approach here is similar but there exist some
differences: for instance, our result is true independently of the surface
topology. Moreover, we present here a proof based in vector fields and
the divergence theorem in contrast with the forms and the flux formula
given in Palmer’s work.

2 Preliminaries

Let us denote by L3 the three-dimensional Minkowski space, that is, the
real vector space R3 endowed with the Lorentzian metric

〈, 〉 = (dx1)
2 + (dx2)

2 − (dx3)
2,

where (x1, x2, x3) are the canonical coordinates in R3. A smooth immer-
sion ψ : Σ → L3 of a 2-dimensional connected manifold Σ is said to be a
spacelike surface if the induced metric via ψ is a Riemannian metric on
Σ, which, as usual, is also denoted by 〈, 〉. If we denote by {e1, e2, e3} the
canonical basis in L3, we must observe that e3 is a unit timelike vector
field globally defined on L3 which determines a time-orientation on L3.
Thus, we can choose a unique unit normal vector field N on Σ which is
a future-directed timelike vector in L3, and hence we may assume that
Σ is oriented by N .

Next, we will denote by ∇0 and ∇Σ the Levi-Civita connections of
L3 and Σ, respectively. Let A stand for the Weingarten endomorphism
associated to N . Then the Gauss and Weingarten formulas for the surface
Σ are written respectively as

∇0
XY = ∇Σ

XY − 〈A(X), Y 〉N,

and

A(X) = −∇0
XN,

for all tangent vector fields X,Y to Σ. The mean curvature function on
Σ is defined by H = −(1/2)traceA – hence the mean curvature vector
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field is given by
−→
H = HN . Let K be the Gaussian curvature of Σ. The

Gauss equation for Σ in L3 is given by

K = −detA.

In this context, we will say that a surface ψ : Σ → L3 is a Willmore
surface if it is a critical point of the functional

W (ψ) =

∫

Σ

(
H2 + K

)
dA

with respect to compactly supported variations of the surface. Here dA
stands for the area element of Σ with respect to the induced metric and
the chosen orientation.

Throughout this paper we will deal with compact spacelike surfaces
immersed in L3. Let us remark that there exists no closed spacelike
surface in L3. In order to see this, let a ∈ L3 be a fixed arbitrary vector,
and consider the height function 〈a, x〉 defined on the spacelike surface
Σ. The gradient – in the induced metric – of 〈a, x〉 is

∇〈a, x〉 = aT = a + 〈a,N〉N,

where aT is tangent to Σ, so that

|∇〈a, x〉|2 = 〈a, a〉+ 〈a,N〉2 ≥ 〈a, a〉.

In particular, when a is spacelike the height function has no critical points
in Σ, so that Σ cannot be closed. Therefore, every compact spacelike
surface Σ necessarily has non-empty boundary ∂M . As usual, if Γ is a
simple closed curve in L3, a spacelike surface ψ : Σ → L3 is said to be
a surface with boundary Γ if the restriction of the immersion ψ to the
boundary ∂Σ is a diffeomorphism onto Γ.

In what follows, ψ : Σ → L3 will be a compact spacelike surface
with boundary ψ(∂Σ) = Γ, and we will consider Σ oriented by a unit
future-directed timelike normal vector field N . The orientation of Σ
induces a natural orientation on the curve ∂Σ as follows: a tangent vector
v ∈ Tp(∂Σ) is positively oriented if and only if {u, v} is a positively
oriented basis for TpΣ, whenever u ∈ TpΣ is outward pointing. We will
denote by ν the outward pointing unit conormal vector field along ∂Σ,
whereas τ will denote the unit tangent vector field to the boundary such
that {ν, τ} is a positively oriented orthonormal frame. Thus, in each
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point of the boundary, we can consider a positively oriented orthonormal
basis in L3 given by {ν, τ,N}.

Throughout this work we will assume that the boundary Γ = ψ(∂Σ)
is contained in a fixed plane Π of L3. Since Γ is a closed curve, it follows
that the plane Π is spacelike (we can assume without loss of generality
that Π is the plane x3 = 0). Moreover, in this particular case we have
the following result (see, for example, [1]) concerning the topology of the
surface.

Lemma 2.1 Any compact spacelike surface ψ : Σ → L3 with boundary a
planar simple closed curve Γ is a spacelike graph over the planar domain
bounded by Γ. Therefore, the surface is a topological disc.

3 Proof of the Theorem

An important construction concerning Willmore surfaces is the conformal
Gauss map. Let H4

1 denote the anti deSitter space given by

H4
1 = {Y = (Y0, Y1, Y2, Y3, Y4) ∈ E5

2 | Y · Y = −1},
where · stands for the natural product in E5

2 with signature (+, +, +,−,−).
If ψ : Σ → L3 is a spacelike surface, then the conformal Gauss map
Y : Σ → H4

1 assigns to each p ∈ Σ a certain oriented 2-sphere (see
[2] for the details). The map Y can be expressed in terms of canonical
coordinates on E5

2 as

Y (p) = −H(p)

(〈ψ(p), ψ(p)〉 − 1

2
, ψ(p),

〈ψ(p), ψ(p)〉+ 1

2

)

+ (〈ψ(p), N(p)〉, N(p), 〈ψ(p), N(p)〉) .

It can be proved that, except for umbilical points, Y defines a conformal
spacelike immersion from Σ into H4

1. Moreover, it was shown in [2] that
ψ is a Willmore surface if and only if Y defines a zero mean curvature
immersion on Σ minus the umbilic set. In this case we have that the
i-th (metric) component of the map Y on the canonical basis {ei}0≤i≤4,
which we will denote by Yi = Y · ei, satisfies the equation

4Yi − 2(H2 + K)Yi = 0 (3.1)
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where 0 ≤ i ≤ 4 and 4 stands for the Laplacian on Σ with respect to
the induced metric. Now, let us consider the following vector fields over
Σ,

Xij = Yi∇Yj − Yj∇Yi

where 0 ≤ i < j ≤ 4. Since ψ is a Willmore immersion, it is clear from
(3.1) that Xij are divergence free, that is, divXij = 0 where div stands for
the divergence operator on Σ with respect to the induced metric. Now,
applying the divergence theorem we have

0 =

∫

Σ

divXijdA =

∫

∂Σ

〈Xij, ν〉ds (3.2)

where ds is the induced line element on ∂Σ.
Our aim is to develop the formula (3.2) for certain particular cases.

For example, let us begin with i = 0, j = 4. In that case we have

Y0 = −H
ψ2 − 1

2
+ 〈ψ,N〉,

∇Y0 = −HψT −∇H
ψ2 − 1

2
− A(ψT),

Y4 = H
ψ2 + 1

2
− 〈ψ, N〉,

∇Y4 = HψT +∇H
ψ2 + 1

2
+ A(ψT).

From now on, let us assume that Γ is a unit circle in the x3-plane, that
is, 〈ψ, e3〉 = 0 and 〈ψ, ψ〉 = 1. With such hypothesis we have

X04 = 〈ψ,N〉∇H + H2ψT + HA(ψT). (3.3)

Let us observe that the vector position ψ is a unit vector such that
〈ψ, τ〉 = 0. Moreover, for every boundary point p ∈ ∂Σ, we have that
{τ(p), ψ(p), e3} is a basis for the Minkowski space satisfying





τ = τ,

ψ = 〈ν, ψ〉ν − 〈N, ψ〉N,

e3 = 〈ν, e3〉ν − 〈N, e3〉N.

(3.4)

Along the boundary, we can define a hyperbolic angle function β given by
the expression coshβ = −〈N, e3〉. Then, equation (3.4) may be rewrited
as
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{
ψ = coshβν + sinhβN,

e3 = sinhβν + coshβN.
(3.5)

In order to simplify the equation (3.3) we may write

ψT = coshβν

whereas
〈ψ, N〉 = −sinhβ.

Then

〈X04, ν〉 =〈−sinhβ∇H, ν〉+ H2coshβ + H〈A(coshβν), ν〉 =

=− sinhβ〈∇H, ν〉+ H2coshβ + Hcoshβ〈A(ν), ν〉.

Taking into account that −2H = traceA = 〈A(ν), ν〉 + 〈A(τ), τ〉 we can
write

〈X04, ν〉 = −sinhβ〈∇H, ν〉 −H2coshβ −Hcoshβ〈A(τ), τ〉.
If we define the normal curvature of the curve ∂Σ as κn = −〈A(τ), τ〉
and we apply the divergence theorem we get finally

0 =
∫

∂Σ
〈X04, ν〉ds =

=
∫

∂Σ
(−sinhβ〈∇H, ν〉 −Hcoshβ(H − κn)) ds.

(3.6)

Let us compute an analogous formula for the indexes i = 0, j = 3. In
this case, for Y3 we have the expression

Y3 = −H〈ψ, e3〉+ 〈N, e3〉
whereas for its gradient we get

∇Y3 = −HeT
3 − 〈ψ, e3〉∇H − A(eT

3 ).

Remember that, since Γ is a planar curve contained in the x3-plane, we
have that 〈ψ, e3〉 = 0. Moreover, from (3.5) we have eT

3 = sinhβν and
ψT = coshβν, so we get

X03 =HsinhβeT
3 + sinhβA(eT

3 )− coshβHψT−
− coshβA(ψT) = −Hν − A(ν).

(3.7)
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Applying the divergence theorem we have

0 =

∫

∂Σ

〈X03, ν〉ds =

∫

∂Σ

(〈Hν + A(ν), ν〉) ds =

=

∫

∂Σ

(H + 〈A(ν), ν〉) ds =

∫

∂Σ

(κn −H) ds.

(3.8)

Finally, let us consider now the case i = 3, j = 4. Then, we have

Y3∇Y4 = (−coshβ)(HψT +∇H + A(ψT))

whereas
Y4∇Y3 = −(H + sinhβ)(HeT

3 + A(eT
3 )).

Finally

X34 = −Hν − A(ν)− coshβ∇H + sinhβH(Hν + A(ν)).

The divergence theorem for this vector field give us

0 =

∫

∂Σ

〈X34, ν〉ds =

∫

∂Σ

(Hsinhβ(κn −H)− coshβ〈∇H, ν〉) ds. (3.9)

When the angle along the boundary curve is constant we are able to
obtain some interesting integral formulas involving the equations (3.6),
(3.8) and (3.9). Therefore, let us assume that the function β is con-
stant. The first integral formula can be obtained multiplying by coshβ
the equation (3.6) and subtracting sinhβ times equation (3.9). This give
us

0 =

∫

∂Σ

(H(κn −H)) ds. (3.10)

On the other hand, if we multiply by sinhβ the equation (3.6) and sub-
tract coshβ times equation (3.9) we get

0 =

∫

∂Σ

〈∇H, ν〉ds. (3.11)

Now, let us denote by “prime” the differentiation with respect to arc
length on the boundary ∂Σ. Since Γ is a circle we have that ψ′ = τ and
ψ′′ = −ψ. Then we get

κn = −〈A(τ), τ〉 = 〈∇0
τN, τ〉 = 〈N ′, ψ′〉 = −〈N, ψ′′〉 = 〈N, ψ〉 = −sinhβ.
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So, we have that κn is constant along the boundary. Using a classical
theorem by Joachimsthal adapted to the Minkowski space we have that,
since the angle between the surface Σ and the plane x3 = 0 is constant
along the boundary Γ, the boundary is a line of curvature. Thus, let
κ1 = −κn and κ2 = −2H +κn denote the principal curvatures of Σ along
∂Σ. Then (3.8) and (3.10) yield

0 =

∫

∂Σ

(κ1 − κ2) ds (3.12)

and

0 =

∫

∂Σ

(
κ2

1 − κ2
2

)
ds. (3.13)

Applying Hölder’s inequality, we get for i = 1, 2
∣∣∣∣
∫

∂Σ

κids

∣∣∣∣ ≤
∫

∂Σ

|κi|ds ≤
(∫

∂Σ

κ2
i ds

)1/2

(2π)1/2. (3.14)

Let us observe now that, since κ1 is constant, we have equality in (3.14)
for i = 1. Using equations (3.12) and (3.13) it is easy to conclude that κ2

is also a constant. Thus we get that H is constant along the boundary
and every boundary point is umbilic.

From now on, the proof follows an argument given by Palmer in [5].
Nevertheless, we include it here for the sake of completeness. Let IIY

denote the second fundamental form of the immersion Y . Let us consider
the 4-form

Q := II
(4,0)
Y .

This form was introduced by Bryant in [3] when the conformal Gauss
map was considered for the Riemannian space forms. In this Lorentzian
context, Q verifies the same properties as in the Riemannian one: it
defines a holomorphic quartic differential on any Willmore surface which
is given locally in terms of a complex coordinate on Σ by Q = qdz4 where
(see [4])

q =





(φ2/4)(H2 +4logφ), if φ 6= 0,

φzHz, if φ = 0.

Here, φdz2 is the Hopf differential which is the (2, 0) part of the second
fundamental form of ψ. In this complex coordinate, the Codazzi equation
on Σ takes the form

φz = eρHz (3.15)
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where eρdz2 is the local expression of the metric. It is a well known fact
that the zeros of φ correspond to umbilics on Σ. Thus, we have that
φ vanishes on ∂Σ. Since the surface Σ is a topological disc, we may
parametrize Σ globally by the complex coordinate z = reiθ. Therefore,
since φ along the boundary is zero we get

0 =
∂φ

∂θ
= i(zφz − zφz). (3.16)

On the other hand, since H is constant along the boundary we have

0 =
∂H

∂θ
= i(zHz − zHz). (3.17)

Now, for the boundary points we get using the equations (3.15),(3.16)
and (3.17) that

q =φzHz = zzφzHz = (z)2φzHz =

=(z)2eρH2
z = (z)3eρzH2

z = (z)4eρHzHz

(3.18)

where we have used this expression for q since along the boundary φ = 0.

Since q is holomorphic on the disc Σ, it then follows that the function
z4q is holomorphic on the disc and is real valued on the boundary by
(3.18). By elementary theory on complex analysis we get that z4q = a
for some real constant a. In particular, for z = 0 we get a = 0 and then
q = 0 on Σ. Applying the results on [3], it then follows that either ψ(Σ)
is, after a conformal transformation, a maximal immersion or ψ(Σ) is
part of a hyperbolic space. In the first case, we have a maximal surface
with a boundary made up entirely of umbilics. It follows then that the
surface is a flat disc since its Hopf differential vanishes identically. In the
the remaining case, we have that the surface is a hyperbolic cap.
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Abstract

The question whether a semi-Riemannian manifold is geodesically
connected (i.e.: if each two points can be joined by a geodesic) is a basic
geometric property. Moreover, in the Lorentzian case problems as “when
a pair of causally related points can be joined by means of a causal
geodesic” becomes natural from a physical viewpoint.

We will summary the different techniques and concepts relevant for
these problems. This includes geometrical, variational and topological
techniques, as well as comparations with the Riemannian and affine cases.
Lorentzian manifolds which serve as models of relativistic spacetimes are
specially considered.

1 Introduction

In this talk, we will wonder the following question: Let (M, g) be a semi-
Riemannian manifold. Which hypotheses are natural to ensure that it is
geodesically connected?

There are several reasons to study it. From a purely geometrical
viewpoint, geodesic connectednes is a basic property, closely related to
other elementary properties of a manifold. This is the reason why, in dif-
ferent contexts and decades, authors with very diverse viewpoints have
obtained results on geodesic connectedness; say, from Hopf-Rinow theo-
rem to the results in [43], [15], [32], [12], [35] or [24], to be commented
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below. So, it is not strange that, recently, this problem has been studied
very widely.

On the other hand, geodesic connectedness is the more representa-
tive one of a series of geometrical problems, some of them with clear
applications to General Relativity. For example, in a spacetime (i.e.,
time-oriented Lorentzian manifold):

• When can two chronologically or causally related points (events)
be joined by means of a causal geodesic? The interpretation of this
question is straightforward: if, say, p lies in the chronological past
q, can we go from p to q freely falling, or must we accelerate? A
standard result is the following one, obtained independently by Avez
and Seifert [3], [42]: in a globally hyperbolic spacetime, each two
causally related events can be joined by a causal geodesic. Of course,
it is interesting either to extend this result to other spacetimes or
to wonder when the connecting geodesic is unique.

• When can an event p and a timelike curve γ be joined by means of
a lightlike geodesic? Or, say: if γ is the trajectory of a star, can
this star be observed from p? This problem is related to topological
properties of the set of timelike curves joining p and the points in
γ, and was studied in globally hyperbolic spacetimes by Uhlenbeck
[44].

