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Definition

Let T : A — Ay be a bounded operator. The Berezin transform of the operator T,
T :D— C, is given by

T(2) = (T(ks) ke 1)
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Recall that a compact operator T : A — A; is said to belong to the Schatten class
Sp(A2) if

Tl = sup{(Z|(Tun, un)|P)YP; {u, Yorthonormal system} < oo.
n

It is well known that

T2 = (X | Ten]|?)*/2 ()
n
For positive operators T, i.e. (Tf,f) >0 for all f € Ay,
[Tl =tr(T)=Y.(Ten, en). (3)

n

Also recall that if T >0 then T € S, if and only if TP € 5;.
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A Toeplitz operator T, with symbol ¢ € L(D), is given by

T(p(f)(z):/lm%dA(w), f= g‘bamem.
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A Toeplitz operator T, with symbol ¢ € L(D), is given by

To(N()= [ 2R A, = anen *)

f(w)g(z)p(w TN
(To(F). &) = Jo Jp LHEESL dA(2)dA(w) = Ji, F(w)g(w)@(w)dA(w).
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#() = (- [PY [ oA

for ¢ € L1(DD).
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Proposition

The Berezin transform ¢ — @ is bounded in LP(D,dA) for any 1 < p < co.
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Toeplitz operators
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Toeplitz operators and Schatten classes

Proposition

The Berezin transform ¢ — @ is bounded in LP(D,dA) for any 1 < p < co.

Proposition

Let 1 <p<eo. If @€ LP(D,dA) then Ty € Sp(Az).

It is known that for a nonegative ¢ € L1(D), T, is compact if and only if ¢ € Co(D).

The Toeplitz operator Ty, € Sy, if and only if the Berezin transform ¢ € LP(D,dA).

A general question: What can be said for other spaces of operators or other spaces
of functions in terms of the Berezin transform?
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Mixed norm spaces

For o € R, 0 < p,q < oo the mixed norm space LP:%% is the space of all measurable
complex functions f on D such that

1 ) L 1/q
ufan,q.a:( [ -y M:z(f,r)dr) <o 5)

21 ior|P dB 1/p
Mp(f,r):(/o |7(re’®)] E) :

Of course LP(D, dA) = LPP/P and f € LP(D,d2) if and only if (1 —|z[2)~2/Pf € LP-PL/P,

with

4
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Herz spaces

For ¢ € R and 1 < p,q < oo let %”’a be Herz spaces consisting of all measurable
functions such that (2’"0‘ 1l e a dA)) N € {9 where
s ne

Ap={z:1-27"<|z| <1—2(m1y
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Toeplitz operators
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The problems

Herz spaces

For ¢ € R and 1 < p,q < oo let %p’a be Herz spaces consisting of all measurable

functions such that (2’"0‘ 1l e a dA)) N € {9 where
"’ ne

Ap={z:1-27"<|z| <1—2(m1y

We provide ijp‘a with the norm

< oo, (6)

1l e = || (27" 1Fll o an an))

neN|llga

Of course £ = LP(D, dA) and 1P = 1P(D,d2)
We will write 7" (1) = %P,*Z/p.
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Kellog spaces

Denote I = [2k —1,2k*1)N(NU{0}) for k € NU{0} and for 0 < p,q < o define
Kellog's spaces ¢(p,q) as the space of sequences (A4,)n>0 such that

1)l = (L (L 120 P)7/e)’

k>0 nely

/q
’

and the obvious modifications for p = or g = co.
We have {(p,p) = ¢P and

1)y = 1AaPIEE o/ (™
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Two problems on operators

Problem 1: Which are the new classes of Toeplitz operators whose symbols have
Berezin transform in mixed norm spaces LP9:%.?
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Two problems on operators

Problem 1: Which are the new classes of Toeplitz operators whose symbols have
Berezin transform in mixed norm spaces LP9:%.?

Previous results for Herz spaces

In 2005 M. Loaiza, M. Lépez Garcia and S. Pérez-Esteva introduced the so called
Schatten-Herz classes S, ; of all Toeplitz operators Ty such that Ty =Y _; Ty, , with
Ty, € Sp where ¢, = xa,¢ and which satisfy

- 1/q
YITalls, ] <o
n=1
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Theorem
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Problem 1: Which are the new classes of Toeplitz operators whose symbols have
Berezin transform in mixed norm spaces LP9:%.?

Previous results for Herz spaces

In 2005 M. Loaiza, M. Lépez Garcia and S. Pérez-Esteva introduced the so called
Schatten-Herz classes S, ; of all Toeplitz operators Ty such that Ty =Y _; Ty, , with
Ty, € Sp where ¢, = xa,¢ and which satisfy

- 1/q
(2 ||Twnn§,,) e
n=1

Theorem

Let 1 < p < oo, <peL1(]D>) and s > 0. Then

Ty € Spq = 0 XL ().

