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Introduction Notation and basic definitions

Convex Analysis

e X is a separated locally convex real topological vector space, with
dual space X* and duality product (-,-) : X* x X —» R,

(x*,x) = a"(x)
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o K C X isacone if aK C K for every a > 0.
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Introduction Notation and basic definitions

Convex Analysis

e X is a separated locally convex real topological vector space, with
dual space X* and duality product (-,-) : X* x X —» R,

(x*,x) = a"(x)

o K C X isacone if aK C K for every a > 0.
CcXisconvexif (1=Nz+AdyeClorallz,yeC,0< A< 1.

o A face of a convex set C is a convex subset F' of C such that z,y € C
and (z +y)/2 € F imply that z,y € F.
The extreme points are the faces with a single point.
A face is said to be exposed if it is the set where a certain z* € X*
attains its minimum on C.
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Convex Analysis

e X is a separated locally convex real topological vector space, with
dual space X* and duality product (-,-) : X* x X —» R,

(x*,x) = a"(x)

o K C X isacone if aK C K for every a > 0.
CcXisconvexif (1=Nz+AdyeClorallz,yeC,0< A< 1.

o A face of a convex set C is a convex subset F' of C such that z,y € C
and (z +y)/2 € F imply that z,y € F.
The extreme points are the faces with a single point.
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Introduction Notation and basic definitions

Convex Analysis

e X is a separated locally convex real topological vector space, with
dual space X* and duality product (-,-) : X* x X —» R,

(0", 2) = 2" ()
o K C X isacone if aK C K for every a > 0.

CcXisconvexif (1=Nz+AdyeClorallz,yeC,0< A< 1.

o A face of a convex set C is a convex subset F' of C such that z,y € C
and (z +y)/2 € F imply that z,y € F.
The extreme points are the faces with a single point.
A face is said to be exposed if it is the set where a certain z* € X*
attains its minimum on C.

@ The recession cone of C' C X is defined by
0"C:={veX|z+pueC VzeC and Vu>0}.

e Notation: conv C, cone C, rint C, c1C (weak*-closure if C C X*).
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o The indicator function of C' C X, ¢ : X — R, is

0 ifexeC,

dc(z) := +o00  otherwise.
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o The indicator function of C' C X, ¢ : X — R, is

S (x) :{ 0 ifxeC,

400 otherwise.
e The support function of C C X, o¢ : X* — R, is

oo (%) = sgg (x*, ).
x
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Introduction Notation and basic definitions

e The indicator function of C C X, §¢ : X — R, is
{ 0 ifxeC,

dc(z) := +o00  otherwise.

e The support function of C C X, o¢ : X* — R, is
oo (%) = sup (z, x) .
zeC

For a given function f : X — R we consider the following notions:
@ The effective domain, the sublevel set (r € R) and the epigraph of f:

domf := {xeX|f(x)<+oo},
L(f,r) = {zeX|f(x)<r},
epif = {(z,a) e X xR f(z) <a}.
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e The indicator function of C C X, §¢ : X — R, is
0 ifexeC,

do(w) = { +o00 otherwise.

e The support function of C C X, o¢ : X* — R, is
oo (%) = sup (z, x) .

zeC

For a given function f : X — R we consider the following notions:
@ The effective domain, the sublevel set (r € R) and the epigraph of f:

domf := {xeX|f(x)<+oo},
L(f,r) = {zeX|f(x)<r},
epif = {(z,a) e X xR f(z) <a}.

e f is proper if f > —oco and dom f # 0.
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e The indicator function of C C X, §¢ : X — R, is
0 ifexeC,
do(w) = { +o00 otherwise.
e The support function of C C X, o¢ : X* — R, is
oo (%) = sup (z, x) .
zeC

For a given function f : X — R we consider the following notions:
@ The effective domain, the sublevel set (r € R) and the epigraph of f:

domf := {xeX|f(x)<+oo},
L(f,r) = {zeX|f(x)<r},
epif = {(z,a) e X xR f(z) <a}.

e f is proper if f > —oco and dom f # 0.

o f is sublinear if epi f is a convex cone.
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o The indicator function of C' C X, ¢ : X — R, is

S (x) :{ 0 ifxeC,

400 otherwise.
e The support function of C C X, o¢ : X* — R, is

oo (%) = sgg (x*, ).
x

For a given function f : X — R we consider the following notions:
@ The effective domain, the sublevel set (r € R) and the epigraph of f:

domf := {xeX|f(x)<+oo},
L(f,r) = {zeX|f(x)<r},
epif = {(z,a) e X xR f(z) <a}.

e f is proper if f > —oco and dom f # 0.
o f is sublinear if epi f is a convex cone.
e The (Fenchel) conjugate of f is the function f* : X* — R defined by

[ (@") = sup {(z", x) — f(2)}.

zeX
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Introduction Notation and basic definitions

o fislscat z € X if for each A € R such that A < f(Z) there exists a
neighbourhood of Z, Vz, such that A < f(x) for all z € V3.
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Introduction Notation and basic definitions

o fislscat z € X if for each A € R such that A < f(Z) there exists a
neighbourhood of Z, Vz, such that A < f(x) for all z € V3.

e For e > 0 and x € X with f(z) € R the e-subdifferential of f at Z is
0-f(Z) ={a" e X*| f(x)— f(Z) > (", 2 —T) —e,Vx € X };

otherwise, 0. f(z) = 0.
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Introduction Notation and basic definitions

o fislscat z € X if for each A € R such that A < f(Z) there exists a
neighbourhood of Z, Vz, such that A < f(x) for all z € V3.

e For e > 0 and x € X with f(z) € R the e-subdifferential of f at Z is
0-f(Z) ={a" e X*| f(x)— f(Z) > (", 2 —T) —e,Vx € X };
otherwise, 9: f(Z) = 0.

Lower semicontinuous hull of f
o clf: X — R with epi(cl f) = cl (epi f).

o When f is convex:

f* is proper < cl f is proper = f** =cl f.
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Introduction Notation and basic definitions

o fislscat z € X if for each A € R such that A < f(Z) there exists a
neighbourhood of Z, Vz, such that A < f(x) for all z € V3.

e For e > 0 and x € X with f(z) € R the e-subdifferential of f at Z is
0-f(Z) ={a" e X*| f(x)— f(Z) > (", 2 —T) —e,Vx € X };
otherwise, 9: f(Z) = 0.