• In previous problem, if there exists a connecting lightlike geodesic,
is it unique? Otherwise, the lens gravitational effect appears, being
the oddity of the images of the observed stars a well-known exper-
imental fact, with some theoretical justifications (see for example,
[31]).

The purpose of this article is to give a brief survey about the results
and techniques for the problem of geodesic connectedness. We start by
the Riemannian case, where sharper results can be obtained, Section
2. Next, we consider manifolds endowed only with an affine connec-
tion; the results are then applicable to the Levi-Civita connection of any
semi-Riemannian manifold, Section 3. Then, two very particular cases
of Lorentzian manifolds (but also very interesting cases from a mathe-
matical viewpoint) are studied, Lorentzian surfaces and spaceforms. For
Lorentzian surfaces, we rewrite in a modern language all previous results
known by us, and discuss them, Section 4. The results for spaceforms
were obtained in the Lorentzian case by Calabi and Markus [15], with
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some extensions to the semi-Riemannian case in [46]; these results are
briefly recalled in Section 5. Finally, in the last two sections we sum-
marize the results obtained recently by using variational and topological
techniques. This survey also summarizes and updates pedagogically the
one by the author in [41], including new references and discussions.

2 Riemannian case

Let M ≡ (M, 〈·, ·〉) be a n-dimensional connected Riemannian manifold.
As in any semi–Riemannian or even affine manifold, we can wonder if it
is geodesically connected, that is:

For any p, q ∈ M , there exists some geodesic connecting them.

But because of the existence of a distance canonically associated to any
Riemannian metric, now we can wonder if the manifold is (weakly) con-
vex, i.e.:

For any p, q ∈ M there is some distance-minimizing connecting
geodesic.

(If the distance–minimizing geodesic is unique the Riemannian manifold
will said to be strongly convex).

When M is complete, it is well–known:

1. M is convex (Hopf–Rinow).

2. If M is not contractible1, then each p, q ∈ M , can be joined by
infinitely many geodesics, with diverging lenghts (Serre-type result
obtained by using Ljusternik–Schnirelman theory; see for example
[35]).

These results are quite definitive; so, in the Riemannian case one has to
wonder just what happen in the incomplete case. On the other hand,
this case is natural because:

(i) In the semi-Riemannian indefinite case, there is no associated dis-
tance; moreover, there is no any relation between (geodesic) completeness
and connectedness.

(ii) Consider a trajectory x(s) for an autonomous potential, that is,
a solution of x′′ = −∇V for some function V on M . Any such trajectory

1that is, there exists x0 ∈ M and a continuous map H : [0, 1] × M → M such that:
H(1, x) = x0 = H(t, x0),∀t ∈ [0, 1], ∀x ∈ M .
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will have a constant energy E = (1/2)〈x′(s), x′(s)〉 + V (x(s)). When
E > V , this trajectories are pregeodesics for the Jacobi metric 〈·, ·〉E =
(E − V )〈·, ·〉; of course, this metric maybe incomplete even if 〈·, ·〉 is
complete, or maybe studied just in the open subsets where E > V . So,
the possibility of connecting each p, q ∈ M by trajectories for V with
a fixed energy E > V is equivalent to the geodesic connectedness for a
(possibly incomplete) Riemannian metric. This problem is also related
to other variational problems, as the existence of a closed trajectory for
a potential with either a fixed energy or a fixed period (see for example
[34]).

First, let us consider the following particular (simplest) case. As-
sume that M is complete, and D ⊂ M is a domain (open connected
subset) of M with differentiable boundary ∂D; D = D ∪ ∂D. One ex-
pects that “good properties” of ∂D should imply convexity of D. These
good properties are related to the following different notions of convexity
for a boundary. Fix p ∈ ∂D.

• ∂D is Infinitesimally convex at p (ICp) if σp ≥ 0, that is, the sec-
ond fundamental form, σp, with respect to the interior normal, is
positive semidefinite.

• ∂D is variationally convex at p (VCp) if for one (and then for all)
C2 function φ : U ∩ D −→ R, where U ⊂ M is a neighborhood of
p, such that (i) φ−1(0) = U ∩ ∂D, (ii) φ > 0, on U ∩ D and (iii)
dφ(q) 6= 0, ∀q ∈ U ∩ ∂D one has:

Hφ(p)[v, v] ≤ 0 (resp. < 0) ∀v ∈ Tp∂D.

• ∂D is locally convex at p ∈ ∂D (LCp) if there exists a neighborhood
U ⊂ M of p such that

expp (Tp∂D) ∩ (U ∩ D) = ∅.

• ∂D is geometrically convex (GC) if any in D with endpoints in D
is contained in D.

• D is (geodesically) pseudoconvex (PC) if for each compact set K ⊆
D there is a compact set H ⊆ D such that each geodesic segment
with extremes in K lies in H.
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Figure 2: Locally convex domain D at p.

Figure 3: Non-geometrically convex domain.

Figure 4: A complete surface with infinite holes is not PC (put K = {p, q}).
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Figure 5: Summary for differentiability C4.

Recall that the three first notions are applied to each point of the bound-
ary; ∂D will be called IC (resp. VC, LC) if it is ICp (resp. VCp, LCp)
∀p ∈ ∂D. For the definition of VC, recall that a function φ globally
defined on ∂D satisfying (i), (ii) and (iii) can be found. The concept GC
is globally defined on all the boundary, and PC applies to the domain or
manifold, rather than to its boundary.

It is straightforward to check that ICp and V Cp are equivalent. More-
over, ICp ⇐ LCp but the converse does not hold; for a counterexample,
just take: D = {(x, y) ∈ R2 : y > x3}, p = (0, 0). For the whole bound-
ary, it is not difficult to show that PC is a more restrictive concept than
IC, VC, GC, LC. Essentially, these last four concepts are equivalent, but
some of the equivalences are not as trivial as may sound. Bishop [14]
showed IC ⇒ LC (using explicitly differentiability C4), and Germinario
[27] showed, when D is complete, V C ⇒ GC (using differentiability C2;
as a technical simplification she also uses Nash’s theorem which needs
C3). Taking into account the straightforward implications, one has Fig.
4 as a summary (see [41], [6] for further discussions). The expected result
for convexity is then the following:

Theorem 2.1 When D = D ∪ ∂D is complete, then D is convex if and
only if ∂D is convex.

Of course, the hypothesis on completeness is essential. Recall that if M
is complete then so is D. Even though the converse is not true, there
is no loss of generality if we assume it (if M is not complete, then the
metric can be deformed out of D̄ to obtain the completeness of this new
metric on M).

Sketch of geometrical proof for Theorem 2.1. Fixed p, q ∈ D, consider
piecewise smooth curves in D joining p, q. The infimum L of the lengths
of these curves is equal to the distance in D between p, q, and one can



Miguel Sánchez 221

prove: (i) if only piecewise geodesics are taken into account, the infimum
is still L, (ii) a curve γ of minimum length in D must exist; out of the
boundary, this curve must be a geodesic, and (iii) as σ ≥ 0, γ cannot
touch ∂D.

¤

Sketch of variational proof for Theorem 2.1. Essentially, geodesics joining
p and q are the critical points of the functional:

f(x) =
1

2

∫ 1

0

〈ẋ(s), ẋ(s)〉ds (2.1)

defined on absolute continuous curves x : [0, 1] → D, x(0) = p, x(1) = q.
This functional is positive definite, but, because of the lack of complete-
ness of D, we cannot ensure the existence of a minimum a priori. Nev-
ertheless, the functional can be penalized by using the function φ in the
definition of VC:

fε(x) =
1

2

∫ 1

0

(
〈ẋ(s), ẋ(s)〉+

ε

φ2

)
ds.

When a curve approaches ∂D, fε diverges; this is the key why fε attains
a minimum xε for each ε. A priori estimates ensure that the xε’s lie
uniformly far from the boundary, and a minimum of f can be found by
taking ε → 0.

¤

Now, let us consider the general case when either ∂D may be non-
differentiable or D is not complete. This case was first studied in [32]
and, with full generality, in [6]. From Theorem 2.1, it is straightforward
(see Fig. 5):

Corollary 2.2 If there exists a sequence (Dm) ,m ∈ N of complete open
submanifolds of D with convex (differentiable) boundary such that

Dm ⊂ Dm+1 and D =
⋃

m∈N

Dm, (2.2)

then D is geodesically connected.
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Figure 6: Application of Corollary 2.2.

Figure 7: When Corollary 2.2 is applicable, D may be non-convex, if D is not
an open subset of a complete Riemannian manifold. (The length of the tubes
can be controlled in such a way that any geodesic from p to q through the
tube Tm is strictly longer than the geodesic through the tube Tm+1.)

Nevertheless, D is not necessarily convex; in fact, geometrical arguments
as those in the proof of Theorem 2.1 yields: if D is complete then D is
convex (Fig. 6). From these elementary considerations, the results in
[32] can be re-proven and extended.

Variational methods permit to extend these results. In fact, when M
is complete, if the boundaries ∂Dm’s in Corollary 2.2 are not convex but
their lack of convexity goes to zero and can be suitably controlled, then
the convexity of D still holds [6, Theorem 1.6]. When M is not complete,
the geodesic connectedness of D can be studied intrinsically by using the
Cauchy boundary ∂cD (this concept is also useful for the complete case,
[6]). Let Dc = D ∪ ∂cD be the canonical Cauchy completation of D
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Figure 8: Each point of the boundary ∂D = G corresponds to two points of
the Cauchy boundary ∂cD = G1 ∪G2.

(obtained by means of Cauchy sequences). As a difference with ∂D,
Cauchy boundary ∂cD has an intrinsic meaning for D. For example, let
M = C be an (infinite) cylinder and D the domain obtained by removing
the generatrix G. Clearly ∂D = G but ∂cD is the set of two lines, which
can be seen as the boundary of a strip in R2 (see Fig 7). In general, if
M is complete, then a quotient set of ∂cD is identificable to ∂D; if M
is not complete then there are points in ∂cD with no relation with ∂D.
Because of the intrinsic meaning of ∂cD we can assume M = D. The
following result is then an extension of previous ones:

Theorem 2.3 Let (M, 〈·, ·〉) be a Riemannian manifold, and M c = M ∪
∂cM its canonical Cauchy completation. Assume that there exists a pos-
itive differentiable function φ on M such that:

(i) limx→∂cM φ(x) = 0;
(ii) each y ∈ ∂cM admits a neighbourhood U ⊂ M c and constants

a, b > 0 such that

a ≤ ‖∇φ(x)‖ ≤ b ∀x ∈ M ∩ U ;

(iii) each y ∈ ∂cM admits a neighbourhood U ⊂ M c and a constant
m ∈ R such that inequality

Hφ(x)[v, v] ≤ m〈v, v〉φ(x)

holds for all x ∈ M ∩ U and for all v ∈ TxM .

Then M is convex.
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On the other hand, by using Ljusternik–Schnirelman theory, multiplicity
results can be obtained in all previous results when the (geodesically
connected) manifolld is not contractible.

3 Affine case

Let M be a (connected) manifold endowed with an affine connection∇; as
we are interested in geodesic connectedness, there is no loss of generality
assuming that ∇ is symmetric. In comparison with the Riemannian case,
we have the following facts:

1. All previous notions on convexity for ∂D can be translated directly,
but IC. Nevertheless, this concept was completely equivalent in the
Riemannian case to VC, which still makes sense.

2. It is not difficult to show the equivalences LC =⇒ GC =⇒ V C (we
do not know counterexamples to the converses).

3. Good conditions on the boundary ∂D of D (even under good condi-
tions on geodesic completeness) do not imply connectedness. In fact,
a complete affine manifold is not necessarily geodesically connected.
Even more:

• For each n > 0 there exist a complete affine manifold with the
following property: in order to connect each two points with
broken geodesics, it is necessary to use a broken geodesic with
at least n breaks (Hicks, [33]).

• Geodesically disconnected complete affine tori exist (Bates,
[9]).

It is not difficult to construct Bates’ torus. Just consider on R2 the mov-
ing frame (X1 = cos x∂x+sin x∂y, X2 = − sin x∂x+cos x∂y) and define the
connection ∇ which parallelizes it. Any geodesic γ(s) = (x(s), y(s)) is a
integral curve of a linear combination of X1 and X2; thus, γ is complete
and x(s) lies in an interval of length ≤ 2π. So, the induced connection
of the torus T 2 = R2/4πZ2 is geodesically complete and geodesically
disconnected.

Some relevant concepts for connectedness where introduced by Beem,
Parker and Low (see for example [12], [11]). Among them, the concepts
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Figure 9: Affine connection such that ∇XiXj ≡ 0. No geodesic which crosses
the line x = 0 can reach x = π.

of pseudoconvex manifold, as defined in Section 2, and geodesically dis-
prisoning manifold, i.e.: for any (inextendible) geodesic γ : (a, b) → M
and any compact subset K ⊆ M ,

∃{tn} → a+, {sn} → b− : γ(tn), γ(sn) 6∈ K, ∀n ∈ N.

On the other hand, it is also relevant the space of unreparametrized
geodesics G(M). In this space, tangential convergence is considered: a se-
quence converges tangentially, when it is possible to choose (inextendible)
reparametrizations γn :]an, bn[→ M for the sequence and γ :]a, b[→ M
for the candidate to limit such that γ′n(t0) → γ′(t0) (for some t0 ∈]a, b[
contained in all ]an, bn[ but a finite number). Remarkably:

• In this case: lim sup{an} ≤ a < b ≤lim inf{bn} and {γ′n} converges
uniformly on compact subsets of ]a, b[ to γ′. Nevertheless, there is no
relation between the completeness of the elements of the sequence
and the completeness of the limit (even in a Lorentzian torus [37]).

• It is easy to see that a sequence may have more than one limit.
Nevertheless, if G(M) is Hausdorff then the sky of p is closed, where,
following [11],

Sky(p) := {q ∈ M connectable to p by means of a geodesic}.

Disprisoning and pseudoconvexity implies that G(M) is Hausdorff. Thus,
one have the following implications, valid for any affine manifold.

Dispr. + psdoc. ⇒ G(M) Hausdorff ⇒ Sky(p) closed , ∀p ∈ M
Inexistence of conjugate points ⇒ Sky(p) open , ∀p ∈ M

}
⇒

M geodesically connected.
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Some extensions of these results are: (1) previous implications can be
extended to a class of (disprisoning and pseudoconvex) sprays, [21], and
(2) G(M) Hausdorff implies geodesic connectedness if the affine manifold
is unitrace (and, thus, it satisfy that, for each p ∈ M there exists a
neighborhood U such that any geodesic which enters U either leaves and
never returns or retraces the same path every time it returns) [11].

4 Lorentzian surfaces

Now, let us consider the simplest semi-Riemannian case, that is,
a Lorentzian manifold with dimension 2 (surface). Recall that, among
indefinite semi-Riemannian manifolds, only in the Lorentzian case there
is something related to a distance, the time-separation or Lorentzian dis-
tance, based in the local maximazing properties of causal curves (see,
for example, [10], [36]). The properties of this distance are essential to
prove the Avez-Seifert result on geodesic connectedness for causally re-
lated points (Section 1). But, in principle, it cannot be used for the case
of non-causally related points. Moreover, as in the affine case, neither
completeness nor compactness imply connectedness.

For an orientable and time-orientable Lorentzian surface there is a
pair of transverse null foliations, generated by lightlike geodesics. Two
Lorentzian metrics on a surface are pointwise conformal if and only if
their pairs of null foliations coincide. A Lorentz surface is defined as
a surface endowed with a class of conformally equivalent (oriented and
time-oriented) Lorentzian metrics. Their systematic study is carried out
in [45], and their properties depends on the properties of their pairs of
null foliations. By taking into account these foliations, the following
result on geodesic connectedness was proven in [43]:

Theorem 4.1 A Lorentzian surface (S, g) is geodesically connected if it
is globally conformal to Lorentz-Minkowski plane L2.

Proof. This result can be proven nowadays as a corollary of Avez-Seifert
one. In fact, recall first that global hyperbolicity is a conformal invariant
and, thus, g as well as −g are globally hyperbolic metrics. Therefore, any
p, q ∈ S can be joined either by a causal curve or by a spacelike curve
(with non-vanishing velocity). In the first case, p and q are causally
related for g, in the latter case, they are causally related for −g; thus,
one has to apply Avez-Seifert result either to g or to −g.

¤
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Remark 4.2 Recall that, in previous proof, it is essential that g as well
as −g are both globally hyperbolic. But a simply connected globally hy-
perbolic Lorentz surface maybe non-geodesically connected, as the uni-

versal covering of 2-dimensional de Sitter spacetime S̃
2

1 shows (see next
section). In fact, this spacetime is a counterexample to the main result
in [30].