Problem 2 : Find a definition of Schatten-Herz classes valid for general operators.

N A\

Oscar Blasco On Schatten-Herz operators



Introduction

New Definitions

New results

A Result and its proof.

Some new classes of compact operators

Definition

Let 0 < p,g<e and T be a bounded operator on A;. Denote A;: A; — A given by

2j(f) =Y apz", f(2)= ioa,,z".

nel;
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A Result and its proof.

Some new classes of compact operators

Definition
Let 0 < p,g<e and T be a bounded operator on A;. Denote A;: A; — A given by
Aj(f)= Z anz", f(z)= Z anz".
nel; n=0
We say that T € S(p,q) if
ITlpa = (L ITAL )Y <.
j=0

For g = oo we say that T € S(p,) if || T|

p,oo = supj H TAj”Sp < oo,
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Some new classes of compact operators

Definition
Let 0 < p,g<e and T be a bounded operator on A;. Denote A;: A; — A given by
Aj(f)= Z anz", f(z)= Z anz".
nel; n=0
We say that T € S(p,q) if
ITlpa = (L ITAL )Y <.
j=0

For g = oo we say that T € S(p,) if || T|

p,oo = supj H TAj”Sp < oo,

S(p,1) C S, C S(p, o).
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New results

Characterizations

Theorem

Let T be a positive compact operator on Ay and 0 < q < . The following are
equivalent:

() TeS(Lq) ie Lol TAIS <o
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New results

Characterizations

Theorem

Let T be a positive compact operator on Ay and 0 < q < . The following are
equivalent:

() TeS(,q), ie TiolTAL <eo.
(ii) (<Tenyen>)" EZ(LQ).
(i) Telle 1l
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New results

Characterizations

Let T be a positive compact operator on Ay and 0 < q < . The following are
equivalent:

() TeS(1,q), ie o TA;E <o
(ii) ((Te,,,e,,))n €((1,q).
(i) TeLbal
(iv) (1—|z?) BT eLX9% for any B — o =1.
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New results

More characterizations

Let T be a positive compact operator on Ay and fr(z) = T(k;),z € D.
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New results

More characterizations

Theorem

Let T be a positive compact operator on Az and fr(z) = T(k;),z € D. The following
are equivalent

() T€S(2,q), ie. Lol TA/|L <.
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New results

More characterizations

Theorem

Let T be a positive compact operator on Az and fr(z) = T(k;),z € D. The following
are equivalent

() T€S(2,q), ie. Lol TA/|L <.
(i) ((T2(en),en))n € £(1,q/2).
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New results

More characterizations

Theorem

Let T be a positive compact operator on Az and fr(z) = T(k;),z € D. The following
are equivalent

() T€S(2,q), ie. Lol TA/|L <.
(i) ((T2(en),en))n € £(1,q/2).
(iii) (|| Ten[)nen € £(2,9).
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New results

More characterizations

Theorem

Let T be a positive compact operator on Az and fr(z) = T(k;),z € D. The following
are equivalent

() T€S(2,9), ie LolITAj, <.
(i) ((T2(en),en))n € €(1,9/2).
(iii) (Il Tenl)new € £(2,9).
(iv) fr e [2971/2(D, Ay).
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New results

More characterizations

Theorem

Let T be a positive compact operator on Az and fr(z) = T(k;),z € D. The following
are equivalent

(i) T€S(2,q), ie TiolTAIIE, <o
(i) ((T?(en),en))n € £(1,q/2).
(iii) (Il Tenl)ner € €2, q)-
(iv) fr e [297Y2(D, Ap).
(iv) (1—|z]?) Bfr e 299D, Ay) for B—o=1/2.
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A Result and its proof.

The case S(1,q)

Lemma

For 0 < g < o0 and any sequence (), of nonegative real numbers, one has

||(an)n“l(1,q) ~(x-r) Z (n+ l)anr”HLq([OylL%). (8)
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A Result and its pmof

The case S(1,q)

For 0 < g < o0 and any sequence (), of nonegative real numbers, one has

H(an)nHl(l.q) ~(x-r) Z (n+ 1)OlnrnHLq([071]darr). (8)
n=0

Lemma

Given zeD and T : Ay — As.

[ Tty 2 = (-2  (n b 1 Ten, el (©)

n=0
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New Definitions
New results

A Result and its proof.

For 0 < g < o0 and any sequence (), of nonegative real numbers, one has

H(an)nHl(l.q) ~(x-r) Z (n+ l)anrn|‘Lq([071]7%)~ (8)

Given zeD and T : Ay — As.

[T T8 = (1 12PY ¥ (0 1) (T a2 ©)
0 27 n=0 -

Let T be a positive compact operator on Ay. Then (1—|z|?)~2 T € LX91 if and only if
(Ten,en) € (1,q).
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