Lower semicontinuous hull of f
o clf: X — R with epi(cl f) = cl (epi f).

o When f is convex:

f* is proper < cl f is proper = f** =cl f.

Infimal convolution of f,g: X — R
o flg: X — Rwith (fOg) (z) := infuex {f (u) + g (z —u)}.
e For f,g proper, convex and lsc with dom f N dom g # 0,

Moreau-Rockafellar formula : (f +¢)* = cl(f*Og").
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Introduction Notation and basic definitions

The Hahn-Banach theorem

Separation of convex sets

Suppose A and B are disjoint, nonempty, convex sets in a topological
(real) vector space X .

(i) If A is open, there exist v* € X* and o € R such that
WSy <a< (Wy) foralxe A ye B.

(it) If A is compact, B is closed and X is locally convex, then there exist
v* € X*, a € R and € > 0 such that

whry<a—e<a+e< (v,y) forallzeA yeB.
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Introduction Notation and basic definitions

The Hahn-Banach theorem

Separation of convex sets

Suppose A and B are disjoint, nonempty, convex sets in a topological
(real) vector space X .

(i) If A is open, there exist v* € X* and o € R such that
WSy <a< (Wy) foralxe A ye B.

(it) If A is compact, B is closed and X is locally convex, then there exist
v* € X*, a € R and € > 0 such that

whry<a—e<a+e< (v,y) forallzeA yeB.

o X* # {0} = there exist open and closed halfspaces.
o X* separates points on X, i.e., Vxy1,22 € X, J2* € X* such that

<l‘*,£€1> 3& <$*,.I2> .
e (' C X is a closed convex set < C'is the intersection of some family
of closed halfspaces.
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Introduction On even convexity

Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.
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Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.

o Equivalently, C' C X is e-convex if for each z € X\C, there exists
x* € X* such that (z*,z) < (¢*,%) for all z € C.
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Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.

o Equivalently, C' C X is e-convex if for each z € X\C, there exists
x* € X* such that (z*,z) < (¢*,%) for all z € C.
@ The intersection of e-convex sets is e-convex.

@ As a consequence of the Hahn-Banach Theorem, every open or closed
convex set is e-convex.
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Introduction On even convexity

Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.

o Equivalently, C' C X is e-convex if for each z € X\C, there exists
x* € X* such that (z*,z) < (¢*,%) for all z € C.
@ The intersection of e-convex sets is e-convex.

@ As a consequence of the Hahn-Banach Theorem, every open or closed
convex set is e-convex.

{(at,m) >by, t € T}

)

closed convex set
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Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.

o Equivalently, C' C X is e-convex if for each z € X\C, there exists
x* € X* such that (z*,z) < (¢*,%) for all z € C.
@ The intersection of e-convex sets is e-convex.

@ As a consequence of the Hahn-Banach Theorem, every open or closed
convex set is e-convex.

{{as, ) > b, t €T} = {{at,z) >bs, t € S;(as,x) > by, t € W}
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Introduction On even convexity

Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.

o Equivalently, C' C X is e-convex if for each z € X\C, there exists
x* € X* such that (z*,z) < (¢*,%) for all z € C.
@ The intersection of e-convex sets is e-convex.

@ As a consequence of the Hahn-Banach Theorem, every open or closed
convex set is e-convex.

{{as, ) > b, t €T}t = {{at, ) >bs, t € S;(as, ) > by, t € W}

i) )

closed convex set evenly convex set
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Introduction On even convexity

Evenly convex sets

Definition (Fenchel, 1952)

A set C' C X is said to be evenly convez (or, in brief, e-convez), if it is the
intersection of some family, possibly empty, of open halfspaces.

o Equivalently, C' C X is e-convex if for each z € X\C, there exists
x* € X* such that (z*,z) < (¢*,%) for all z € C.
@ The intersection of e-convex sets is e-convex.

@ As a consequence of the Hahn-Banach Theorem, every open or closed
convex set is e-convex.

{{as, ) > b, t €T} = {{at,z) > b, t € S;(as, ) > by, t € W}

i) )

closed convex set = evenly convex set
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Introduction On even convexity

Main Properties

Proposition (Goberna et al. 2003)

Given () # C C R"™, the following conditions are equivalent to each other:
(i) C 1is e-convex.

(i)) C is a convex set and for each x ¢ C there exists a hyperplane H
such that x € H and HNC = (.

(iti) C is the result of eliminating from a closed convex set the union of a
certain family of its exposed faces.

(iv) C is a convex set and for any convex set K C (c1C)\C, there exists
a hyperplane containing K and not intersecting C.
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Introduction On even convexity

Main Properties

Proposition (Goberna et al. 2003)

Given () # C C R"™, the following conditions are equivalent to each other:

(i) C 1is e-convex.

(i)) C is a convex set and for each x ¢ C there exists a hyperplane H
such that x € H and HNC = (.

(iti) C is the result of eliminating from a closed convex set the union of a
certain family of its exposed faces.

(iv) C is a convex set and for any convex set K C (c1C)\C, there exists
a hyperplane containing K and not intersecting C.

If C C X is e-convex, then:
exeC,yeclC=|x,y[CC.
e 0TC =07 (clO).
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Introduction On even convexity

Main Properties

Proposition (Goberna et al. 2003)

Given () # C C R"™, the following conditions are equivalent to each other:
(i) C 1is e-convex.

(i)) C is a convex set and for each x ¢ C there exists a hyperplane H
such that x € H and HNC = (.

(iti) C is the result of eliminating from a closed convex set the union of a
certain family of its exposed faces.

(iv) C is a convex set and for any convex set K C (c1C)\C, there exists
a hyperplane containing K and not intersecting C.

If C C X is e-convex, then:
exeC,yeclC=|x,y[CC.
e 0TC =07 (clO).