Theorem 4.1 can be applied to some non-trivial examples. Consider first
the following result in [40].

Theorem 4.3 Let (T 2, g) be a Lorentzian torus with a Killing vector
field K(6≡ 0). The following properties are equivalent:

(i) (T 2, g) is globally conformally flat.
(ii) The sign of g(K,K) is constant (either positive or negative or 0

on all T 2).
(iii) (T 2, g) is (geodesically) complete.
(iv) All the timelike (resp. lightlike; spacelike) geodesics are complete.

If (i)—(iv) holds the universal covering of the torus is globally conformal
to L2. Thus, as a consequence of the last two thheorems, one reobtains
the following result in [40]:

Corollary 4.4 Any complete Lorentzian torus with a Killing vector field
K(6≡ 0) is geodesically connected.

Nevertheless, in the incomplete case, i.e., if sign(g(K, K)) is not constant,
then the torus may be geodesically disconnected. Remarkably, this hap-
pens if we consider Bates’ example in Section 3, and take the Lorentzian
metric g such that X1, X2 are lightlike and g(X1, X2) = −1. The result-
ing torus is geodesically disconnected; in fact, there are two points in T 2

such that no curve with a definite causal character (i.e., no timelike, no
lightlike and no spacelike -with non-vanishing velocity- curve) can con-
nect them. Nevertheless, as a relevant difference with Bates’ example,
this torus is not geodesically complete (g(K, K) is not constant for the
Killing vector K = ∂y). In fact, we do not know any example of complete
and geodesically disconnected Lorentzian torus.

5 Indefinite spaceforms

We mean by a indefinite spaceform a complete semi–Riemannian n–
manifold M of index ν ∈ {1, . . . , n− 1} and constant curvature C. It is
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well known about them (ssee for example [36]):

(1) M is covered by the model (1-connected) space of the same di-
mension, index and curvature M(n, ν, C), that is: M = M(n, ν, C)/Γ,
where Γ is the fundamental group of M .

(2) The case C = 0 is trivial for our problem (the model space
M(n, ν, 0) ≡ Rn

ν is geodesically connected); thus, it will not be taken
into account in what follows.

(3) Up to a homothety, we can assume C = 1 (the homothetic factor
may be positive as well as negative).

(4) If n ≥ 3, the model space is then the pseudosphere Sn
ν (spacelike

vectors of “norm” 1 in Rn+1
ν ). The Lorentzian pseudosphere Sn

1 is also
called de Sitter spacetime. This spacetime is globally hyperbolic, thus, if
M = Sn

1/Γ, causally related points are connectable by causal geodesics.
For n = 2 the pseudosphere S2

1 is not 1-connected; recall that its universal

covering S̃
2

1 is globally hyperbolic.

(5) From a direct computation of the geodesics, no indefinite pseu-
dosphere Sn

ν , 0 < ν < n is geodesically connected. In fact, for n = 1, two
points p, q ∈ Sn

1 are connectable by a geodesic if and only if 〈p, q〉1 > −1,
where 〈·, ·〉1 is the usual Lorentzian product of Ln+1(≡ Rn+1

1 ).

The main result on geodesic connectedness is given in the following the-
orem [15]. Recall that M is called starshaped from a point p ∈ M if the
exponential at p, expp : TpM → M , is onto.

Theorem 5.1 For n ≥ 2, (ν = 1):

(1) Sn
1 is not starshaped from any point.

(2) Any spaceform M = Sn
1/Γ, M 6= Sn

1 is starshaped from some
p ∈ M .

(3) A spaceform M = Sn
1/Γ is geodesically connected if and only if it

is not time-orientable.

The points (2) and (3) show a possibility which is striking from the
Riemannian viewpoint: a complete semi-Riemannian manifold maybe
starshaped from a point, but not from another point.

Theorem 5.1 solves completely the geodesic connectedness of Lorentzian
spaceforms with positive curvature and n ≥ 3. Extensions of this result
for arbitrary index ν (including the case ν = n−1, which is equivalent to
the Lorentzian case of constant negative curvature) and n ≥ 3 are given
in [46]. The additional assumptions to obtain a result are:
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1. The fundamental group Γ is finite. This assumption is necessary in
order to work with the barycenter of the orbits. It is automatically
satisfied if 2ν ≤ n.

2. The non time-orientability must be replaced by the inexistence of
a proper time-axis. By a time-axis T we mean a one-dimensional,
Γ-invariant, negative-definite linear subspace of Rn+1

ν . T is proper
if Γ acts trivially (i.e., as the identity) on T .

6 Variational Methods for the Lorentzian case

As in the Riemannian case, geodesics joining two fixed points p, q in
a semi–Riemannian manifold (M, 〈·, ·〉) are critical points of the action
functional (2.1). Nevertheless, this functional is strongly indefinite and
does not have a priori good properties from a variational point of view.
The application of critical point theory started with some papers by
Benci, Fortunato and Giannoni (see the book [35]); since then, many
authors have used variational methods. Essentially, two classes of space-
times has been studied, stationary and splitting type ones. We review
briefly these results, pointing out some new references since [41].

A. Stationary spacetimes. These spacetimes are Lorentzian mani-
folds admitting a (globally defined) timelike Killing vector field K. A
standard stationary spacetime is a product manifold M = R × M0 en-
dowed with a metric

〈·, ·〉 = −βdt2 + 2ω ⊗ dt + g0,

where dt2 is the usual metric on R, β : M0 → R is a positive function, ω is
a 1-form on M0 (if ω ≡ 0, the spacetime is static), and g0 is a Riemannian
metric on M0. Locally, every stationary spacetime looks like a standard
one (K ≡ ∂t).

In order to see the key for the variational approach, consider the
standard case. Let z : [0, 1] → M , z(s) ≡ (t(s), x(s)) be a curve joining
two fixed points (t1, x1), (t2, x2) ∈ M . The action functional f(z) in (2.1)
is invariant by the flow of K = ∂t. Thus, if z(s) ≡ (t(s), x(s)) is a critical
point then:

〈∂t, z
′〉 (= −β(x(s))ṫ(s) + 2ω(ẋ(s)) + g0(ẋ(s), ẋ(s))

) ≡ Cz (constant).
(6.1)
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Thus, from (6.1): (i) the value of ṫ(s) can be written in terms of x(s)

and Cz, and (ii) the condition
∫ 1

0
ṫ(s)ds = t2 − t1 allows to obtain Cz in

terms of x(s). This suggest to replace the inicial functional f(z) by a new
functional J defined only on curves x : [0, 1] → M0 which join x1 and x2,
say J(x) = f(z) where the part t ≡ t(s) of z = (t, x) is computed from
(6.1) (by taking into account previous comment (ii) on the value of Cz).
One can check that critical points of J are in bijective correspondence
with critical points of f .

Summing up, the initial functional f is replaced by a new functional
J on the “Riemannian part” M0. The expression of J is not as simple as
the expression of f (J is non-local, recall (ii) above), but it is bounded
from below and, under reasonable assumptions, it satisfies good varia-
tional properties as the well-known “condition C of Palais–Smale”. As
a consequence, one obtains (d0, ‖ · ‖0 will denote, resp. the g0-distance
and norrm on M0):

Theorem 6.1 A stationary spacetime is geodesically connected, if: (i)
g0 is complete, (ii) 0 <Inf(β) ≤ Sup(β) < ∞, and (iii) the g0-norm of
ω(x) has a sublinear growth in M0, that is, ‖ ω(x) ‖0≤ A ·d0(x, p0)

α +B,
for some A,B ∈ R, α ∈ [0, 1[, p0 ∈ M0.

It is worth pointing out:

1. When M is not contractible, infinitely many (spacelike) connecting
geodesics can be obtained. Moreover, the existence of infinitely
many timelike geodesics connecting a point z ∈ M and a line L[x] =
{(t, x)|t ∈ R}, x ∈ M0, can be proven (see [35]).

2. One can also wonder when the number of connecting geodesics is
finite; in the case of lighlike geodesics, this is related to the multiple
image and gravitational lens effects [28].

3. More intrinsic hypotheses (valid for non–standard stationary space-
times) can be found [29].

4. Assume that D0 ⊂ M0 is a domain with differentiable boundary,
and consider the open submanifold R × D0 ⊂ M . In this case
VC ⇐⇒ GC and, under the assumptions in Theorem 6.1, R × D0

is geodesically connected (the problems relative to the boundary
are exhaustively studied in [4], see also [7]). These results admit
some extensions to non-differentiable boundary, at least in the static
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case. In fact, outer Reissner-Nordström and outer Schwarzschild
spacetimes are shown to be geodesically connected [13].

5. Related techniques can be applicated to other spacetimes, as Gödel
type (where two independent Killing vector fields -none necessarily
timelike- span a Lorentzian plane) [20] or gravitational waves [16].

6. A natural extension to the problem of geodesic connectedness is the
existence of geodesics connecting two submanifolds. It is not diffi-
cult to check that, among these geodesics, those which are orthog-
onal to the submanifolds are also critical points of the functional
(2.1); for this problem see [19]. It is specially interesting the case
of lightlike geodesics joining the two submanifolds (say, one of the
submanifolds may be the worldline of a star), [18].

7. Finally, it is worth pointing out that connectedness by geodesics can
be generalized to the problem of connectedness by trajectories of
more general Lagrangian systems as, for example, trajectories un-
der an electromagnetic field. Static manifolds with potential vector
fields independent of time were studied in [5], for more general re-
sults, see [8] and references therein.

B. Splitting type spacetimes. In what follows, a Lorentzian split-
ting manifold (M, 〈·, ·〉) will be a product manifold M = R×M0 endowed
with a Lorentzian metric type:

〈·, ·〉 = −β(t, x)dt2 + 2ω(t, x)⊗ dt + g(t,x), (6.2)

where β is a function on all M , ω is a 1-form on M0 which depends on
each point (t, x) ∈ M , and g(t,x), is an Euclidean scalar product in the
tangent space to each slice {t} ×M0 3 (t, x). We can put:

g(t,x)(·, ·) = g0(·, α(t, x)[·]),
where g0 is a complete Riemannian metric on M0. When ω ≡ 0 the
splitting is orthogonal.

In this case, a reduction to a “Riemannian” problem is not possible,
and the key for the variational approach is to use Rabinowitz’s Saddle
Point Theorem, but taking into account: (i) to solve the possible absence
of Palais–Smale condition, the action functional is approximated by a
family of penalized functionals, and (ii) In Rabinowitz’s theorem, the
independent directions where the functional goes to −∞ are finite; so,
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a Galerkin finite-dimensional approximation is carried out. A standard
general result is the following (see [35] and references therein):

Theorem 6.2 A splitting spacetime (M, 〈·, ·〉 is geodesically connected,
if:

(1) g0 is complete and there exists λ > 0 such that gt > λg0 for all t.
(2) 0 <Inf(β) and β(x, 0), ‖ ω(x, 0) ‖0 are bounded.
(3) gt/β(t, x) (resp. ω/β(t, x)) is bounded by a function on M type:

b0(x) + b1(x)|t|µ, with µ ∈ [0, 1[ (resp. µ ∈ [0, 2[)
(4) Consider the natural derivatives ∂tα, ∂tβ, ∂tδ of α, β, δ with re-

spect to t. Then the gt–norms of ∂tα/α, ∂tβ/β, ∂tδ are bounded at each
hypersurface with constant t, and its supremum when t → ±∞ goes to 0.

Remarks:

1. The case with boundary becomes more complicated. Neverthe-
less, strips type D =]a, b[×M0 with variationally convex boundary
are shown to inherit geodesic connectedness. When M is not con-
tractible, the existence of infinitely many connecting geodesics can
be ensured by using the relative category, a topological invariant
somewhat subtler than Ljusternik-Schnirelman category.

2. More accurate results for the orthogonal splitting case can be given,
[2]. Connectedness of two submanifolds by normal geodesics can be
also studied, [17]; for trajectories under an electromagnetic poten-
tial, see [1].

7 A topological method

Recently, the geodesic connectedness of some spacetimes have been proven
by using topological arguments [24], [26]. This method is explained in
another talk of these proceedings, [25]. Thus, we will give here just some
comments in relation to the results in previous sections.

¿From the viewpoint of differential equations, fixed two points p, q,
of a Lorentzian manifold, the existence of a connecting geodesic is just
the existence of a solution for a system of equations. Except in very
particular cases, the complexity of this system of differential equations
make impossible to ensure the existence of a solution, even in spacetimes
where the geodesic equations can be integrated (notice that a solution
with the “initial” condition p and the “final” condition q is needed).
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Roughly, this problem is equivalent to the existence of zeroes for some
function F . And it is well-known that, under certain conditions, the
existence of such zeroes is ensured by using Brower’s topological degree.

At any case, in order to apply this degree, it is necessary to ensure
some boundary conditions on function F . Thus, some qualitative knowl-
edge on the behaviour of the geodesics is needed, and the existence of
some partial integration of their equations becomes specially useful. This
is the reason why the topological method works well for “classical rela-
tivistic spacetimes” (say, spacetimes with a “proper name”, which present
some symmetries). In fact, the topological method has been used to en-
sure the connectedness of spacetimes as the Schwarzschild black hole or
the exterior part of Kerr spacetime, which were not covered by previous
techniques. Summing up, the obtained results are the following:

1. Consider a multiwarped spacetime M = I × F1 × · · · × Fn,

g = −dt2 +
∑

i

fi(t)
2gi.

where I ⊆ R is an interval and the fibers (Fi, gi) are convex Rieman-
nian manifolds.

• In the case n = 1 (Generalized Robertson-Walker spacetimes)
a very general sufficient condition for geodesic connectedness
can be given. In fact, this condition becomes necessary and
sufficient if the fibers are strongly convex [22].

• When n > 1, a sufficient condition very close to a necessary
one can be given (including the case with boundary), [24]. In
particular, Schwarzschild black hole and generalizations of In-
termediate Reissner Nordström spacetimes are shown to be
geodesically connected.

• The connectedness by causal geodesics can be studied, extend-
ing Avez-Seifert result [38].

Summing up, the problem is solved completely for this type of
spacetimes.

2. Consider the exterior region of low rotating Kerr spacetime, that is
the region with radial coordinate r greater than the radius r+ of the
first even horizont. This region is not stationary; in fact, one can
show that the stationary part is not geodesically connected [23].
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Nevertheless, an accurate use of the topological technique shows
that it is geodesically connected [26].

In conclusion, we can say that variational methods give a general and
rough estimate about when stationary or splitting spacetimes are geodesi-
cally connected. But, frequently, classical spacetimes need more accurate
estimates. This can be seen clearly in Gödel type spacetimes. The geo-
desic connectedness of many such spacetimes can be proven by using
variational methods. But classical Gödel spacetime itself is not covered
in this way. This spacetime needs a specific proof taking into account the
first integrals of its geodesic equations and some topological arguments
[20]. For Gödel spacetime these topological arguments become rather
trivial, but for other classical spacetimes as the ones above, they become
subtler.

Finally, it is worth pointing out the case of causal geodesics. In
general, Avez-Seifert type-results (obtained by using either the time sep-
aration or topological ideas) are sharper than the results obtained by
using variational methods [39]. Neverhteless, when these methods are
applicable, the multiplicity of connecting geodesics can also be ensured.
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Benalmádena, Málaga, Spain
Pub. de la RSME, Vol. 5 (2003), 239-246

On the intersection of geometrical structures

Ignacio Sánchez Rodŕıguez1
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Abstract

We give a theorem about intersection of reductions of a principal
fiber bundle. As an application, we show that the intersections of confor-
mal and volume structures, considered as G–structures of first order, are
precisely the (semi)Riemannian structures. Also, we can apply it to the
intersection of both, a projective structure and the first prolongation of a
volume structure, considered as G–structures of second order. A possible
application for a better understanding of the General Relativity theory
is pointed out.

1 Introduction

The most of differential geometrical structures commonly used can be
understood as G–structures of first or second order. A G–structure of
first order (or, simply, a G–structure) on a manifold M is a reduced
bundle of the linear frame bundle LM with structure group a subgroup
G of GL(n,R). Examples of G–structures that we are interested in are
(semi)Riemannian, conformal and volume structures. A G–structure of
second order is a reduced bundle of the second order frame bundle F 2(M)
with structure group a subgroup G of G2(n). Examples of it are symmet-
ric linear connections, projective structures and the first prolongations
of G–structures of first order which admit symmetric connections.
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In this communication we state a result about intersection of reduc-
tions of principal fiber bundles, which has an immediate lecture in terms
of G–structures of first or second order. Two applications of this result
are given. The first shows that (semi)Riemannian structures belonging
to a given conformal structure on a manifold are in bijective correspon-
dence with the volume structures on the manifold (for us, volume struc-
ture refers to a little generalization of volume element, which does not
need the orientability of the manifold to be defined). A second appli-
cation shows that a given volume structure selects a symmetric linear
connection belonging to a given projective structure.

The General Relativity theory maintains that the space–time geom-
etry is given by a Lorentzian metric structure. It is well understood
([3]) that the physical phenomenon of light propagation determines a
Lorentzian conformal structure. Then, the first application suggests us
to investigate in the physical motivation that would conduce to the intro-
duction of a volume structure as an ingredient of the space-time geometry.

2 A theorem on intersection of reduced bundles

We will understand a manifold M as a C∞, second countable, manifold
of dimension n. Let G be a Lie group. Let H be a closed subgroup of
G. Let µ

G,H
: G× (G/H) → G/H, µ

G,H
(a, bH) ≡ µ

G,H

a (bH) := abH, be the
natural left action of G on the homogeneous manifold G/H.

It is well known ([7, Ch.I, Prop.5.6]) the bijective correspondence be-
tween the H–reductions of a principal bundle, P (M, G), and the sections

of its associated bundle which corresponds to the left action µ
G,H

. We
already know that the sections of an associated bundle are in bijective
correspondence with the equivariant functions of the principal bundle
into the typical fibre of the associated bundle, G/H in our case. Then we
can prove the following result. This result can be obtained as a conse-
cuence of the work of Bernard ([2, Sec. I.6]) but we prefer this approach
technically more clear and perfectly adapted to the applications which
we are interested in.

Theorem 2.1 Let H, K be two closed subgroups of a Lie group G such
that G = HK (i.e. ∀a ∈ G, ∃b ∈ H, c ∈ K: a = bc). Let Q(M, H) and
R(M, K) be two reductions of a principal bundle P (M, G). Then, Q ∩R
is a reduced bundle of P , with H ∩K as structure group.

We give a previous lemma.
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Lemma 2.2 Let H, K be two closed subgroups of a Lie group G such
that G = HK. Then, the application ρ : G/K → H/(H ∩ K), ρ(aK) :=
b(H ∩K), with b−1a ∈ K, is a diffeomorphism.

Proof. We prove that ρ is well defined: (i) Since G = HK, given a ∈ G,

there exists b ∈ H, with b−1a ∈ K, and, if other b̂ ∈ H also verifies
b̂−1a ∈ K then, H 3 b−1b̂ = (b−1a)(b̂−1a)−1 ∈ K, which implies that

b(H ∩ K) = b̂(H ∩ K). (ii) If aK = âK and b−1a, b̂−1â ∈ K, with

b, b̂ ∈ H, then H 3 b−1b̂ = (b−1a)(a−1â)(b̂−1â)−1 ∈ K, which implies that

b(H ∩K) = b̂(H ∩K).
The application ρ is bijective: (i) It is clearly onto. (ii) If a, â ∈ G

and b(H ∩ K) = b̂(H ∩ K), with b, b̂ ∈ H and b−1a, b̂−1â ∈ K, then

a−1â = (b−1a)−1(b−1b̂)(b̂−1â) ∈ K, which implies that aK = âK.
The application ρ−1 maps b(H ∩ K) into bK. This is an immersion

([5, Ch.II, Prop.4.4(a)]). But a bijective immersion is a diffeomorphism
([9, Ch.I, Exer.6]). Thus ρ is a diffeomorphism.

¤

Proof of the theorem. Let f : P → G/K be the function µ
G,K

–equiva-

riant corresponding to R(M, K). This means that, ∀a ∈ G, f ◦ RP

a =

µ
G,K

a−1 ◦ f , with RP
being the principal right action of G on P , and

f−1({K}) = R. We will prove that Q ∩ R is a reduction of Q, which
corresponds to the equivariant function ρ ◦ f |

Q
: Q → H/(H ∩K):

(i) Let d ∈ H and a ∈ G be given, and let b ∈ H be such that
b−1a ∈ K. We obtain that

(ρ ◦ µ
G,K

d−1)(aK) = ρ(d−1aK) = ρ(d−1bK) = d−1b(H ∩K)

= d−1ρ(aK) = (µ
H,H∩K

d−1 ◦ ρ)(aK) .

Now, given q ∈ Q, d ∈ H, we obtain that

(ρ ◦ f |
Q
◦ RQ

d )(q) = (ρ ◦ f ◦ RP

d )(q) = (ρ ◦ µ
G,K

d−1 ◦ f)(q) =

= (µ
H,H∩K

d−1 ◦ ρ ◦ f |
Q
)(q) .

Thus the function ρ ◦ f |
Q

is µ
H,H∩K

–equivariant.
(ii) Given q ∈ Q, if (ρ◦f |

Q
)(q) = H∩K, then we have f(q) = f |

Q
(q) =

ρ−1(H∩K) = K, which implies that q ∈ R. Thus (ρ ◦ f |
Q
)−1({H∩K}) =

Q ∩R.
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The theorem follows from the fact that a reduction, Q ∩ R, of a
reduction Q of P is a reduction of P .

¤
As an (H ∩ K)–reduction of P trivially extends to an H–reduction

and to a K–reduction of P , it is inmediate to prove the following result.

Corollary 2.3 Let H, K be two closed subgroups of a Lie group G such
that G = HK. Let P (M, G) be a principal bundle. The (H∩K)–reductions
of P are precisely the intersections of H–reductions with K–reductions of
P .

3 Conformal and volume structures

Let G be a closed subgroup of GL(n,R). A G–structure of first order on
a manifold M is a G–reduction of the linear frame bundle LM .

Let η be the standard scalar product on Rn of a fixed signature. We
define the adjoint with respect to η, a†, of a ∈ GL(n,R) as the unique
matrix such that η(v, a†w) = η(av, w), ∀v, w ∈ Rn. A conformal struc-
ture on M is a G–structure with G = CO(n) := {a ∈ GL(n,R) : a†a =
kI, k > 0}, where I is the identity matrix in GL(n,R).

We define a volume structure on M as a G–structure with G =
SL±(n) := {a ∈ GL(n,R) : |det(a)| = 1}. Note that the existence of
volume structures does not depend on the orientability of M as in the
case of SL(n)–structures.

Theorem 3.1 The (semi)Riemannian structures on M are the intersec-
tions of conformal and volume structures on M .

Proof. It is clear that

CO(n) ∩ SL±(n) = O(n) := {a ∈ GL(n,R) : a†a = I}.
Then, by the results of the previous section, we only need to prove that
GL(n,R) = CO(n)SL±(n). This follows from the fact that

a = (|det(a)|1/nI) (|det(a)|−1/na), ∀a ∈ GL(n,R) .

¤

It is usual to define a conformal structure on M as the set [g] of metric
tensors which are proportional by a positive factor to a given metric
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tensor g on M , i.e. g′ ∈ [g] if and only if g′ = ωg, with ω : M → R+.
In this context, the CO(n)–structure P corresponding to [g] is composed
of all the linear frames l ∈ LM , that considered as basis of the tangent
space TmM in some point m ∈ M , are orthonormal for some g′ ∈ [g].

We can also understand a volume structure Q ⊂ LM as a selection,
for every point m ∈ M , of a maximal set of basis of TmM with the same
unoriented volume, in the sense of linear algebra.

It is intuitively clear that if we intersect a conformal structure P
or, equivalently, [g] and a volume structure Q, we are selecting, at each
point m ∈ M , all the linear frames of P with the same unoriented volume
defined by Q. But this procedure is equivalent to select the tensor metric
in [g] for which these linear frames are orthonormal. This metric is unique
because two tensor metrics, which are proportional and distinct in a point
m ∈ M , have orthonormal basis in TmM with different volume.

4 G–structures of second order

The second order frame bundle F 2(M) over a manifold M (see [6, Ch.4,
Sec.5] and see [8] for more details) is the principal fibre bundle, whose
fibre over each point m ∈ M is the set of second order frames at m, i.e.
the set of 2–jets

{j2
0(x

−1) : x is a chart of M with x(m) = 0}.
Its structure group is the Lie group of 2–jets

G2(n) := {j2
0(φ) : φ is a local diffeomorphism of Rn with φ(0) = 0}.

Let G be a subgroup of G2(n). A G–structure of second order on M
is a G–reduction of F 2(M).

Let S2(n) be the set of symmetric bilinear maps t : Rn × Rn → Rn,
considered as an additive Lie group. For each t ∈ S2(n), we will write
tijk ≡ ui(t(ej, ek)), with {e1, . . . , en} and {u1, . . . , un} being the usual ba-

sis of Rn and Rn∗, respectively. We set GL(n,R)×⊃ S2(n) for the semidi-
rect product of Lie groups, whose product law is given by (a, t) ·(a′, t′) :=
(aa′, a′−1t(a′, a′) + t′). There is a canonical isomorphism ([8, Lem.1], see
also [1, Sec.4]) between G2(n) and GL(n,R)×⊃ S2(n) given by the appli-
cation that maps j2

0(φ) into (Dφ|0 , Dφ|−1
0 D2φ|0). We will identify both

groups.
Examples of second order G–structures are the following:
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• A symmetric linear connection of M can be identified ([6, Ch.4,
Prop.7.1]) as a G–structure of second order on M , with
G = GL(n,R)×⊃{0}. It is composed of the 2–jets at 0 of the inverse
of all normal charts for the symmetric linear connection ([8]).

• A projective structure on M ([6, Ch.4, Prop.7.1]) can be identified
with a G–structure of second order on M , with G = GL(n,R)×⊃ p,
where

p := {t ∈ S2(n) : tijk = δi
jpk + δi

kpj, for some (p1, . . . , pn) ∈ Rn∗}.
It is composed of the union of the G–structures of second order
corresponding to the projectively equivalent symmetric connections
which belong to the projective structure.

• We say that a G–structure of first order P is 1–integrable if it ad-
mits a symmetric linear connection. Semiriemannian, conformal
and volume structures are examples of 1–integrable G–structures.
The first prolongation P1 of an 1–integrable G–structure P is ([8,
Ch.4, Sec.3.3]) unique and it can be identified with an H–structure
of second order with H = G×⊃ g1, where g1 denote the first pro-
longation of the Lie algebra g of G. We can see P1 as the set of
2–jets at 0 of the inverse of all normal charts for all symmetric linear
connections that can be defined in P .

With the identifications introduced above, it can be shown the fol-
lowing result.

Theorem 4.1 The intersection of a projective structure on M and the
first prolongation of a volume structure on M gives a symmetric linear
connection of M .

Proof. Since the first prolongation of the Lie algebra sl(n) of SL±(n) is
sl(n)1 = {t ∈ S2(n) : thhk = 0}, then

0 = thhk = δh
hpk + δh

kph = (n + 1)pk, ∀k ∈ {1, . . . , n},
thus t = 0. This implies that

(GL(n,R)×⊃ p) ∩ (SL±(n)×⊃ sl(n)1) = SL±(n)×⊃{0}.
Moreover, it is readily verified that

GL(n,R)×⊃ S2(n) = (GL(n,R)×⊃ p) · (SL±(n)×⊃ sl(n)1)
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since (a, t) = (a, r) · (I, s), ∀(a, t) ∈ GL(n,R)×⊃ S2(n), where

ri
jk :=

1

n + 1
(δi

jt
h
hk + δi

kt
h
hj) and si

jk := tijk −
1

n + 1
(δi

jt
h
hk + δi

kt
h
hj) .

Then, by Theorem 1, the intersection of a projective structure on M and
the first prolongation of a volume structure on M is a SL±(n)×⊃{0}–
structure of second order. This extends trivially to a GL(n,R)×⊃{0}–
structure of second order naturally included in the projective
structure.

¤

In other words, this result says that a volume structure on M select
a connection of a projective class of linear symmetric connections.

5 Remarks on Lorentzian geometry and General
Relativity

Several geometrical structures can be derived from a (semi)Riemannian
metric: a conformal structure, a symmetric linear connection and a pro-
jective structure. The fact that a metric is the intersection of a conformal
structure and a volume structure allows the metric to be considered de-
rived from the conformal and volume structures. From my point of view,
the understanding of a metric structure as being composed by these two
pieces can be used to gain an insight into the meaning of the General
Relativity theory.

The phenomenon of light propagation is described geometrically by
a field of light cones which determines a Lorentzian conformal structure.
It would be very interesting to identify some substantial physical phe-
nomenon as being represented by a volume structure. In this way, two
physical principles will lead up to the Lorentzian metric proposed by the
Relativity theory.

Some authors ([3], [4]) have tried to give an axiomatic approach to
General Relativity by deriving the metric structure from the conformal
and projective structures. The projective structure would explain the
mouvement of free particles. But this approach is mathematically more
complicated because some extra conditions are needed to determine a
Lorentzian metric, except for a constant factor.
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Abstract

A triality T relating the four two-dimensional spaces of real type with
constant non-zero curvature and non-degenerate metric is described. The
sphere S2 is invariant under T , yet the remaining three spaces, the hy-
perbolic plane H2, the AntiDeSitter sphere AdS1+1 and the DeSitter
sphere dS1+1 are related cyclically by triality: any geometric property
in either of these spaces might be ultimately reformulated in terms of
any other. Our approach is based on Lie algebras, but possible alter-
native approaches through Hopf projections and likely relations to the
octonionic triality when the base field is extended from R to C,H,O are
also suggested.

1 Introduction

The aim of the present work is to introduce and discuss a triality between
three well known two-dimensional spaces: the Hiperbolic plane H2 and
the two AntiDeSitter AdS1+1 and DeSitter dS1+1 spheres in 1+1 dimen-
sions (We conform to the ‘physical’ notation; the ‘mathematical’ notation
for these AntiDeSitter and DeSitter spheres —which for 1 + 1 only differ
by the interchange between time-like and space like lines— is H2

1 and S2
1).

This triality follows from rather elementary properties of the Lie group
SO(2, 1) and Lie algebra so(2, 1) behind these geometries, but it seems
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to have passed unnoticed. It is related to a triality recently discussed
by Arnol’d [1] in relation with the geometry of spherical curves on S2.
We focus here on the algebraic description, at the Lie algebra level, and
include only a descriptive account of results for the geometry of the three
spaces.

2 Homogeneous spaces of Cayley-Klein type

We first briefly recall the algebraic structure of the nine 2D Cayley-
Klein (CK) spaces (for more details see [2]). These nine spaces are
2-dimensional homogeneous spaces of rank one and real type, and are
distinguished by two geometric properties: the sign of their constant
curvature —either positive, zero or negative—, and the character of their
metric —either definite positive (riemannian), degenerate or indefinite
(hence lorentzian in this case)—. According to these two threefold al-
ternatives, the nine spaces could be arranged in a diagram as in Table
1.

For the reasons explained below it is adviseable to describe all these
possibilities through two real coefficients, κ1, κ2 and to denote SOκ1,κ2(3)
the corresponding groups of motion. The commutation relations of the
CK algebra soκ1,κ2(3) in the basis {P1, P2, J} (where the notation intends
to convey the idea of P1, P2 generating translations along two orthogonal
lines l1, l2 through O and J generating rotations around O) read:

[P1, P2] = κ1J [J, P1] = P2 [J, P2] = −κ2P1 (2.1)

The constants κ1, κ2 can be reduced to +1, 0,−1 by rescaling the gener-
ators. The CK algebras in the quasi-orthogonal family soκ1,κ2(3) can be
endowed with a θ2 ⊗ θ2 group of commuting automorphisms generated
by:

Π(1) : (P1, P2, J) → (−P1,−P2, J),

Π(2) : (P1, P2, J) → (P1,−P2,−J). (2.2)

The two remaining involutions are the composition Π(02) = Π(1) ·Π(2) and
the identity. Each involution Π determines a subalgebra of soκ1,κ2(3), de-
noted h, whose elements are invariant under Π; the subgroups generated
by these subalgebras will be denoted by H with the same subindices as
the involution.
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The following 3D real matrix representation of the CK algebra
soκ1,κ2(3):

P1 =




0 −κ1 0
1 0 0
0 0 0


 , P2 =




0 0 −κ1κ2

0 0 0
1 0 0


 , J =




0 0 0
0 0 −κ2

0 1 0




(2.3)
gives rise through exponentiation to a natural realization of the CK group
SOκ1,κ2(3) as a group of linear transformations in an ambient linear space
R3 = (x0, x1, x2). A generic element R ∈ SOκ1,κ2(3) satisfies

RT Λκ1,κ2 R = Λκ1,κ2 , det R = 1, (2.4)

and therefore SOκ1,κ2(3) acts in R3 as linear isometries of a bilinear form
with a diagonal Λκ1,κ2 matrix whose entries are {+1, κ1, κ1κ2}.