The e-convex hull of C' C X, ecoC, is the intersection of all the open
halfspaces containing C i.e., the smallest e-convex set that contains C.
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e convC CecoC Cclconv(C.
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Introduction On even convexity

Main Properties

e convC CecoC Cclconv(C.

o T ¢ecoC & Ja* € X* such that (z*,z) < (%, %) for all z € C.
In particular, 0 ¢ ecoC' < {(z,z) <0, z € C} is consistent.
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Main Properties

e convC CecoC Cclconv(C.

o T ¢ecoC & Ja* € X* such that (z*,z) < (%, %) for all z € C.
In particular, 0 ¢ ecoC' < {(z,z) <0, z € C} is consistent.

o If Cy C X and Cy C Y, then
eco (Cy x Cq) = (eco C1) x (eco Cy).

Therefore, C7 and Cy are e-convex < Cq x (s is e-convex.
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e convC CecoC Cclconv(C.

o T ¢ecoC & Ja* € X* such that (z*,z) < (%, %) for all z € C.
In particular, 0 ¢ ecoC' < {(z,z) <0, z € C} is consistent.

o If Cy C X and Cy C Y, then
eco (Cy x Cq) = (eco C1) x (eco Cy).

Therefore, C7 and Cy are e-convex < Cq x (s is e-convex.

Given a family of nonempty sets in X, eco (N;c;C;) C Nier (eco C;).
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Main Properties

e convC CecoC Cclconv(C.

o T ¢ecoC & Ja* € X* such that (z*,z) < (%, %) for all z € C.
In particular, 0 ¢ ecoC' < {(z,z) <0, z € C} is consistent.

o If Cy C X and Cy C Y, then
eco (Cy x Cq) = (eco C1) x (eco Cy).

Therefore, C7 and Cy are e-convex < Cq x (s is e-convex.

Given a family of nonempty sets in X, eco (N;c;C;) C Nier (eco C;).

e Even convexity is not preserved by linear transformations.
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Introduction On even convexity

Main Properties

e convC CecoC Cclconv(C.

o T ¢ecoC & Ja* € X* such that (z*,z) < (%, %) for all z € C.
In particular, 0 ¢ ecoC' < {(z,z) <0, z € C} is consistent.

o If Cy C X and Cy C Y, then
eco (Cy x Cq) = (eco C1) x (eco Cy).

Therefore, C7 and Cy are e-convex < Cq x (s is e-convex.

Given a family of nonempty sets in X, eco (N;c;C;) C Nier (eco C;).

e Even convexity is not preserved by linear transformations.

Proposition (Goberna et al. 2006)

If C CR™ and A : R™ — R" is a linear transformation, then

A(ecoC) C eco AC.
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Introduction On even convexity

Main Properties

e convC CecoC Cclconv(C.

o T ¢ecoC & Ja* € X* such that (z*,z) < (%, %) for all z € C.
In particular, 0 ¢ ecoC' < {(z,z) <0, z € C} is consistent.

o If Cy C X and Cy C Y, then
eco (Cy x Cq) = (eco C1) x (eco Cy).

Therefore, C7 and Cy are e-convex < Cq x (s is e-convex.
o Given a family of nonempty sets in X, eco (N;c;C;) C Nier (eco C;).

e Even convexity is not preserved by linear transformations.

Proposition (Goberna et al. 2006)

If C CR™ and A : R™ — R" is a linear transformation, then

A(ecoC) C eco AC.

e If C1,C5 C X, then ecoC; + ecoCy C eco (Cy + Cy).
e For any D C X x Y, projy (eco D) C eco (projy D).
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Evenly convex functions Introduction: Motivation

A function f : X — R is said to be evenly convex (or, in brief, e-conver),
if its epigraph, epi f, is an e-convex set in X x R.
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Evenly convex functions Introduction: Motivation

A function f : X — R is said to be evenly convex (or, in brief, e-conver),
if its epigraph, epi f, is an e-convex set in X x R.

convex functions quasiconvex functions
(i G 3
epi f convex L(f,r) convex Vr € R
W ©,)
Isc convex functions Isc quasiconvex functions
&
epi f closed convex L (f,r) closed convex Vr € R
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A function f : X — R is said to be evenly convex (or, in brief, e-conver),
if its epigraph, epi f, is an e-convex set in X x R.

convex functions quasiconvex functions
(i G 3
epi f convex L(f,r) convex Vr € R
®,)
evenly quasiconvex functions
W
L(f,r) evenly convex Vr € R
O,
Isc convex functions Isc quasiconvex functions
&
epi f closed convex L (f,r) closed convex Vr € R
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Evenly convex functions Introduction: Motivation

A function f : X — R is said to be evenly convex (or, in brief, e-conver),
if its epigraph, epi f, is an e-convex set in X x R.

convex functions quasiconvex functions
(i G 3
epi f convex L(f,r) convex Vr € R
W W
evenly convex functions evenly quasiconvex functions
) &
epi f evenly convex L(f,r) evenly convex Vr € R
W W
Isc convex functions Isc quasiconvex functions
&
epi f closed convex L (f,r) closed convex Vr € R
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Evenly convex functions Basic properties of e-convex functions

On the effective domain

o The effective domain of an e-convex function is not necessarily an
e-convex set in X.

Consider the function f : R? — R defined by

xlln% if0<z1 <1,0< 29 <279,
f(ﬂfhwz): 0 if ;1 =29 =0,
+00 otherwise.
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Evenly convex functions Basic properties of e-convex functions

On the effective domain

Proposition
Let f be an e-convex function. If either
o f is improper, or
o f is proper and bounded from above on dom f,

then dom f is an e-convex set.
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Basic properties of e-convex functions

On the effective domain

Proposition

Let f be an e-convex function. If either
o f is improper, or
o f is proper and bounded from above on dom f,

then dom f is an e-convex set.

Proposition

Let f be an improper function such that f (x¢) = —oo for some xg € X.
If f is e-convex, then f(x) = —oco for all x € dom f.
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Evenly convex functions Basic properties of e-convex functions

On the effective domain

Proposition

Let f be an e-convex function. If either
o f is improper, or
o f is proper and bounded from above on dom f,

then dom f is an e-convex set.

Proposition

Let f be an improper function such that f (x¢) = —oo for some xg € X.
If f is e-convex, then f(x) = —oo for all z € dom f.

Theorem

Let f be an improper function s.t. f(xg) = —oo for some xg € X. Then,

dom f is e-convex and
f(z) = —c0 Vz € dom f.

f is e-conver &
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Evenly convex functions Basic properties of e-convex functions

Characterization

Let f : R” — R be a proper function. Then,

f is e-convexr < f is convex and lsc on eco (dom f).
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Basic properties of e-convex functions

Characterization

Let f : R” — R be a proper function. Then,

f is e-convexr < f is convex and lsc on eco (dom f).

Sketch of the Proof:
(=) It is well-known that f is convex and lsc on rint (dom f).

@ We prove that f is Isc on eco (dom f) \ rint (dom f) C rbd (dom f).
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Evenly convex functions Basic properties of e-convex functions

Characterization

Let f : R” — R be a proper function. Then,

f is e-convexr < f is convex and lsc on eco (dom f).

Sketch of the Proof:
(=) It is well-known that f is convex and lsc on rint (dom f).

@ We prove that f is Isc on eco (dom f) \ rint (dom f) C rbd (dom f).
(<) For any (Z,a) ¢ epi f, 3 H such that (z,a) € H and HNepif =107

@ T ¢ eco(dom f): Easy!

@ T € eco(dom f) \ rint (dom f): (Z,a) ¢ cl(epi f).

@ T € rint (dom f):
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Basic properties of e-convex functions

Characterization

Let f : R” — R be a proper function. Then,

f is e-convexr < f is convex and lsc on eco (dom f).

Sketch of the Proof:
(=) It is well-known that f is convex and lsc on rint (dom f).

@ We prove that f is Isc on eco (dom f) \ rint (dom f) C rbd (dom f).
(<) For any (Z,a) ¢ epi f, 3 H such that (z,a) € H and HNepif =07

@ T ¢ eco(dom f): Easy!

@ T € eco(dom f) \ rint (dom f): (Z,a) ¢ cl(epi f).

@ T € rint (dom f): We consider the following result:

Theorem (Rockafellar, 1970)

Let f: R™ — R be a proper convex function and % € rint (dom f). Then,
Ju € R™ such that a— f(Z) > (u,x — ) for all (x,a) € epi f.
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E:

On the strict epigraph

o The strict epigraph of an e-convex function is not necessarily an
e-convex set.

Consider the function f : R — R defined by
—V1-22 if —1<z<1,
@ ={ s

+o00 otherwise.
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E:

On the strict epigraph

o The strict epigraph of an e-convex function is not necessarily an
e-convex set.

Consider the function f : R — R defined by
—V1-22 if —1<z<1,
@ ={ s

+o00 otherwise.

Proposition

If f is a function such that epis f is e-convez, then f is e-conver.
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Evenly convex functions Basic properties of e-convex functions

On the strict epigraph

o The strict epigraph of an e-convex function is not necessarily an
e-convex set.

Consider the function f : R — R defined by

—V1—-2z2 if —1<z<1,

) = { +00 otherwise.

Proposition

If f is a function such that epis f is e-convez, then f is e-conver.

Proposition
Let ) # C C X xR be an e-convex set such that (0,1) € 07C. Then, the
function fo : X — R is e-convex.

fo(z) :=inf{a €R| (z,a) € C}.
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Basic properties of e-convex functions

Evenly convex functions

Proposition
Let ) # C C X x R be an e-convex set such that (0,1) € 0TC. Then, the

function fo : X — R is e-convex.
fo(z) :==inf{a € R| (z,a) € C}.

A\

Example (Klee et al. 2007)
Consider the e-convex set C := conv(RUT)\ {p,q} C R? x R.

(RUD\{p,q} G

+-->

¥
projrz C =G

A
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Basic properties of e-convex functions

Evenly convex functions

Proposition
Let ) # C C X x R be an e-convex set such that (0,1) € 0TC. Then, the

A\

function fo : X — R is e-convex.
fo(z) :==inf{a € R| (z,a) € C}.

Example (Klee et al. 2007)
Consider the e-convex set C := conv(RUT)\ {p,q} C R? x R.

(RUD\{p,q} G
P

+-->

¥
projrz C =G

Observe that (0,1) ¢ 07 C = {0,} (C is bounded), but

the function fo : R? — R is not e-convex.

New Results on Even Convexity
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© Evenly convex functions

e Functional operations preserving even convexity
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Evenly convex functions Functional operations preserving even convexity

Main operations

Proposition

(@) f is e-convex, a > 0 = «f is e-convex.
(it) {fi, i € I} are e-convex = sup;c; f; is e-conved.

(iii) f,g are proper e-convexr = [ + g is e-convex.
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Evenly convex functions Functional operations preserving even convexity

Main operations

(@) f is e-convex, a > 0 = «f is e-convex.

(it) {fi, i € I} are e-convex = sup;c; f; is e-conved.

(iii) f,g are proper e-convexr = [ + g is e-convex.

Sketch of the Proof:
@ dom (f + g) = dom f Ndomg.

@ The characterization theorem for proper e-convex functions is used.

@ eco(dom f Ndomg) C eco(dom f) N eco(domg).
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Evenly convex functions Functional operations preserving even convexity

Main operations

Proposition

(@) f is e-convex, a > 0 = «f is e-convex.
(it) {fi, i € I} are e-convex = sup;c; f; is e-conved.

(iii) f,g are proper e-convexr = [ + g is e-convex.

A\

Sketch of the Proof:
@ dom (f + g) = dom f Ndomg.

@ The characterization theorem for proper e-convex functions is used.

@ eco(dom f Ndomg) C eco(dom f) N eco(domg).

Proposition

| A

Let f and g be e-convex functions and assume that f is improper. Then,

f+g is e-conver & dom(f + g) is an e-convex set.

A\
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Evenly convex functions Functional operations preserving even convexity

E-convex hull function

The e-convezr hull of f, eco f, is the largest e-convex minorant of f.
f is said to be e-convez at xy € X if (eco f) (xo) = f(z0)-
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Functional operations preserving even convexity

E-convex hull function

The e-convezr hull of f, eco f, is the largest e-convex minorant of f.

f is said to be e-convez at xy € X if (eco f) (xo) = f(z0)-

Proposition

| A

For any f: X — R and x € X, one has

(eco f) () =inf{a € R| (x,a) € eco (epi f)}.

A\
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Evenly convex functions Functional operations preserving even convexity

E-convex hull function

The e-convezr hull of f, eco f, is the largest e-convex minorant of f.
f is said to be e-convez at xy € X if (eco f) (xo) = f(z0)-

| A

Proposition

For any f: X — R and x € X, one has

(eco f) () =inf{a € R| (x,a) € eco (epi f)}.