The exponential of the matrices (2.3) leads to a representation of the
one-parametric subgroups H(2), H(02) and H(1) generated by P1, P2 and
J as:

exp(αP1) =




Cκ1(α) −κ1Sκ1(α) 0
Sκ1(α) Cκ1(α) 0

0 0 1




exp(βP2) =




Cκ1κ2(β) 0 −κ1κ2Sκ1κ2(β)
0 1 0

Sκ1κ2(β) 0 Cκ1κ2(β)




exp(γJ) =




1 0 0
0 Cκ2(γ) −κ2Sκ2(γ)
0 Sκ2(γ) Cκ2(γ)


 (2.5)

where the ‘cosine’ Cκ(x) and ‘sine’ Sκ(x) functions with ‘label’ κ are [2]:

Cκ(x) :=





cos
√

κx
1
cosh

√−κx
Sκ(x) :=





1√
κ

sin
√

κx κ > 0

x κ = 0
1√−κ

sinh
√−κx κ < 0

(2.6)
These ‘labelled’ trigonometric functions coincide with the usual elliptic
and hyperbolic ones for κ = 1 and κ = −1 respectively; the case κ = 0
provides the parabolic or galilean functions: C0(x) = 1, S0(x) = x [2].

The CK plane (as the space of points) corresponds to the 2D sym-
metric homogeneous space

S2
[κ1],κ2

= SOκ1,κ2(3)/SOκ2(2) SOκ2(2) = 〈J〉, (2.7)



250 The Hyperbolic-AntiDeSitter-DeSitter triality

hence the generator J leaves a point O (the origin) invariant, thus gener-
ating rotations around O, while P1, P2 generate translations that move
O along two basic orthogonal directions, as implied by the notation. As
any symmetric homogeneous space it has a canonical connection and an
invariant metric (see below).

Alternatively, one may consider the space of (actual) lines, defined
as the 2D symmetric homogeneous space

S2
κ1,[κ2] = SOκ1,κ2(3)/SOκ1(2) SOκ1(2) = 〈P1〉. (2.8)

One may also introduce a third related space of ideal lines, by taking the
quotient by the subgroup generated by the subalgebra invariant under
the third involution Π(02). Both spaces of lines come also equipped with
a canonical connection (as any symmetric homogeneous space) and an
invariant metric; indeed the lines (as points in the line spaces) can be
identified to geodesics of the invariant metric in the space of points, and
conversely so everything may be ultimately formulated in terms of the
single space of points S2

[κ1],κ2
.

Table 1: The nine two-dimensional CK spaces S2
[κ1],κ2

= SOκ1,κ2(3)/SOκ2(2).

Spherical: S2 Euclidean: E2 Hyperbolic: H2

S2
[+],+ = SO(3)/SO(2) S2

[0],+ = ISO(2)/SO(2) S2
[−],+ = SO(2, 1)/SO(2)

Oscillating NH: NH1+1
+ Galilean: G1+1 Expanding NH: NH1+1

−
(Co-Euclidean) (Co-Minkowskian)
S2

[+],0 = ISO(2)/ISO(1) S2
[0],0 = IISO(1)/ISO(1) S2

[−],0 = ISO(1, 1)/ISO(1)

Anti-de Sitter: AdS1+1 Minkowskian: M1+1 De Sitter: dS1+1

(Co-Hyperbolic) (Doubly Hyperbolic)
S2

[+],− = SO(2, 1)/SO(1, 1) S2
[0],− = ISO(1, 1)/SO(1, 1) S2

[−],− = SO(2, 1)/SO(1, 1)

A linear model of the CK space is obtained through the natural linear
action of SOκ1,κ2(3) on R3 which is not transitive, since it conserves the
quadratic form (x0)2 + κ1(x

1)2 + κ1κ2(x
2)2. The subgroup H(1), whose

matrix representation is exp(γJ) (2.5), is the isotropy subgroup of the
point O ≡ (1, 0, 0), that is, the origin in the space S2

[κ1],κ2
. The action

becomes transitive on the orbit in R3 of the point O, which is contained
in the ‘sphere’ Σ:

Σ ≡ (x0)2 + κ1(x
1)2 + κ1κ2(x

2)2 = 1; (2.9)
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this orbit can be identified with the CK space S2
[κ1],κ2

≡
SOκ1,κ2(3)/SOκ2(2). The invariant metric in this space comes as the
quotient by κ1 of the restriction of the flat ambient metric dl2 = (dx0)2 +
κ1(dx1)2 + κ1κ2(dx2)2 to Σ, and the canonical connection is, for κ2 6= 0
the associated Levi-Civita connection (for explicit expressions and fur-
ther details, see [3]). This scheme unifies all the familiar embeddings of
the sphere, hyperbolic plane, anti-de Sitter and de Sitter spaces in a lin-
ear 3D ambient space, with a flat metric of either euclidean or lorentzian
type (compare the usual models for the sphere in R3 and for hyperbolic
space, deSitter and AntiDeSitter in R2+1).

The curvature and metric signature of these CK spaces are deter-
mined directly by κ1, κ2: the curvature of the canonical metric in the
space S2

[κ1],κ2
is constant and equals κ1 (written inside square brackets in

the space notation) and at the origin O and in the basis P1, P2 of the tan-
gent space at O, the metric matrix is diag(1, κ2); therefore κ2 determines
the metric signature.

For the purposes of the present work we shall consider only the four
generic spaces (at the corners in Table 1) where the two CK constants are
different from zero; these correspond to simple groups, either isomorphic
to SO(3) when κ1, κ2 > 0 or to a SO(2, 1) when any constant κ1, κ2 or
both are negative.

3 Duality from a group theoretical point of view

A fundamental property of the scheme of CK geometries is the existence
of an ‘automorphism’ of the whole family, called ordinary duality D. This
is well defined for any dimension, and in the 2D case is given by:

D : (P1, P2, J) → (P1, P2, J) = (−J,−P2,−P1) (3.1)

D : (κ1, κ2) → (k1, k2) = (κ2, κ1). (3.2)

The map D leaves the general commutation rules (2.1) invariant while it
interchanges the space of points with the space of actual lines, S2

[κ1],κ2
↔

S2
κ1,[κ2], as well as the corresponding constants κ1 ↔ κ2.

From a purely formal viewpoint, this Lie algebra duality can be con-
sidered as a family automorphism in the whole CK family of Lie algebras:
the image of the Lie algebra soκ1,κ2(3) is another Lie algebra in the fam-
ily, corresponding to a different choice of parameters k1, k2; for a fixed
algebra soκ1,κ2(3) in the family, the duality D establishes an isomorphism
soκ1,κ2(3) ≈ soκ2,κ1(3).
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When carried to the CK spaces through the exponential map and
the realization (2.5), the duality D relates in general two different CK
geometries. Taking into account the interpretation of κ1 and κ2 in terms
of the differential geometry of the space S2

[κ1],κ2
we obtain a result sug-

gesting a kind of duality between curvature and signature which seems
worth studying:

Theorem 3.1 The dual of a CK space with curvature κ1 and metric of
signature type (+, κ2) is the CK space with curvature κ2 and metric of
signature type (+, κ1).

Let us now ask how this duality relates the four generic CK spaces.
Starting from either S2,H2,dS1+1,AdS1+1, whose associated CK con-
stants reduced to their fiducial values ±1 are (1, 1), (−1, 1), (1,−1),
(−1,−1), it suffices to recall the action (3.2) of the duality D and the
involutivity of D to conclude:

D :
S2

(1, 1)
←→ S2

(1, 1)
, D :

H2

(−1, 1)
←→AdS1+1

(1,−1)
, D :

dS1+1

(−1,−1)
←→ dS1+1

(−1,−1)
.

Hence the sphere S2 and the DeSitter space dS1+1 are autodual;
hyperbolic plane H2 and the AntiDeSitter space AdS1+1 are mutually
dual. In general, duality relates two geometries placed in symmetrical
positions relative to the main diagonal in table 1.

This difference between dS1+1 and AdS1+1 may seem surprising as
the two 1+1 de Sitter spaces only differ by a change of sign in the metric
but this difference turns out important when duality is considered. To
carry the description of duality (and triality to be introduced later) from
the Lie algebra to the space level requires a detailed exposition, not to be
done here, whose main idea is that in any CK geometry, points and lines
may be either of a single type (to be considered simultaneously as actual
or ideal), of a generic actual type and a limiting (final) type or of two
different generic types (actual and ideal) separated by a common limiting
type (final). Which alternative applies depend on whether the associated
label —κ1 for points, κ2 for lines— is >, = 0, < 0. For instance, if κ2 < 0
(AntiDeSitter, Minkowski and DeSitter), the existence of three types of
lines, either actual (time-like), final (light-like) and ideal (space-like) is
well known. A similar situation applies for points according to κ1; in S2

all points are of a single type (actual or ideal), in E2 there are actual
points and also points at infinity (final), and in H2 further to actual
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and final points there are points at ‘ultrainfinity’ or ideal points, where
ultraparallel lines ‘meet’, and which are different from the actual ones.

Points/lines have associated measures of separation (distances/angles),
which have also an associated label. For instance, the fiducial point O is
invariant under the subgroup generated by J , and the measure of separa-
tion (angle) between two actual or ideal lines through O may be defined
as the value of the canonical parameter θ of the unique element in the
one-parameter subgroup eθJ which carries a line onto the other (this def-
inition is alternative but consistent to the usual one through the metric);
thus θ is related to J ; κ2. The measures of separation (distances) between
points can be similarly defined as the canonical parameters of suitable
one-parameter subgroups carrying the first point to the second. They
are either associated to P1; κ1 (actual distances) or to P2; κ1κ2 (ideal dis-
tances). Non-intersecting actual lines have a (generically unique) com-
mon ideal perpendicular, and non-intersecting ideal lines have a common
actual perpendicular; for these the natural measure of separation is a
distance, associated to either P2; κ1κ2 or P1; κ1.

The Table contains the relationships between the geometric elements
in the given space S and its dual D(S) in a schematic form. For clarity
the Table makes reference only to the fiducial choices for O, l1, l2, but
duality applies to all points, actual lines and ideal lines in the given CK
geometry and relate them to objects in the dual space.

Dual CK space D(S) versus Original CK space S

Points (invariant under J=−P1) • Actual lines (invariant under P1)
Distance between points (along P1 =−J) • Angle between actual lines (along J)
Actual lines (invariant under P1 =−J) • Points (invariant under J)
Angle between actual lines (along J=−P1) • Distance between points (along P1)
Ideal lines (invariant under P2 =−P2) • Ideal lines (invariant under P2)
Angle between ideal lines (along J=−P1) • Actual distance between ideal lines (along P1)

Theorem 3.2 The set of points of the dual D(S) of a CK space S is the
set of actual lines in the original space S, with the former angle between
lines as measure of separation between points. The set of actual lines in
the dual D(S) of a CK space S is the set of points in the original space S,
with the former distance between points as measure of separation between
lines.
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4 Self-dual Trigonometry of Cayley-Klein spaces

In order to provide a working example within this scheme [2], [4], let us
display how the trigonometry of the nine CK spaces can be encapsulated
in a single self-dual equation, which formally applies for for the nine CK
spaces.
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Let us consider a generic triangle with vertices A,B,C and whose
sides are three actual lines (this is no restriction when κ2 > 0 but for
κ2 < 0 this would restrict to ‘time-like’ sides). Let a, b, c denote the
side lengths, and let A,B,C denote the angles at the three vertices,
with the labelling chosen so that a is the largest side and the opposite
angle at A is the external angle (see figure). The three generators of
translations along the three sides, denoted Pa, Pb, Pc, are all conjugate
to the fiducial generator P1 of translations along the line l1. The three
generators of rotations JA, JB, JC around the three vertices are conjugates
of the fiducial rotation generator J around O. Now, we have:

Theorem 4.1 [4]. The sides a, b, c and angles A,B, C of any triangle in
the CK space S2

[κ1],κ2
= SOκ1,κ2(3)/SOκ2(2) are related by the following

exponential identities in the group SOκ1,κ2(3) which further are equiva-
lent:

e−aPaeBJBecPce−AJAebPbeCJC = 1

e−aPaecPcebPb = e−(−A+B+C)JC , eBJBe−AJAeCJC = e−(−a+b+c)Pa

1 = eaPae−BJCe−cPaeAJCe−bPae−CJC

There are no explicit κ1, κ2 constants in these equations, which there-
fore hold exactly in the same form for all CK spaces at once. And they are
explicitly invariant under the interchange P1 ↔ J and a, b, c ↔ A,B, C,
hence they are self-dual. All these four equations have a similar structure:
on the left hand side there are ‘triangular’ translations along the three
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sides and/or rotations around the three vertices. These are either all six
translations and rotations (1st row), only three translations or rotations
(2nd row), or none at all (3rd row). On each equation, all transforma-
tions ‘missing’ in the left hand side appear at the right hand side under
a ‘fiducial’ form, as translations along a single side a and/or rotations
around a single vertex C.

If in the last equation one replaces the exponentials by means of (2.5)
one gets directly nine real equations (coming from the nine elements of a
3×3 matrix identity). From these one obtains directly the trigonometric
equations of the CK space (the limiting cases where either κ1, κ2 vanish
are easily dealt with, see [2]):

• Three cosine theorems for sides:

Cκ1(a) = Cκ1(b)Cκ1(c)− κ1Sκ1(b)Sκ1(c)Cκ2(A)
Cκ1(b) = Cκ1(a)Cκ1(c) + κ1Sκ1(a)Sκ1(c)Cκ2(B)
Cκ1(c) = Cκ1(a)Cκ1(b) + κ1Sκ1(a)Sκ1(b)Cκ2(C)

• Three cosine dual theorems for angles:

Cκ2(A) = Cκ2(B)Cκ2(C)− κ2Sκ2(B)Sκ2(C)Cκ1(a)
Cκ2(B) = Cκ2(A)Cκ2(C) + κ2Sκ2(A)Sκ2(C)Cκ1(b)
Cκ2(C) = Cκ2(A)Cκ2(B) + κ2Sκ2(A)Sκ2(B)Cκ1(c)

• A sine theorem:
Sκ1(a)

Sκ2(A)
=

Sκ1(b)

Sκ2(B)
=

Sκ1(c)

Sκ2(C)

Spherical S2
[+],+ Euclidean S2

[0],+ Hyperbolic S2
[−],+

cos a = cos b cos c− sin b sin c cos A a2 = b2 + c2 + 2bc cos A cosh a = cosh b cosh c + sinh b sinh c cos A

sin a

sin A
=

sin b

sin B
=

sin c

sin C

a

sin A
=

b

sin B
=

c

sin C

sinh a

sin A
=

sinh b

sin B
=

sinh c

sin C

cos A = cos B cos C − sin B sin C cos a A = B + C cos A = cos B cos C − sin B sin C cosh a

Anti Newton-Hooke S2
[+],0 Galilean S2

[0],0 Newton-Hooke S2
[−],0

a = b + c a = b + c a = b + c

sin a

A
=

sin b

B
=

sin c

C

a

A
=

b

B
=

c

C

sinh a

A
=

sinh b

B
=

sinh c

C

A2 = B2 + C2 + 2BC cos a A = B + C A2 = B2 + C2 + 2BC cosh a

AntiDeSitter S2
[+],− Minkowskian S2

[0],− DeSitter S2
[−],−

cos a = cos b cos c− sin b sin c cosh A a2 = b2 + c2 + 2bc cosh A cosh a = cosh b cosh c + sinh b sinh c cosh A

sin a

sinh A
=

sin b

sinh B
=

sin c

sinh C

a

sinh A
=

b

sinh B
=

c

sinh C

sinh a

sinh A
=

sinh b

sinh B
=

sinh c

sinh C

cosh A = cosh B cosh C + sinh B sinh C cos a A = B + C cosh A = cosh B cosh C + sinh B sinh C cosh a
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Table 2. Cosine, dual cosine and sine theorem for the nine CK spaces

We remark the appearance of the label κ1 in all trigonometric func-
tions of the actual sides, where all functions of angles carry the label κ2,
in accordance to the previous discussion. As an example, we collect in
Table 2 the cosine and dual cosine theorems relative to the side a or angle
A for the nine spaces with the CK constants reduced to ±1; the choice for
the external angle at A makes some sign differences when compared with
the usual approach in the three riemannian spaces κ2 > 0. The complete
table can be found in [2] and its extension to the complex spaces in [4].

5 Triality from a group theoretical point of view

Now one may ask for another possibilities of family automorphisms in
the whole CK family of Lie algebras, groups and spaces. The duality
esssentially amounted to an interchange P1 ↔ J , with P2 unchanged, and
the three minus signs in (3.1) serve to fulfil the automorphism property;
the involutivity of duality is clearly related to the interchange P1 ↔ J , as
iterating it one gets again the identity automorphism. This suggest the
search of further automorphisms which may cyclically permute the three
generators. Do they exist? Let us try as an ansatz a transformation
wich, up to factors, carries (P1, P2, J) into (J, P1, P2) and then try to fix
the factors so that this mapping is an automorphism of the family of Lie
algebras (2.1). This leads to the transformation:

T : (P1, P2, J) → (P1, P2, J) = (J,−κ2P1,−P2) (5.1)

which for the CK Lie algebras or spaces with κ2 6= 0 has the required
properties. Indeed, by direct checking T can be shown to be a fam-
ily automorphism of the CK algebras and the image of the Lie algebra
soκ1,κ2(3) is another Lie algebra in the family, corresponding to a new
choice of parameters k1, k2 given by:

T : (κ1, κ2) → (k1, k2) = (κ2, κ1κ2). (5.2)

For a fixed algebra soκ1,κ2(3) in the family (with κ2 6= 0), T establishes
an isomorphism between soκ1,κ2(3) and soκ2,κ1κ2(3). As the mapping
permutes cyclically three generators, it is not involutive, but instead of
order 3; iterating T three times one gets the identity automorphism (up
to rescaling of generators); hence a suitable name for this transformation
would be triality. The standard usage of this term in mathematics is
related to octonions [5], see the comments in the conclusions section.
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Theorem 5.1 The trial of a CK space of curvature κ1 and metric of
signature type (+, κ2) is the CK space with curvature κ2 and metric of
type (+, κ1κ2).

Let us now ask how this triality relates the four generic CK spaces,
where we can again assume the constants κ1, κ2 have been reduced to
their fiducial values ±1. Starting from S2 we get:

T :
S2

(1, 1)

T−→ S2

(1, 1)
(5.3)

hence the sphere is invariant under triality. If howewer we start from ei-
ther space H2,dS1+1,AdS1+1, whose associated CK constants are (−1, 1),
(1,−1), (−1,−1), it suffices to recall the action (5.2) of the triality T on
the constant κ1, κ2 to conclude:

T :
H2

(−1, 1)

T−→ AdS1+1

(1,−1)

T−→ dS1+1

(−1,−1)

T−→ H2

(−1, 1)
(5.4)

Hence the three spaces H2,AdS1+1,dS1+1 are cyclically permuted
by the triality T . This means that any property in either of these spaces
has a ‘trial’ property in the others and any of them codifies completely,
albeit in a ‘holographic’ form, any geometric property from each other.
In this sense, all geometry in deSitter spaces in 1 + 1 dimensions can be
completely obtained through a suitable trial hyperbolic reformulation.

To explore what this triality means, one should uncover with some
detail the geometrical meaning hidden under the automorphism (5.1).
This is summed up in the following table, which mimicks the pattern
found for D:

Trial CK space T (S) versus Original CK space S

Points (invariant under J = −P2) • Ideal lines (invariant under P2)
Distance between points (along P1 = J) • Angle between ideal lines (along J)

Actual lines (invariant under P1 = J) • Points (invariant under J)

Angle between actual lines (along J = −P2) • Ideal distance between points (along P2)

Ideal lines (invariant under P2 = −κ2P1) • Actual lines (invariant under P1)

Angle between ideal lines (along J = −P2) • Ideal distance between actual lines (along P2)

For the sake of clarity the table makes reference to the fiducial choice
for a point O, an actual line l1 and an ideal line l2, but it applies to all
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points, actual lines and ideal lines in the given CK geometry and in its
trial.

Theorem 5.2 The set of points of the trial T (S) of a CK space S is the
set of ideal lines in the original space S, with the former angle between
ideal lines as measure of separation. The set of actual lines of the trial
T (S) is the set of points in the original space, with the former ideal
distance between points as measure of separation. The set of ideal lines
in the trial space T (S) is the set of actual lines in the original space, with
the ideal distance between them as a measure of separation.

Rather surprisingly, this interpretation can be applied in the same
literal form to either the hyperbolic space, the AntiDeSitter sphere or to
the deSitter sphere, and in each case it leads to the next geometry in the
cycle (5.4).

A more explicit description would require the introduction of suitable
models which can be used ‘simultaneously’ for all the three spaces. The
‘stereocentral’ projection from the CK vector models afford such a tool
but for lack of space this cannot be done here (stereographic projection
is not really adequate to discuss this issue; for the hyperbolic plane H2

this projection afford the Poincaré conformal disk model, where the ideal
points cannot be represented; the exterior of the disk is simply another
copy of H2 and together they represent the conformal completion of the
hyperbolic plane [3]).

6 Closing Comments

As an application of this triality, one could translate all the geometric
properties of hyperbolic geometry centered around the parallelism angle
into properties related to the existence of horizons holding in the 1 + 1
kinematics of relativistic DeSitter spaces. This reinforces the analogy
pointed out in the present paper between final points in hyperbolic geom-
etry and light-like lines in lorentzian geometries. Generally speaking, the
CK scheme, with its threefold alternatives related to each CK constant,
should shed light on any classification problem for specific properties in
different spaces in a given CK family.

Duality can be directly seen in the trigonometric equations displayed.
This is not the case for triality simply because we have not considered
any ideal line as a possible side; should these had been considered, the
triality invariance of these trigonometric equations would be also clear.
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A few years ago V. I. Arnol’d [1] has considered a curious triality
between any curve Γ on S2, its ‘dual’ Γ∧ and its ‘derivative’ Γ′; these
three curves can be considered as three projections of a single Legendrian
curve in S3 (the set of pure imaginary unit quaternions) by means of the
three Hopf projections S3 → S2 associated to three unit quaternions. The
triality described here coincides in S2 with the one proposed by Arnol’d
and this suggest an alternative approach to the triality for the triple
H2,AdS1+1,dS1+1 through three (‘pseudo’Hopf) projections associated
to the three unit pseudoquaternions from the set of pure imaginary unit
pseudoquaternions S3

1 into, respectively H2,H2
1,S

2
1.

Lie algebra family automorphisms in the CK families other than ordi-
nary duality also exist for higher dimensions and relate geometries with
the same group, but the two spaces of DeSitter in n + 1 dimensions,
n > 1 have different groups. Thus, as far as ‘hyperbolic-AntiDeSitter-
DeSitter’ are concerned, the triality described here is a ‘two-dimensional’
phenomenon, whose high dimensional analogues relate other spaces.

A last question concerns the relation of T with the usual octonionic
triality; it seems there is indeed a relation. The CK family of spaces
of rank one, real dimension 2 and real type has complex, quaternionic
and octonionic relatives [6], [7]; the compact spaces, analogous in these
cases to S2 ≡ SO(3)/SO(2) (or O(3)/(O(1)⊗O(2)) ≡ RP 2) are respec-
tively U(3)/(U(1) ⊗ U(2)) ≡ CP 2, Sp(3)/(Sp(1) ⊗ Sp(2)) ≡ HP 2 and
F4/Spin(9) ≡ OP 2; the last space is the Cayley plane (the three R,C,H
families also exist for higher dimensions, but octonionic do not). The
triality introduced here for the real case can likely be extended to all
these CK families. A reasonable expectation is that in the last case, the
octonionic version of T would permute the 52 generators of F4 in a way
compatible with the standard octonionic triality. We recall that group
theoretically, this exceptional triality property comes from the unique
position of so(8) among the orthogonal (even) Lie algebras; the vector
representation and the two disequivalent spinor representations have the
same dimension only in this case; triality also can be guessed from the
threefold symmetry of the corresponding Dynkin diagram for the Cartan
series D4.
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Abstract

In Lorentzian manifolds of any dimension the concept of causal ten-
sors is introduced. Causal tensors have positivity properties analogous
to the so-called “dominant energy condition”. Further, it is shown how
to build, from any given tensor A, a new tensor quadratic in A and
“positive”, in the sense that it is causal. These tensors are called su-
perenergy tensors due to historical reasons because they generalize the
classical energy-momentum and Bel-Robinson constructions. Superen-
ergy tensors are basically unique and with multiple and diverse physical
and mathematical applications, such as: a) definition of new divergence-
free currents, b) conservation laws in propagation of discontinuities of
fields, c) the causal propagation of fields, d) null-cone preserving maps,
e) generalized Rainich-like conditions, f) causal relations and transfor-
mations, and g) generalized symmetries. Among many others.

1 Causal tensors

In this contribution1 V will denote a differentiable N -dimensional man-
ifold V endowed with a metric g of Lorentzian signature N − 2. The
solid Lorentzian cone at x will be denoted by Θx = Θ+

x ∪ Θ−
x , where

Θ±
x ⊂ Tx(V ) are the future (+) and past (–) half-cones. The null cone

1It is worthwhile to check also my joint contribution with Garćıa-Parrado, as well as that
of Bergqvist’s, in this volume, with related results. Notice that signature convention here is
opposite to those contributions and to [1].
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∂Θx is the boundary of Θx and its elements are the null vectors at x.
An arbitrary point x ∈ V is usually taken, but all definitions and re-
sults translate immediately to tensor fields if a time orientation has been
chosen. The x-subscript is then dropped.

Definition 1.1 [1] A rank-r tensor T has the dominant property at x ∈
V if

T (~u1, . . . , ~ur) ≥ 0 ∀~u1, . . . , ~ur ∈ Θ+
x .

The set of rank-r tensor (fields) with the dominant property will be de-
noted by DP+

r . We also put DP−r ≡ {T : −T ∈ DP+
r }, DPr ≡

DP+
r ∪ DP−r , DP± ≡ ⋃

rDP±r , DP ≡ DP+ ∪ DP−.

By a natural extension R+ = DP+
0 ⊂ DP+. Rank-1 tensors in DP+

are simply the past-pointing causal 1-forms (while those in DP−1 are the
future-directed ones). For rank-2 tensors, the dominant property was
introduced by Plebański [2] in General Relativity and is usually called the
dominant energy condition [3] because it is a requirement for physically
acceptable energy-momentum tensors. The elements of DP will be called
“causal tensors”. As in the case of past- and future-pointing vectors, any
statement concerning DP+ has its counterpart concerning DP−, and
they will be generally omitted. Trivially one has

Property 1.2 If T (i) ∈ DP+
r and αi ∈ R+ (i = 1, ..., n) then

n∑
i=1

αiT
(i) ∈

DP+
r . Moreover, if T (1) , T (2) ∈ DP+ then T (1) ⊗ T (2) ∈ DP+.

This tells us that DP+ is a graded algebra of cones. For later use, let us
introduce the following notation

T (1)
i×j T (2) ≡ C1

i C
2
r+j

(
g−1 ⊗ T (1) ⊗ T (2)

)

that is to say, the contraction (via the metric) of the ith entry of the first
tensor (which has rank r) with the jth of the second. There are of course
many different products i×j depending on where the contraction is made.

Several characterizations of DP+ can be found. For instance [1, 4]

Proposition 1.3 The following conditions are equivalent:

1. T ∈ DP+
r .

2. T (~k1, . . . , ~kr) ≥ 0 ∀~k1, . . . , ~kr ∈ ∂Θ+
x .
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3. T (~u1, . . . , ~ur) > 0 ∀~u1, . . . , ~ur ∈ intΘ+
x , (T 6= 0).

4. T (~e0, . . . , ~e0) ≥ |T (~eα1 , ..., ~eαr)| ∀α1, ..., αr ∈ {0, 1, ..., N − 1}, in all
orthonormal bases {~e0, ..., ~eN−1} with a future-pointing timelike ~e0.

5. T i×j T ∈ DP+
r+s−2, ∀ T ∈ DP−s , ∀i = 1, . . . , r, ∀j = 1, . . . , s.

Proposition 1.4 Similarly, some characterizations of DP are [1]

1. 0 6= T i×iT ∈ DP− for some i =⇒ T i×j T ∈ DP− for all i, j =⇒
T ∈ DP.

2. T i×i T = 0 for all i ⇐⇒ T = k1 ⊗ · · · ⊗ kr where ki are null
=⇒ T ∈ DP.

2 Superenergy tensors

In this section the questions of how general is the class DP and how one
can build causal tensors are faced. The main result is that:

Given an arbitrary tensor A, there is a canonical procedure (unique
up to permutations) to construct a causal tensor quadratic in A.

This procedure was introduced in [5] and extensively considered in
[4], and the causal tensors thus built are called “super-energy tensors”.
The whole thing is based in the following

Remark 2.1 Given any rank-m tensor A, there is a minimum value
r ∈ N, r ≤ m and a unique set of r numbers n1, . . . , nr ∈ N, with∑r

i=1 ni = m, such that A is a linear map on Λn1 × · · · × Λnr .

Here Λp stands for the vector space of “contravariant p-forms” at any
x ∈ V . In other words, ∃ a minimum r such that A ∈ Λn1 ⊗ · · · ⊗ Λnr ,
where A is the appropriate permutted version of A which selects the
natural order for the n1, . . . , nr entries. Tensors seen in this way are
called r-fold (n1, . . . , nr)-forms. Some simple examples are: any p-form
Ω is trivially a single (that is, 1-fold) p-form, while ∇Ω is a double (1, p)-
form; the Riemann tensor R is a double (2,2)-form which is symmetric
(the pairs can be interchanged), while ∇R is a triple (1,2,2)-form; the
Ricci tensor Ric is a double symmetric (1,1)-form and, in general, any
completely symmetric r-tensor is an r-fold (1,1,. . . ,1)-form. A 3-tensor
A with the property A(~x, ~y, ~z) = −A(~z, ~y, ~x) is a double (2,1)-form and
the corresponding A is clearly given by A(~x, ~y, ~z) ≡ A(~x, ~z, ~y), ∀~x, ~y, ~z.
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For r-fold forms, the interior contraction can be generalized in the
obvious way i~x1,...,~xr : Λn1 ⊗ · · · ⊗ Λnr −→ Λn1−1 ⊗ · · · ⊗ Λnr−1 by means
of

i~x1,...,~xrA = C1
1C

2
n1+1 . . . Cr

n1+···+nr−1+1 (~x1 ⊗ ~x2 ⊗ · · · ⊗ ~xr ⊗ A)

which is simply the interior contraction of each vector with each antysym-
metric block. Similarly, by using the canonical volume element of (V, g)
one can define the multiple Hodge duals as follows:

∗P : Λn1 ⊗ · · · ⊗ Λnr −→ Λn1+ε1(N−2n1) ⊗ · · · ⊗ Λnr+εr(N−2nr)

where εi ∈ {0, 1} ∀i = 1, . . . , r and the convention is taken that εi = 1 if
the ith antysymmetric block is dualized and εi = 0 otherwise, and where
P = 1, . . . , 2r is defined by P = 1 +

∑r
i=1 2i−1εi. Thus, there are 2r

different Hodge duals for any r-fold form A and they can be adequately
written as AP ≡ ∗PA. One also needs a product ¯ of A by itself resulting
in a 2r-covariant tensor, given by

(A¯ A) (~x1, ~y1, . . . , ~xr, ~yr) ≡
(

r∏
i=1

1

(ni − 1)!

)
g (i~x1,...,~xrA, i~y1,...,~yrA)

where for any tensor B we write g (B,B) ∈ R for the complete contrac-
tion in all indices in order.

Definition 2.2 [4, 5] The basic superenergy tensor of A is defined to be

T{A} =
1

2

2r∑
P=1

AP ¯ AP .

Here the word basic is used because linear combinations of T{A} with its
permutted versions maintain most of its properties; however, the com-
pletely symmetric part is unique (up to a factor of proportionality) [4].
It is remarkable that one can provide an explicit expression for T{A}
which is independent of the dimension N , see [4]. In the case of a general
p-form Ω, its rank-2 superenergy tensor becomes

T{Ω} (~x, ~y) =
1

(p− 1)!