A\

cleconv f <ecof < f.

dom (eco f) C eco (dom f).

eco (dom f) = eco (dom (eco f)).

epis (eco f) C eco (epis f) C eco(epi f) C epi(eco f).
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Evenly convex functions Functional operations preserving even convexity

E-convex hull function

The e-convezr hull of f, eco f, is the largest e-convex minorant of f.
f is said to be e-convez at xy € X if (eco f) (xo) = f(z0)-

| A

Proposition

For any f: X — R and x € X, one has

(eco f) () =inf{a € R| (x,a) € eco (epi f)}.

A\

cleconv f <ecof < f.

dom (eco f) C eco (dom f).

eco (dom f) = eco (dom (eco f)).

epis (eco f) C eco (epis f) C eco (epi f) C epi(eco f).

o fis e-convex at zg € X & (wg,a) ¢ eco(epi f) for all a < f(xo).

o f is e-convex < f is e-convex at x, for every xp € X.
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@ A new support function for e-convex sets
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Duality for evenly convex functions A new support function for e-convex sets

The e-support function 7¢

L :=TR x {0,1} with the lexicographic order <, is a complete chain.

(a1,a2) <p (b1,b2) & (a1 <b1) or (a1 =bi,a2 < b2)
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Duality for evenly convex functions A new support function for e-convex sets

The e-support function 7¢

L :=TR x {0,1} with the lexicographic order <, is a complete chain.

(a1,a2) <p (b1,b2) & (a1 <b1) or (a1 =bi,a2 < b2)

The e-support function of C' C X is 7¢ : X* — L defined by

To(x*) :=supy, {((z*,2),1) |z € C}.
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Duality for evenly c ions A new support function for e-convex sets

The e-support function 7¢

L :=TR x {0,1} with the lexicographic order <, is a complete chain.

(a1,a2) <p (b1,b2) & (a1 <b1) or (a1 =bi,a2 < b2)

The e-support function of C' C X is 7¢ : X* — L defined by

To(x*) :=supy, {((z*,2),1) |z € C}.

e For any C C X and (o, 8) € L, one has
CclzeX| (v 2),1) < (@,0)} & 70(") <L (@, 0).
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Duality for evenly c ions A new support function for e-convex sets

The e-support function 7¢

L :=TR x {0,1} with the lexicographic order <, is a complete chain.

(a1,a2) <p (b1,b2) & (a1 <b1) or (a1 =bi,a2 < b2)

The e-support function of C' C X is 7¢ : X* — L defined by

To(x*) :=supy, {((z*,2),1) |z € C}.

e For any C C X and (o, 8) € L, one has
CclzeX| (v 2),1) < (@,0)} & 70(") <L (@, 0).

o Geometric interpretation: 7« describes all the closed and the open
halfspaces containing C'.
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Duality for even ex functions A new support function for e-convex sets

Relationship between 7¢ and o¢

L :=TR x {0,1} with the lexicographic order <, is a complete chain.
(a1,a2) < (b1,b2) < (a1 <b1) or (a; = by,az < ba)

Definition
The e-support function of C' C X is 7¢ : X* — L defined by

To(x*) :=sup; {({(z*,z),1) |z € C}.

Proposition

For any C C X and x* € X*, one has
Tc(z") = (oc(z”),ne(z”)),
where no : X* — {0,1} is the function defined by

0 if (a*,z) <oc(z*) Ve eC,
1 if Jzel| (z*,2) =o0c(x").

A\
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Duality for evenly convex functions A new support function for e-convex sets

Relationship between C' and

e For any g : X* — L, we define the e-convex set

Ty ={zeX| ((z%2),1) <p g(z*), Va* € X"}.

nte Pérez New Results on Even Convexity



Duality for evenly convex functions A new support function for e-convex sets

Relationship between C' and

e For any g : X* — L, we define the e-convex set

T, = {w € X | ((*,2),1) <1 g(a*), ¥a" € X7}

For any C C X, one has

ecoC =T,,.
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Duality for evenly convex functions A new support function for e-convex sets

Relationship between C' and 7,

e For any g : X* — L, we define the e-convex set

Ty ={zeX| ((z%2),1) <p g(z*), Va* € X"}.

Theorem

For any C C X, one has
ecoC =T,,.

Corollary
Given C, D C X, the following statements hold:
o C is e-convex & C =Ty, .
o C s e-convex < C' is the solution set of the general linear system

{(z",2) <oo(z"), V2" [ no(a”) = 0; (z7,z) < oc(z”), Vo™ | no(z”) = 1}.

@ ecoC CecoD & 7¢ <1, Tp.

@ TC = Teco C-

José Vicente Pérez New Results on Even Convexity



Duality for evenly convex functions A new support function for e-convex sets

Characterization of 7~

Theorem (Rockafellar, 1970)

The functions which are the support functions of non-empty (closed)
convex sets are the closed proper sublinear functions.

o What conditions should satisfy a function g : X* — L for being the
e-support function of some non-empty set?
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Duality for evenly convex functions A new support function for e-convex sets

Characterization of 7~

Theorem (Rockafellar, 1970)

The functions which are the support functions of non-empty (closed)
convex sets are the closed proper sublinear functions.

o What conditions should satisfy a function g : X* — L for being the
e-support function of some non-empty set?

Theorem

Let g : R™ — L be a function such that g = (o,n). Then,
g is the e-support function of some non-empty e-conver set C (g = 7¢)
if and only if the following conditions hold:

(i) o is sublinear, lsc and does not take —oo.
(i) if o(z*) = —o(—x*) then n(z*) = 1.
(iti) if do(x*) = O then n(z*) = 0.
(iv) if there exists & € R™ such that n(&) = 0 and do(x*) C do (), then
n(z*) = 0.
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Duality for evenly convex functions A new support function for e-convex sets

Consequences

@ The mapping C' — 7¢ is a bijection from the family of non-empty
e-convex sets in R™, to the family of functions g = (0,7) : R® — L
satisfying conditions (7) to (iv).

The converse bijection is the mapping g — 7.
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Consequences

@ The mapping C' — 7¢ is a bijection from the family of non-empty
e-convex sets in R™, to the family of functions g = (0,7) : R® — L
satisfying conditions (7) to (iv).