[
g (i~xΩ, i~yΩ)− 1

2p
g (Ω, Ω) g (~x, ~y)

]
. (2.1)
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In Definition 2.2 we implicitly assumed that the r-fold form A has no
antysymmetric blocks of maximum degree N . Nevertheless, the above
expression (2.1) is perfectly well defined for N -forms: if Ω = fη where
η is the canonical volume form and f a scalar, then (2.1) gives T{Ω} =
−1

2
f 2g. Using this the Definition 2.2 is naturally extended to include

N -blocks, see [1] for details.
In N = 4, the superenergy tensor of a 2-form F is its Maxwell energy-

momentum tensor, and the superenergy tensor of an exact 1-form dφ has
the form of the energy-momentum tensor for a massless scalar field φ. If
we compute the superenergy tensor of R we get the so-called Bel tensor
[6]. The superenergy tensor of the Weyl curvature tensor is the well-
known Bel-Robinson tensor [7, 8, 9]. The main properties of T{A} are
[4]:

Property 2.3 If A is an r-fold form, then T{A} is a 2r-covariant ten-
sor.

Property 2.4 T{A} is symmetric on each pair of entries, that is, for
all i = 1, . . . , r one has

T{A} (~x1, . . . , ~x2i−1, ~x2i, . . . , ~x2r) = T{A} (~x1, . . . , ~x2i, ~x2i−1, . . . , ~x2r) .

Property 2.5 T{A} = T{AP} ∀P = 1, . . . , 2r.

Property 2.6 T{A} = T{−A}; T{A} = 0 ⇐⇒ A = 0.

Property 2.7 T{A⊗B} = T{A} ⊗ T{B}.

Property 2.8 T{A} ∈ DP+.

Observe that property 2.8 is what we were seeking, so that T{A} is the
“positive square” of A in the causal sense.

Property 2.9 T{A}(~e0, . . . , ~e0) =
1

2

N−1∑
α1,...,αm=0

(A(~eα1 , ..., ~eαm))2 in ortho-

normal bases {~e0, ..., ~eN−1}.
The set of superenergy tensors somehow build up the class DP ; in

fact, in many occasions the rank-2 superenergy tensors (that is, those for
single p-forms) are the basic building blocks of the whole DP [1]. This
can be seen as follows.
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Definition 2.10 An r-fold form A is said to be decomposable if there
are r forms Ωi (i = 1, . . . , r) such that A = Ω1 ⊗ · · · ⊗ Ωr.

From this and Property 2.7 one derives

Corollary 2.11 If A is decomposable, then T {A} = T {Ω1} ⊗ · · · ⊗
T {Ωr} .

Notice that each of the T {Ωi} on the righthand side is a rank-2 tensor.
We now have

Theorem 2.12 Any symmetric T ∈ DP+
2 can be decomposed as

T =
N∑

p=1

T{Ωp}

where Ωp are simple p-forms such that for p > 1 they have the structure
Ωp = k1 ∧ · · · ∧ kp where k1, . . . , kp are appropriate null 1-forms and
Ω1 ∈ DP1.

See [1] for the detailed structure of the above decomposition and for the
relation between T and the null 1-forms. From this one obtains2

Theorem 2.13 A symmetric rank-2 tensor T satisfies T 2 = g if and
only if T = ±T{Ωp}, i.e., if T is up to sign the superenergy tensor of
a simple p-form Ωp. Moreover, the rank p of the p-form is given by
±trT = 2p−N .

This important theorem allows to classify all Lorentz transformations
and, in more generality, all maps which preserve the null cone ∂Θx at
x ∈ V , see [1].

3 Applications

In this section several applications of superenergy and causal tensors are
presented. They include both mathematical and physical ones.

2From this point on I shall use the standard notation T 2 instead of T 1×1T = T 2×2T =
T 2×1T = T 1×2T for the case of rank-2 symmetric tensors T . T 2 is symmetric.
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3.1 Rainich’s conditions

The classical Rainich conditions [10, 11] are necessary and sufficient con-
ditions for a spacetime to originate via Einstein’s equations in a Maxwell
electromagnetic field. They are of two kinds: algebraic and differential.
Here I am only concerned with the algebraic part which nowadays are
presented as follows (see, e.g., [12]):

(Classical Rainich’s conditions) The Einstein tensor G = Ric− 1
2
S g

of a 4-dimensional spacetime is proportional to the energy-momentum
tensor of a Maxwell field (a 2-form) if and only if G2 ∝ g, trG = 0 and
G ∈ DP+

2 .
In fact, from theorem 2.13 one can immediately improve a little this

classical result

Corollary 3.1 In 4 dimensions, G is algebraically up to sign propor-
tional to the energy-momentum tensor of a Maxwell field if and only
if G2 ∝ g, trG = 0. Furthermore, G is proportional to the energy-
momentum tensor of (possibly another) Maxwell 2-form which is simple.

The last part of this corollary is related to the so-called duality rotations
of the electromagnetic field [12]. Observe that this is clearly a way of
determining physics from geometry because, given a particular spacetime,
one only has to compute its Einstein tensor and check the above simple
conditions. If they hold, then the energy-momentum tensor is that of a
2-form (and for a complete result the Rainich differential conditions will
then be needed).

The classical Rainich conditions are based on a dimensionally-
dependent identity, see [13], valid only for N = 4. However, theorem
2.13 has universal validity and can be applied to obtain the generaliza-
tion of Rainich’s conditions in many cases. For instance, we were able to
derive the following results [1].

Corollary 3.2 In N dimensions, a rank-2 symmetric tensor T is al-
gebraically the energy-momentum tensor of a minimally coupled mass-
less scalar field φ if and only if T 2 ∝ g and trT = β

√
trT 2/N where

β = ±(N − 2). Moreover, dφ is spacelike if β = 2 − N and trT 6= 0,
timelike if β = N − 2 and trT 6= 0, and null if trT = 0 =trT 2.

Corollary 3.3 In N dimensions, a rank-2 symmetric tensor T is the
energy-momentum tensor of a perfect fluid satisfying the dominant energy
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condition if and only if there exist two positive functions λ, µ such that

T 2 = 2λT +
(
µ2 − λ2

)
g, trT = (N − 2)µ − λN.

This is an improvement and a generalization to arbitrary N of the con-
ditions in [14] for N = 4. In particular, the case of dust can be deduced
from the previous one by setting the pressure of the perfect fluid equal
to zero.

Corollary 3.4 In N dimensions, a symmetric tensor T is algebraically
the energy-momentum tensor of a dust satisfying the dominant energy
condition if and only if

T 2 = (trT ) T, trT < 0.

3.2 Causal propagation of fields

Following a classical reasoning appearing in [3], the causal propagation
of arbitrary fields can be studied by simply using its superenergy tensor,
see [15]. Let ζ be any closed achronal set in V and D(ζ) its total Cauchy
development (an overbar over a set denotes its closure, see [3, 16] for
definitions and notation).

Theorem 3.5 If the tensor T{A} satisfies the following divergence in-
equality

divT {A} (~x, . . . , ~x) ≤ f T {A} (~x, . . . , ~x)

where f is a continuous function and ~x = g−1( ,−dτ) is any timelike
vector foliating D(ζ) with hypersurfaces τ =const., then

A|ζ = 0 =⇒ A|D(ζ) = 0.

This theorem proves the causal propagation of the field A because if
A 6= 0 at a point x /∈ D(ζ) arbitrarily close to D(ζ), then A will propagate
in time from x according to its field equations, but it will never be able
to enter into D(ζ), showing that A cannot travel faster than light.

The divergence condition in the theorem, being an inequality, is very
mild and it is very easy to check whether or not is valid for a given
field satysfying field equations. In general, of course, it will work for
linear field equations, and for many other cases too. It has been used to
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prove the causal propagation of gravity in vacuum [17] or in general N -
dimensional Lorentzian manifolds conformally related to Einstein spaces
[15], and also for the massless spin-n/2 fields in General Relativity [15]. It
must be stressed that in many occasions the standard energy-momentum
tensor of the field does not allow to prove the same result, so that the
universality of the superenergy construction reveals itself as essential in
this application.

3.3 Propagation of discontinuities: conserved quantities

Several ways to derive conserved quantities and exchange of superen-
ergy properties have been pursued. One of them is the construction of
divergence-free vector fields, called currents. This has been succesfully
achieved in the case of a minimally coupled scalar field if the Einstein-
Klein-Gordon field equations hold, see [4, 18]. In this subsection the
propagation of discontinuities of the electromagnetic and gravitational
fields will be analyzed from the superenergy point of view. This will be
enough to prove the interchange of superenergy quantities between these
two physical fields and some conservation laws arising naturally when
the field has a ‘wave-front’, see [4, 18].

To that end, we need to recall some well-known basic properties
of the wave-fronts, which are null hypersurfaces. Let σ be such a null
hypersurface and n a 1-form normal to σ. Obviously, n is null g−1(n, n) =
0 and therefore ~n ≡ g−1( , n) is in fact a vector tangent to σ, see e.g. [19],
and n cannot be normalized so that it is defined up to a transformation
of the form

n −→ ρ n , ρ > 0. (3.1)

The null curves tangent to ~n are null geodesics∇~n~n = Ψ~n, called ‘bichar-
acteristics’, contained in σ. Let ḡ denote the first fundamental form of σ,
which is a degenerate metric because ḡ(~n, ) = 0 [3, 19, 16]. The second
fundamental form of σ relative to n can be defined as

K ≡ 1

2
£~n ḡ

where £~n denotes the Lie derivative with respect to ~n within σ. K is
intrinsic to the null hypersurface σ and shares the degeneracy with ḡ:
K(~n, ) = 0 [19]. Because of this, and even though ḡ has no inverse, one
can define the “trace” of K by contracting with the inverse of the metric
induced on the quotient spaces T (σ)/ < ~n >. This trace will be denoted
by ϑ and has the following interpretation: if s ⊂ σ denotes any spacelike
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cut of σ, that is, a spacelike (N − 2)-surface orthogonal to n and within
σ, then ϑ measures the volume expansion of s along the null generators
of σ. In fact, ϑ can be easily related to the derivative along ~n of the
(N − 2)-volume element of s [16].

Let us consider the case when there is an electromagnetic field (a
2-form F ) propagating in a background spacetime so that there is a null
hypersurface of discontinuity σ [20, 21], called a ‘characteristic’. Let [E]σ
denote the discontinuity of any object E across σ. Using the classical
Hadamard results [22, 20, 21], one can prove the existence of a 1-form c
on σ such that

[F ]σ = n ∧ c , g−1(n, c) = 0.

Observe that c transforms under the freedom (3.1) as c −→ c/ρ. ¿From
Maxwell’s equations for F considered in a distributional sense one derives
a propagation law [21, 18], or ‘transport equation’ [20],

~n
(|c|2) + |c2|(ϑ + 2Ψ) = 0, |c|2 ≡ g−1(c, c) ≥ 0.

This propagation equation implies that if c|x = 0 at any point x ∈ σ, then
c = 0 along the null geodesic originated at x and tangent to ~n. Moreover,

for arbitrary conformal Killing vectors ~ζ1, ~ζ2, the above propagation law
allows to prove that [20, 18]

∫

s

|c|2n(~ζ1)n(~ζ2) ω|s (3.2)

are conserved quantities along σ, where ω|s is the canonical volume ele-
ment (N − 2)-form of s, in the sense that the integral is independent
of the cut s chosen. Notice also that (3.2) are invariant under the
transformation (3.1). These conserved quantities can be easily related
to the energy-momentum properties of the electromagnetic field because
T {[F ]σ} = |c|2n⊗n, so that the Maxwell tensor of the discontinuity [F ]σ
contracted with the conformal Killing vectors ~ζ1, ~ζ2 gives the function in-
tegrated in (3.2).

However, the integral (3.2) vanishes when [F ]σ = 0 ⇐⇒ c = 0. Using
again Hadamard’s theory, now there exist a 2-covariant symmetric tensor
B and a 1-form f defined only on σ such that [8, 23, 21, 19]

[R]σ = n ∧B ∧ n, B(~n, ) + trB n = 0,

[∇F ]σ = n⊗ (n ∧ f), g−1(n, f) = 0.
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These objects transform under (3.1) according to f,B −→ f/ρ2, B/ρ2.
Assuming that the Einstein-Maxwell equations hold Lichnerowicz de-
duced the propagation laws for f, B in [21], and in particular he found
the following transport equation [21, 4]

~n
(|B|2 + |f |2) +

(|B|2 + |f |2) (ϑ + 4Ψ) = 0,

where |f |2 ≡ g−1(f, f) ≥ 0, |B|2 ≡trB2 ≥ 0. Once again, with the help

of any conformal Killing vectors ~ζ1, . . . , ~ζ4, the following quantities
∫

s

(|B|2 + |f |2) n(~ζ1)n(~ζ2)n(~ζ3)n(~ζ4) ω|s (3.3)

are conserved along σ in the sense that the integral is independent of
the spacelike cut s. Two important points can be derived from this
relation: first, both the electromagnetic and gravitational contributions
are necessary, so that neither the integrals involving only |B|2 or only |f |2
are equal for different cuts s in general. Second, the integrand in (3.3)
is related to superenergy tensors because T {[R]σ} = 2|B|2n⊗ n⊗ n⊗ n
and T {[∇F ]σ} = 2|f |2n⊗n⊗n⊗n, and thus the function integrated in
(3.3) is simply

1

2
(T {[R]σ}+ T {[∇F ]σ}) (~ζ1, ~ζ2, ~ζ3, ~ζ4)

which demonstrates the interplay between superenergy quantities of dif-
ferent fields, in this case the electromagentic and gravitational ones. Ob-
serve that the above tensors are completely symmetric in this case, and
that they together with the conserved quantity (3.3) are invariant under
the transformation (3.1).

3.4 Causal relations

The fact that the tensors in DP2 can be seen as linear mappings preserv-
ing the Lorentz cone leads in a natural way to consider the possibility
of relating different Lorentzian manifolds at their corresponding causal
levels, even before the metric properties are taking into consideration. To
that end, using the standard notation ϕ

′
and ϕ∗ for the push-forward and

pull-back mappings, respectively, we give the next definition, see [24].

Definition 3.6 Let ϕ : V → W be a global diffeomorphism between two
Lorentzian manifolds. W is said to be properly causally related with V by
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ϕ, denoted V ≺ϕ W , if ∀ ~u ∈ Θ+(V ), ϕ
′
~u ∈ Θ+(W ). W is simply said

to be properly causally related with V , denoted by V ≺ W , if ∃ϕ such
that V ≺ϕ W .

In simpler terms, what one demands here is that the solid Lorentz cones
at all x ∈ V are mapped by ϕ to sets contained in the solid Lorentz cones
at ϕ(x) ∈ W keeping the time orientation: ϕ′Θ+

x ⊆ Θ+
ϕ(x), ∀x ∈ V .

Observe that two Lorentzian manifolds can be properly causally re-
lated by some diffeomorphisms but not by others. As a simple example,
consider L with typical Cartesisan coordinates x0, . . . , xN−1 (the 0-index
indicating the time coordinate) and let ϕq be the diffeomorphisms

ϕq : L −→ L
(x0, . . . , xN−1) −→ (q x0, . . . , xN−1)

for any constant q 6= 0. It is easily checked that ϕq is a proper causal
relation for all q ≥ 1, but is not for all q < 1. Thus L ≺ L but, say,
L ⊀ϕ1/2

L. Notice also that for q ≤ −1 the diffeomorphisms ϕq change

the time orientation of the causal vectors, but still ϕ′Θx ⊆ Θϕ(x) (with
ϕ′Θ+

x ⊆ Θ−
ϕ(x).)

Proper causal relations can be easily characterized by some equivalent
simple conditions [24].

Theorem 3.7 The following statements are equivalent:

1. V ≺ϕ W .

2. ϕ∗
(DP+

r (W )
) ⊆ DP+

r (V ) for all r ∈ N.

3. ϕ∗
(DP+

1 (W )
) ⊆ DP+

1 (V ).

4. ϕ∗h ∈ DP−2 (V ) where h is the metric of W up to time orientation.

Proof. (See also [24])
1 ⇒ 2: let T ∈ DP+

r (W ), then (ϕ∗T )(~u1, . . . , ~ur) = T (ϕ′~u1, . . . , ϕ
′~ur) ≥

0 for all ~u1, . . . , ~ur ∈ Θ+(V ) given that ϕ′~u1, . . . , ϕ
′~ur ∈ Θ+(W ) by as-

sumption. Thus ϕ∗T ∈ DP+
r (V ).

2 ⇒ 3: Trivial.
3 ⇒ 4: For any ~u ∈ Θ+(V ) we have that 0 ≤ (ϕ∗w)(~u) = w(ϕ′~u) holds
for all w ∈ DP+

1 (W ), so that necessarily ϕ′~u ∈ Θ+(W ) (which already
implies 1). Then, 0 ≤ h(ϕ′~u, ϕ′~v) = ϕ∗h(~u,~v) for all ~u,~v ∈ Θ+(V ), which
proves that ϕ∗h ∈ DP−2 (V ).
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4 ⇒ 1: For every ~u ∈ Θ+(V ) we have that (ϕ∗h)(~u, ~u) = h(ϕ
′
~u, ϕ

′
~u) ≤ 0

and hence ϕ
′
~u ∈ Θ(W ). Besides, for any other ~v ∈ Θ+(V ), (ϕ∗h)(~u,~v) =

h(ϕ
′
~u, ϕ

′
~v) ≤ 0 so that every two vectors with the same time orientation

are mapped to vectors with the same time orientation. However, it could
happen that Θ+(V ) is actually mapped to Θ−(W ), and Θ−(V ) to Θ+(W ).
By changing the time orientation of W , if necessary, the result follows.

¤

Condition 4 in this theorem can be replaced by
4’. ϕ∗h ∈ DP−2 (V ) and ϕ

′
~u ∈ Θ+(W ) for at least one ~u ∈ Θ+(V ).

Leaving this time-orientation problem aside (in the end, condition 4 just
means that W with one of its time orientations is properly causally re-
lated with V ), let us stress that the condition 4 (or 4’) is very easy to
check and thereby extremely valuable in practical problems: first, one
only has to work with one tensor field h, and also as we saw in proposi-
tion 1.3 there are several simple ways to check whether ϕ∗h ∈ DP−2 (V )
or not.

The combination of theorem 2.12 and condition 4 in theorem 3.7
provides a classification of the proper causal relations according to the
number of independent null vectors which are mapped by ϕ to null vectors
at each point. The key result here is that

Proposition 3.8 Let V ≺ϕ W and ~u ∈ Θ+
x , x ∈ V . Then ϕ

′
~u is null at

ϕ(x) ∈ W if and only if ~u is a null eigenvector of ϕ∗h|x.
Proof. See [25, 24]. Recall that ~u is called an “eigenvector” of a 2-
covariant tensor T if T ( , ~u) = λg( , ~u) and λ is then the corresponding
eigenvalue.

¤

The vectors which remain null under the causal relation ϕ are called
its canonical null directions, and there are at most N of them linearly
independent. Hence, using theorem 2.12 one can see that there essentially
are N different types of proper causal relations, and that the conformal
relations are included as the particular case in which all null directions
are canonical [25].

Clearly V ≺ V for all V (by just taking the identity mapping). More-
over

Proposition 3.9 V ≺ W and W ≺ U =⇒ V ≺ U .
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Proof. Consider any ~u ∈ Θ+(V ). Since there are ϕ, ψ such that V ≺ϕ

W and W ≺ψ U , then ϕ
′
~u ∈ Θ+(W ) and ψ

′
[ϕ

′
~u] ∈ Θ+(U) so that

(ψ ◦ ϕ)
′
~u ∈ Θ+(U) from where V ≺ U .

¤

It follows that the relation≺ is a preorder for the class of all Lorentzian
manifolds. This is not a partial order as V ≺ W and W ≺ V does not
imply that V = W and, actually, it does not even imply that V is con-
formally related to W . The point here is that V ≺ϕ W and W ≺ψ V can
perfectly happen with ψ 6= ϕ−1. In the case that V ≺ϕ W and W ≺ϕ−1 V
then necessarily ϕ is a conformal relation and ϕ∗h = e2fg, but we are
dealing with more general and basic causal equivalences.

Definition 3.10 Two Lorentzian manifolds V and W are called causally
isomorphic, denoted by V ∼ W , if V ≺ W and W ≺ V .

If V ∼ W then the causal structures in both manifolds are somehow the
same. Clearly, ∼ is an equivalence relation, and now one can obtain a
partial order ¹ for the corresponding classes of equivalence coset(V ) ≡
{U : V ∼ U}, by setting

coset(V ) ¹ coset(W ) ⇐⇒ V ≺ W .

This partial order provides chains of (classes of equivalence of) Lorentzian
manifolds which keep “improving” the causal properties of the space-
times. To see this, we need the following (see [3, 16] for definitions)

Proposition 3.11 Let V ≺ W . Then, if V violates any of the following

1. the chronology condition,

2. the causality condition,

3. the future-distinguishing condition (or the past one),

4. the strong causality condition,

5. the stable causality condition,

6. the global hyperbolicity condition,

so does W .
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Proof. (see [24] for the details). For 1 to 4, let γ be a causal curve
responsible for the given violation of causality (that is, a closed time-
like curve for 1, or a curve cutting any neighbourhood of a point in
a disconnected set for 4, and so on). Then, ϕ(γ) has the correspond-
ing property in W . To prove 5, if there were a function f in W such
that −df ∈ DP+

1 (W ), from theorem 3.7 point 3 it would follow that
d(ϕ∗f) = ϕ∗df ∈ DP−1 (V ) so that ϕ∗f would also be a time function.
Finally, 6 follows from corollary 3.1 in [25].

¤

With this result at hand, we can build the afore-mentioned chains of
spacetimes, such as

coset(V ) ¹ · · · ¹ coset(W ) ¹ · · · ¹ coset(U) ¹ · · · ¹ coset(Z)

where the spacetimes satisfying stronger causality properties are to the
left, while those violating causality properties appear more and more to
the right. This is natural because the light cones “open up” under a
causal mapping. The actual properties depend on the particular chain
and its length, but an optimal one would start with a V which is globally
hyperbolic, and then it could pass through a W which is just causally
stable, then U could be causal, say, and the last step Z could be a totally
vicious spacetime [16].

Perhaps the above results can be used to give a first fundamental
characterization of asymptotically equivalent spacetimes, at a level prior
to the existence of the metric, which might then be included in a sub-
sequent step. This could be accomplished by means of the following
tentative definitions, which may need some refinement.

Definition 3.12 An open set ζ ⊂ V is called a neighbourhood of

1. the causal boundary of V if ζ ∩ γ 6= ∅ for all endless causal curves
γ;

2. a singularity set S if ζ∩γ 6= ∅ for all endless causal curves γ which
are incomplete towards S;

3. the causal infinity if ζ ∩ γ 6= ∅ for all complete causal curves γ.

(See [16] for definition of boundaries, singularity sets, etcetera).
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Definition 3.13 W is said to be causally asymptotically V if any two
neighbourhoods of the causal infinity ζ ⊂ V and ζ ⊂ W contain corre-
sponding neighbourhoods ζ ′ ⊂ ζ and ζ ′ ⊂ ζ of the causal infinity such
that ζ ′ ∼ ζ ′.

Similar definitions can be given for W having causally the singularity
structure of V , or the causal boundary of V , replacing in the given def-
inition the neighbourhoods of the causal infinity by those of the singu-
larity and of the causal boundary, respectively. The usefulness of these
investigations is still unclear.

3.5 Causal transformations and generalized symmetries

Here the natural question of whether the causal relations can be used to
define a generalization of the group of conformal motions is analyzed. To
start with, we need a basic concept.

Definition 3.14 A transformation ϕ : V −→ V is called causal if V ≺ϕ

V . The set of causal transformations of V is written as C(V ).

C(V ) is a subset of the group of transformations of V . In fact, from the
proof of proposition 3.9 follows that C(V ) is closed under the composi-
tion of diffeomorphisms. As the identity map is also clearly in C(V ) its
algebraic strucuture is that of a submonoid, see e.g. [26], of the group of
diffeomorphisms of V . However, C(V ) generically fails to be a subgroup,
because (see [25] for the proof):

Proposition 3.15 Every subgroup of causal transformations is a group
of conformal motions.

From standard results, see [26], one identifies C(V )∩C(V )−1 as the group
of conformal motions of V and there is no other subgroup of C(V ) con-
taining C(V ) ∩ C(V )−1. The transformations in C(V ) \ (C(V ) ∩ C(V )−1)
are called proper causal transformations.

Take now a one-parameter group of causal transformations {ϕt}t∈R.
From proposition 3.15 it follows that {ϕt} must be in fact a group of
conformal motions, and its infinitesimal generator is a conformal Killing
vector, so that nothing new is found here. Nevertheless, one can gener-
alize naturally the conformal Killings by building one-parameter groups
of transformations {ϕt} such that only part of them are causal transfor-
mations. Given that the problem arises because both ϕt and ϕ−t = ϕ−1

t
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belong to the family and thus they would both be conformal if they
are both causal, one readily realizes that the natural generalization is
to assume that {ϕt}t∈R is such that either {ϕt}t∈R+ or {ϕt}t∈R− is a
subset of C(V ), but only one of the two. Any group {ϕt}t∈R with this
property is called a maximal one-parameter submonoid of proper causal
transformations. Of course, the one-parameter submonoid can just be a
local one so that the transformations are defined only for some interval
I = (−ε, ε) ∈ R and only those with t ∈ (0, ε) (or t ∈ (−ε, 0)) are proper
causal transformations.

Let then {ϕt}t∈I be a local one-parameter submonoid of proper causal
transformations, and assume that t ≥ 0 provides the subset of proper
causal transformations (otherwise, just change the sign of t). The in-
finitesimal generator of {ϕt}t∈I is defined as the vector field

~ξ =
dϕt

dt

∣∣∣∣
t=0

so that for every covariant tensor field T one has

d(ϕ∗t T )

dt

∣∣∣∣
t=0

= £~ξ T

where £~ξ denotes the Lie derivative with respect to ~ξ. As {ϕt}t≥0 are
proper causal transformations, and using point 2 in theorem 3.7, one gets
ϕ∗t T ∈ DP+

r for t ≥ 0 and for all tensor fields T ∈ DP+
r . In particular,

ϕ∗t T (~u1, . . . , ~ur) ≥ 0, ∀~u1, . . . , ~ur ∈ Θ+, ∀T ∈ DP+
r , t ≥ 0, (3.4)

from where we can derive the next result.

Lemma 3.16 Let T ∈ DP+
r and ~k ∈ Θ+ be such that T (~k, . . . , ~k) = 0.

If ϕt ∈ C(V ) for t ∈ [0, ε), then

(£~ξ T )(~k, . . . , ~k) ≥ 0 .

Proof. Under the conditions of the lemma, and due to points 2 and 3

of proposition 1.3, it is necessary that ~k is null, that is, ~k ∈ ∂Θ+. From

formula (3.4) one obtains ϕ∗t T (~k, . . . , ~k) ≥ 0 for all t ∈ [0, ε). But ϕ0 is

the identity transformation, so ϕ∗0T (~k, . . . , ~k) = T (~k, . . . , ~k) = 0, from
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where necessarily follows that ϕ∗t T (~k, . . . , ~k) is a non-decreasing function

of t at t = 0, that is to say, (d/dt)(ϕ∗t T (~k, . . . , ~k))|t=0 ≥ 0.

¤

Corollary 3.17 Let ~ξ be the infinitesimal generator of a local one-
parameter submonoid of proper causal transformations {ϕt}t∈I and choose
the sign of t such that {ϕt}t≥0 ⊂ C(V ). Then

(£~ξ g)(~k,~k) ≤ 0 , ∀~k ∈ ∂Θ

Proof. Obviously g(~k,~k) = 0 for all null ~k, and also g ∈ DP−2 , so lemma
3.16 can be applied to −g and the result follows.

¤

This result is a generalization of the condition for conformal Killing
vectors (£~ξ g ∝ g) and can be analyzed in a similar manner. As a
matter of fact, the application of the decomposition theorem 2.12 to
ϕ∗t g ∈ DP−2 leads to a much stronger result which allows for a complete

characterization of the vector fields ~ξ and their properties.

Theorem 3.18 Let ~ξ be the infinitesimal generator of a local one-parameter
submonoid of proper causal transformations {ϕt}t∈I and choose the sign
of t such that {ϕt}t≥0 ⊂ C(V ). Then there is a function ψ such that

[
£~ξ g − 2ψg

]
∈ DP−2 .

Proof. From theorem 2.12 and given that ϕ∗t g ∈ DP−2 for t ∈ [0, ε) one
has

ϕ∗t g = −
N∑

p=1

Tt{Ωp} = −
N−1∑
p=1

Tt{Ωp}+ Ψ2
t g

where Tt{Ωp} are superenergy tensors of simple p-forms for all values
of t ∈ [0, ε) and Ψt are functions on V with Ψ0 = 1. Then we have
ϕ∗t g(~u,~v) ≤ Ψ2

t g(u, v) ≤ 0 for all ~u,~v ∈ Θ+, or equivalently,

Ψ−2
t ϕ∗t g(~u,~v) ≤ g(~u,~v) = Ψ−2

0 ϕ∗0g(~u,~v) ≤ 0
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from where a reasoning similar to that in lemma 3.16, by taking the
derivative with repsect to t at t = 0, gives

[
£~ξ g − 2ψg

]
(~u,~v) ≤ 0, ∀~u,~v ∈ Θ+

where ψ ≡ dΨt/dt|t=0.
¤

This set of vector fields generalize the traditional (conformal) sym-
metries and the previous theorem together with theorem 2.12 provides
first a definition of generalized symmetries, and second its full classifica-
tion because £~ξ g − 2ψg itself can be written as a sum of superenergy
tensors of simple p-forms. The number of independent null eigenvec-
tors of £~ξ g− 2ψg (ranging from 0 to N) gives the desired classification,
where N corresponds to the conformal Killing vectors. This is under
current investigation. It must be remarked that the above theorem does
not provide a sufficient condition for a vector field to generate locally a
one-parameter submonoid of causal transformations.

Several examples of generalized Killing vectors in this sense can be
presented. One of them is a particular case of a previous partial gen-
eralization of isometries considered in [27] and called Kerr-Schild vector
fields. They are vector fields which satisfy £~ξ g ∝ ` ⊗ ` and £~ξ ` ∝ `
where ` is a null 1-form. Obviously, as £~ξ g ∈ DP2 this can give rise to a
one-parameter submonoid of causal transformations. See Example 4 in
[25] for an explicit case of this.

Another interesting example arises by considering the typical
Robertson-Walker spacetimes RW, the manifold being I×MN−1(κ) where
I ⊆ R is an open interval of the real line with coordinate x0 and MN−1(κ)
is the (N − 1)-dimensional Riemannian space of constant curvature κ,
its canonical positive-definite metric being denoted here by gκ. The
Lorentzian metric in RW is the warped product

g = −dx0 ⊗ dx0 + a2(x0) gκ

where a(x0) > 0 is a C2 function on I. Take the diffeomorphisms
ϕt : RW −→ RW which leave MN−1(κ) invariant (they are the iden-
tity on MN−1(κ)) and act on I as x0 → x0 + t. It is immediate that

ϕ∗t g = −dx0 ⊗ dx0 + a2(x0 + t) gκ

so that ϕ∗t g ∈ DP−2 (RW) if and only if a(x0 + t) ≤ a(x0), and therefore
ϕ∗t g ∈ DP−2 (RW) for t ∈ [0, ε) if and only if a is a non-increasing func-
tion. Physically this means that {ϕt}t∈I is a one-parameter submonoid
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of proper causal transformations in RW if and only if the Robertson-
Walker spacetime is non-expanding. Naturally, the non-contracting case,
perhaps of more physical importance, can be studied analogously by sim-
ply changing the sign of t.

The infinitesimal generator of this one-parameter group is

~ξ ≡ dϕt

dt

∣∣∣∣
t=0

=
∂

∂x0

and the deformation of the metric tensor reads

£~ξ g = 2aȧ gκ =
2ȧ

a
(g + ξ ⊗ ξ)

where ȧ is the derivative of a and ξ = g( , ~ξ) = dx0. Observe that,

£~ξ g =
2ȧ

a
T{ξ}+

ȧ

a
g

where T{ξ} is the superenergy tensor of ξ. Obviosuly, the sign of ȧ is
determinant here for £~ξ g− (ȧ/a) g to be in DP2, in accordance with the
previous reasoning and the theorem 3.18. In fact, in this explicit case, as
gκ is a positive-definite metric, one can prove

(£~ξ g)(~x, ~x) = 2aȧ gκ(~x, ~x), ∀~x ∈ T (RW)

which has the sign of ȧ for all vector fields ~x. This same property is
shared by the Example 4 of [25].

All in all, the deformation £~ξ g produced by one-parameter local
submonoids of causal transformations has been shown to be controllable
and the generalized symmetries thereby defined can be attacked using
traditional techniques.
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