The converse bijection is the mapping g — 7.

o If C C R” is e-convex, then

Cisclosed & ne(z*)=1 Va* € R"|doc(x*) # 0.
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Duality for evenly convex functions A new support function for e-convex sets

Consequences

@ The mapping C' — 7¢ is a bijection from the family of non-empty
e-convex sets in R™, to the family of functions g = (0,7) : R® — L
satisfying conditions (7) to (iv).

The converse bijection is the mapping g — 7.

o If C C R” is e-convex, then
Cisclosed & ne(z*)=1 Va* € R"|doc(x*) # 0.
o If C C R” is convex, then

Cisopen < ne(z*) =0 Vza* € R"\ {0}.
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Duality for evenly convex functions A new support function for e-convex sets

Consequences

@ The mapping C' — 7¢ is a bijection from the family of non-empty
e-convex sets in R™, to the family of functions g = (0,7) : R® — L
satisfying conditions (7) to (iv).

The converse bijection is the mapping g — 7.

o If C C R” is e-convex, then
Cisclosed & ne(z*)=1 Va* € R"|doc(x*) # 0.
o If C C R” is convex, then
Cisopen < ne(z*) =0 Vza* € R"\ {0}.
o If C' C R” is convex, then

C is relatively open < ne (z%) =0 Va* € R" |oc(z”) # —oc(—z").
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© Duality for evenly convex functions

@ New characterizations of e-convex functions
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Duality for ev 3 ctions New characterizations of e-convex functions

Characterization (1)

Definition

Let C C X. A function a : X — R is called C-affine if there exist y* € X*
and 0 € R such that

_ [ W) -p ifzel,
a(m)—{ +00 itx ¢ C.

o If C is e-convex, then every C-affine function is e-convex.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (1)

Definition

Let C C X. A function a : X — R is called C-affine if there exist y* € X*
and 0 € R such that

_ [ W) -p ifzel,
a(m)—{ +00 itx ¢ C.

o If C is e-convex, then every C-affine function is e-convex.
For any f: X — R, if My := eco(dom f), we define the set H; as

Hy = {LL : X = R|a is Ms-affine, a < ]‘}
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (1)

Definition

Let C C X. A function a : X — R is called C-affine if there exist y* € X*
and 0 € R such that

_ [ W) -p ifzel,
a(m)—{ +00 itx ¢ C.

o If C is e-convex, then every C-affine function is e-convex.
For any f: X — R, if My := eco(dom f), we define the set H; as
Hy = {LL : X = R|a is Ms-affine, a < ]‘}

Lemma

For any f : X — R, one has

He="Fleco £
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (1)

Proposition

Let f : X — R. The following statements are equivalent:
(i) Hy #0.
(it) eco f is proper or f = +oo.

(iii) f has a proper e-conver minorant.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (1)

Proposition

Let f : X — R. The following statements are equivalent:
(i) Hy #0.
(it) eco f is proper or f = +oo.

(iii) f has a proper e-conver minorant.

Let f: X — R be a function such that f # —oco and f # +oo. Then

f is proper and e-convex < f =sup{a|a € Hy}.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (1)

Proposition

Let f : X — R. The following statements are equivalent:
(i) Hy #0.
(it) eco f is proper or f = +oo.

(iii) f has a proper e-conver minorant.

Let f: X — R be a function such that f # —oco and f # +oo. Then

f is proper and e-convex < f =sup{a|a € Hy}.

e For any proper function f,

f is e-convex < f is convex and Isc on eco(dom f).
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (1)

Proposition

Let f : X — R. The following statements are equivalent:
(i) Hy #0.
(it) eco f is proper or f = +oo.

(iii) f has a proper e-conver minorant.

Let f: X — R be a function such that f # —oco and f # +oo. Then

f is proper and e-convex < f =sup{a|a € Hy}.

e For any proper function f,
f is e-convex < f is convex and Isc on eco(dom f).

o If f has a proper e-convex minorant, then eco f =sup{a|a € Hys}.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (2)

Let C be the family of all e-convex sets in X. A function a : X — R is
called C-affine if there exists C' € C such that a is C-affine.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (2)

Let C be the family of all e-convex sets in X. A function a : X — R is
called C-affine if there exists C' € C such that a is C-affine.
For any f: X — R, we define the set Cy as

Cp = {a:X%EM is C-affine, agf}.

e For any a € Cy, one has eco(dom f) C doma.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (2)

Let C be the family of all e-convex sets in X. A function a : X — R is
called C-affine if there exists C' € C such that a is C-affine.

For any f: X — R, we define the set Cy as

Cr:={a: X —>R]a is C-affine, a < f}.

e For any a € Cy, one has eco(dom f) C doma.

Let f: X — R be a function such that f Z —oo and f # +oo. Then

f 1is proper and e-convex < f=sup{a|a € Cr}.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (3)

A function a : X — R is called e-affine if there exist y*, 2* € X* and
a, # € R such that

< *,l’> _6 i
o) = { —Eoo if (z*,z) > a.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (3)

A function a : X — R is called e-affine if there exist y*, 2* € X* and
a, # € R such that

a(;z:):{ (y*,z) — 0 if (z%,z) < «,

+00 if (z*,z) > a.

For any f: X — R, we define the set &; as

Ef::{a:XHR\ais e—aﬁine,aﬁf}.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (3)

A function a : X — R is called e-affine if there exist y*, 2* € X* and
a, # € R such that

+00 if (z*,z) > a.

a(;z:):{ (y*,z) — 0 if (z%,z) < «,

For any f: X — R, we define the set &; as

Sf::{a:XHR\ais e—aﬁine,aﬁf}.

Theorem

Let f: X — R be a function such that f Z —oco and f # +oo. Then

f is proper and e-convex < f=sup{a|a€ Er}.
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Duality for evenly convex functions New characterizations of e-convex functions

Characterization (3)

A function a : X — R is called e-affine if there exist y*, 2* € X* and
a, # € R such that

+00 if (z*,z) > a.

a(;z:):{ (y*,z) — 0 if (z%,z) < «,

For any f: X — R, we define the set &; as

Sf::{a:XHR\ais e—aﬁine,aﬁf}.

Theorem

Let f: X — R be a function such that f Z —oco and f # +oo. Then

f is proper and e-convex < f=sup{a|a€ Er}.

e eco(dom f) = dom a, for any proper e-convex function f.

acy
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© Duality for evenly convex functions

@ A conjugation scheme for e-convex functions
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Duality for evenly convex functions A conjugation scheme for e-convex functions

Generalized convex conjugation

Moreau (1970), Martinez-Legaz (2005)
e X, W arbitrary sets.
@ c¢: X x W — Riis called the coupling function.
o ¢ : W x X — R is given by ¢/(w,r) = ¢(x,w) Vo€ X, weW.

e Conventions: +00 — (+00) = —00 + (+00) = —00.

José Vicente Pérez New Results on Even Convexity



Duality for evenly c unctions A conjugation scheme for e-convex functions

Generalized convex conjugation

Moreau (1970), Martinez-Legaz (2005)
e X, W arbitrary sets.
@ c¢: X x W — Riis called the coupling function.
o ¢ : W x X — R is given by ¢/(w,r) = ¢(x,w) Vo€ X, weW.
e Conventions: +00 — (+00) = —00 + (+00) = —o0.
e The c-conjugate of f: X — R is the function f¢: W — R defined by
f(w) := sup {c(z, w) — f(x)}.
reX
e The ¢/-conjugate of g : W — R is the function g¢ : X — R defined by

9° () = sup {c'(w,x) — g(w)}.
weWw
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Duality for evenly c unctions A conjugation scheme for e-convex functions

Generalized convex conjugation

Moreau (1970), Martinez-Legaz (2005)
e X, W arbitrary sets.
@ c¢: X x W — Riis called the coupling function.
o ¢ : W x X — R is given by ¢/(w,r) = ¢(x,w) Vo€ X, weW.
e Conventions: +00 — (+00) = —00 + (+00) = —o0.
e The c-conjugate of f: X — R is the function f¢: W — R defined by
f(w) := sup {c(z, w) — f(x)}.
reX
e The ¢/-conjugate of g : W — R is the function g¢ : X — R defined by

9° () = sup {c'(w,x) — g(w)}.
weWw

e Fenchel conjugate: X, W = X*, ¢(z,z*) = (¥, ), f¢ = f*.

fr(@%) = sup {(z",z) — f(2)} .

zeX
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Duality for evenly convex functions A conjugation scheme for e-convex functions

A new conjugation scheme

o Consider X and W = X* x X* x R, and the coupling function

e oy [ W) i () <o
oty ={ Vo S
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Duality for evenly convex functions A conjugation scheme for e-convex functions

A new conjugation scheme

o Consider X and W = X* x X* x R, and the coupling function

* sk . <y*,IL‘> lf <Z*7I> < a,
¢z, (y*, 2" ) = { 400 if (z*,z) > a.

e For any f: X — R and (y*, z*,a) € W, one has

(% [ y) if (z*,2) <a Va € dom f,
c p—
fh ) = { +o0o  otherwise.
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Duality for evenly convex functions A conjugation scheme for e-convex functions

A new conjugation scheme

o Consider X and W = X* x X* x R, and the coupling function

* sk . <y*7l'> lf <Z*7I> < a,
¢z, (y*, 2" ) = { 400 if (z*,z) > a.

e For any f: X — R and (y*, z*,a) € W, one has

(% [ y) if (z*,2) <a Va € dom f,
c p—
fh ) = { +o0o  otherwise.

Proposition

fccl — { f** + 5ec0(dom f) Zf dom f* 7& @,
—00 if dom f* = 0.
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Duality for evenly convex functions A conjugation scheme for e-convex functions

A new conjugation scheme

o Consider X and W = X* x X* x R, and the coupling function

* sk . <y*7l'> lf <Z*7I> < a,
¢z, (y*, 2" ) = { 400 if (z*,z) > a.

e For any f: X — R and (y*, z*,a) € W, one has

(% [ y) if (z*,2) <a Va € dom f,
c p—
fh ) = { +o0o  otherwise.

Proposition

fccl — { f** + 5ec0(dom f) Zf dom f* 7& @,
—00 if dom f* = 0.

e c-elementary functions: z € X + c(x, (y*,2%,a)) — B € R. -
c’-elementary functions: (y*, z*,a) € W — /((y*, 2*,a),z) — S € R.
o The c-elementary functions are the e-affine functions.

o O, (D) : the set of c-elementary (¢’-elementary) functions.
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Duality for evenly convex functions A conjugation scheme for e-convex functions

o A function f: X — R is called ®-convex if it is the pointwise
supremum of a subset of ®.

@ The ®_.-convex functions are the e-convex functions®.
A function is called e’-convex if it is ®.-convex.
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Duality for evenly convex functions A conjugation scheme for e-convex functions

o A function f: X — R is called ®-convex if it is the pointwise
supremum of a subset of ®.

@ The ®_.-convex functions are the e-convex functions®.
A function is called e’-convex if it is ®.-convex.

Proposition

Let f: X =R and g : W — R. Then,
(i) f¢ is €-conver, gcl 1S e-conver.
i) f < f,9°°<g.

(iii) fcc’c = fe, gc'cc' _ gc'.
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Duality for evenly convex functions A conjugation scheme for e-convex functions

o A function f: X — R is called ®-convex if it is the pointwise
supremum of a subset of ®.

@ The ®_.-convex functions are the e-convex functions®.
A function is called e’-convex if it is ®.-convex.

Proposition

Let f: X =R and g: W — R. Then,
(i) f¢ is €-conver, gcl 1S e-conver.
i) f < f,9°°<g.

(lll) fCC/C — fc7 gC,CC/ = gC,.

Proposition

If f: X =R has a proper e-convex minorant, then eco f = fee'.
For any g: W — R, €cog = g°°.
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Duality for evenly convex functions A conjugation scheme for e-convex functions

o A function f: X — R is called ®-convex if it is the pointwise
supremum of a subset of ®.

@ The ®_.-convex functions are the e-convex functions®.
A function is called e’-convex if it is ®.-convex.

Proposition

Let f: X =R and g: W — R. Then,
(i) f¢ is €-conver, gcl 1S e-conver.
i) f < f,9°°<g.

(lll) fCC/C — fc7 gC,CC/ = gC,.

Proposition

If f : X — R has a proper e-convex minorant, then eco f = .
For any g: W — R, e’cog = g<°.

f is e-convexr & f = fCC/.

g is € -convez < g = g°°.
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Fenchel duality in e-convex problems Introduction

Generalized Optimization

Consider the primal problem
P) Inf F

(GP)  Inf F(z),
where F': X — R is a proper function, and the pertubation function
® : X x © — R having the property that, for every x € X,

O (,00) = F(x).
The infimum value function p : © — R is defined by

= inf @ .
p(u):= inf & (z,u)

The dual problem of (GP) associated to ® is

(GD) Sup —®*(0,u")= Sup —p"(u").
ut €0~ ut €0
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Fenchel duality in e-convex problems Introduction

Generalized Optimization

Consider the primal problem
P) Inf F

(GP)  Inf F(z).
where F': X — R is a proper function, and the pertubation function
® : X x © — R having the property that, for every x € X,

O (,00) = F(x).
The infimum value function p : © — R is defined by

= inf @ .
p(u):= inf & (z,u)

The dual problem of (GP) associated to ® is

(GD) Sup —®*(0,u")= Sup —p"(u").
ut €0~ ut €0

One has weak duality, i.e.,

v(GD) =p™ (0e) < p(0e) =v(GP).
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Fenchel duality in e-convex problems Introduction

Generalized Optimization

Consider the primal problem
P) Inf F

(GP)  Inf F(z).
where F': X — R is a proper function, and the pertubation function
® : X x © — R having the property that, for every x € X,

O (,00) = F(x).
The infimum value function p : © — R is defined by

= inf @ .
p(u):= inf & (z,u)

The dual problem of (GP) associated to ® is

(GD) Sup —®*(0,u")= Sup —p"(u").
ut €0~ ut €0

We have strong duality if
v(GD) = v(GP) and the dual problem is solvable when v(GP) is finite.
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Fenchel duality in e-convex problems Introduction

Convex Optimization

Let us consider the primal problem
(P) Inf f(x)

where f: X — R is proper closed convex andi(ﬂ # A C X is closed convex,
and the perturbation function ® : X x X — R defined by

| flz+u) ifzeA,
® (@,u) = { 400 otherwise.

The Fenchel dual problem of (P) is

(D)  Sup —p*(u")
ureX*
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Fenchel duality in e-convex problems Introduction

Convex Optimization

Let us consider the primal problem
(P) Inf f(x)

where f: X — R is proper closed convex andi(ﬂ # A C X is closed convex,
and the perturbation function ® : X x X — R defined by

| flz+u) ifzeA,
® (@,u) = { 400 otherwise.

The Fenchel dual problem of (P) is

(D) Sup —p"(u*) = Sup —f"(u")— 4 (—u").
ureX* u*eEX*
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Fenchel duality in e-convex problems Introduction

Convex Optimization

Let us consider the primal problem
(P) Inf f(@)

where f: X — R is proper closed convex andﬁ@ # A C X is closed convex,
and the perturbation function ® : X x X — R defined by

| flz+u) ifzeA,
® (@,u) = { 400 otherwise.

The Fenchel dual problem of (P) is

(D) Sup —p"(u*) = Sup —f"(u")— 4 (—u").
u*eXx* u*reX*

Theorem (Burachik & Jeyakumar, 2005)

If Andom f # (0 and the set epi f* + epid% is weak*-closed, then strong
duality holds for (P)—(D), i.e.,

inf f (z) = max {f* (u") — &% (—u")}.

z€A u*reX*
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Fenchel duality in e-convex problems Main results

A set D - W x R is called ¢’-convex if there exists an e’-convex function
k: W — R such that D = epik. The ¢’-convex hull of D C W x R, €’co D,
is the smallest ¢’-convex containing D.

e For any D C W x R, one has ¢’co D = epi f5°.
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Fenchel duality in e-convex problems Main results

A set D CWxRis called ¢’-convex if there exists an e’-convex function
k: W — R such that D = epik. The ¢/-convex hull of D C W x R, €’co D,
is the smallest e¢’-convex containing D.

e For any D C W x R, one has ¢’co D = epi f5°.

Definition

Given f,g: X — R, a function a : X — R belongs to Efw if there exist
a1 € & and ag € &, such that, if

ai(-) :== { (yi,) =B if () <o,

400 otherwise,
for ¢ = 1,2, then

al’) = (Wi +uys,) — (B +B2) if (2f +25,-) <1+ ag,
+00 otherwise.

] 5f+g C €f+g.
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Fenchel duality in e-convex problems Main results

Evenly Convex Optimization

Let us consider the primal problem

(P)  Inf f(x)

z€A

where f: X — R is proper e-convex and () # A C X is e-convex,
and the perturbation function ® : X x X — R defined by

| flz+u) ifzeA
o (z,u) = { 400 otherwise.

The Fenchel dual problem of (P) is

(D) Sup 7pc (’U,*7U*7O[)
utwreX”
a>0
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Fenchel duality in e-convex problems Main results

Evenly Convex Optimization

Let us consider the primal problem

(P)  Inf f(x)

z€A

where f: X — R is proper e-convex and () # A C X is e-convex,
and the perturbation function ® : X x X — R defined by

| flz+u) ifzeA
o (z,u) = { 400 otherwise.

The Fenchel dual problem of (P) is

(D) Sup —p°(u*,v*,a) = Sup —f(u", v a1)=65 (—u", —v" az).
. rexs “vrext
“ 7Z>€0 Zlia§>0
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Fenchel duality in e-convex problems Main results

Evenly Convex Optimization

Let us consider the primal problem

(P)  Inf f(x)

z€A

where f: X — R is proper e-convex and () # A C X is e-convex,
and the perturbation function ® : X x X — R defined by

| flz+u) ifzeA
o (z,u) = { 400 otherwise.

The Fenchel dual problem of (P) is

(D) Sup —p°(u*,v*,a) = Sup —f(u", v a1)=65 (—u", —v" az).
. rexs “vrext
“ 7Z>€0 Zlia§>0

If Andom f # (), the set epi f¢ + epid§ is € -conver and
f+g=-sup {a |a e g’f+g}, then strong duality holds for (P)—(D).
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