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PLAN OF THE TALK

Good structure in practice

Genericity of
pathological situations
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CLASSICAL ANALYSIS: A UNIVERSE OF PATHOLOGIES

Example (against common intuition)

There exists a continuous, nowhere differentiable function

(Weierstrass, 1872) Fora € (0,1), b > 0 (odd integer) and
ab > 1+ 37” set

+00
f(x) = Z a" cos(b"rtt).

n=1

Then f is continuous but nowhere differentiable.

Fact (Pathology is ”generic”)

Generically all continuous functions defined on a compact set are
nowhere differentiable (c.f. Baire)
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THINGS CANNOT BE BETTER IN VARIATIONAL ANALYSIS...

One of the basic objects of nonsmooth analysis:

Definition (Clarke subdifferential)

For any Lipschitz continuous function f : R” — R the Clarke
subdifferential at every x € IR" is defined by

df (x) = co {xlnlgx Df(x,) : x, € dom (Df)\./\/} :

Recall:

There exists a measurable set A C R such that for any nontrivial
interval I we have 0 < m(ANI) < m(I).
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Example (against (?) common intuition)

For the Lipschitz function

£) = [ Dxat)) = xac o)t

we have
of(x) =[-1,1] forall x e R.

But pathology is again generic !

Theorem (X. Wang, 1998)

Generically, all k-Lipschitz functions (on a compact subset S of R")

satisfy
of(x) =kB forallx € S.
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Smooth functions

Waell-structured functions
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”(GIVE UP FULL GENERALITY IN FAVOR
OF A STRUCTURED THEORY”

(Grothendieck’s Sketch of a Programme)

convex functions (Fenchel, Moreau)

¢-convex functions  (Marino-Tosques, "80)
semiconvex (Clarke, Ambrosio, "90)
amenable, lower-C? (Federer, Rockafellar, Penot)
prox-regular (Thibault)
"primer-lower-nice”  (Poliquin, "90)

partly smooth (Lewis, Hare, 2002)
semismooth (Mifflin, Qi, Sun)

OBJECTIVE: AVOID PATHOLOGIES
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Example (minimization of the sum of norms)

Consider the (location) problem

min f(x) = Y [JAix—bj

ie{l,..,m}

o (active indices) I(X) = {i:A;X =0b;}
@ (active manifold) Mz = {x: I(x) = I(X)}

My is an affine manifold and f | 4, is smooth. l

Remark. The linear operators A;'s can be replaced by any
smooth functions F;.
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Example (SDP Optimization)

Let § = Amax © F where F : R" — S™ is smooth and
Amax : 8" — R is the maximum eigenvalue function, defined
for each symmeric matric A as follows:

Amax(A) = ||m”ax (Ax, x) (convex, continuous)
x||=1

Then
Amax(A) = AM(A) > ... > Ap(A)

Setforl <r<m

M, ={A €S M(A) =...= M(A) > A1 (A) > Au(A)}

(M, is a Nash manifold)
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@ M open dense — Amax differentiable on M,

M(A) + ..+ A(A)

The restriction Amax | m, of Amax onto M, is smooth l

© Mty CA(M)O\M,  forallre {1,..,m—1}

Amax |m, (A) =

o [JM, =sm
y

The manifolds M, form a stratification of the space S™.
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Definition (Stratification)

R = {S;} is called a stratification of X C R" if
(i) R is (locally) finite and X = UZ_ S;;

(i) S;N CI(S]) 7é g=3§; C Cl(S])\S],

(iii) S; CK-manifold (for all 7).

Definition

A function f (in R") is called stratifiable, if Graph(f) admits a
stratification (in R"*1).

Any set definable in some o-minimal structure admits a stratification.
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fxy)=x2+]y| :
S={(xyfxy)):y>0}
S { S={(xy.f(xy)):y<0}

Stratification
S={(xy.fxy):y=0}

of the « graph »
l Projection onto R 2

X ={(xy):y>0}
fIKT C¥*(X) =) X={(xy):y<0}

X;= {(xy):y=0}
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"FRECHET SUBDIFFERENTIAL AND RIEMANN GRADIENT”

Definition
We say that p is a Fréchet subgradient of f at x if

liming L& W) —f(x) — {p,u) > 0.
]| —0 ]|

The set Jf (x) of all subgadients is called Fréchet subdifferential.

V.

f:R" - RU {400} continuous (nonsmooth), x € domf

@ (Assumption) Graph (f) admits a stratification {S;} in R"*!
@ Projecting S; onto IR" we obtain a stratification { X;}; of dom f

@ Assume x € X;. Then (Basic projection formula™)

Projr, ) [f(%)] € {Vaf(x)}
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Theorem (Projection formula)
Graph (f) admits a CP-Whitney stratification {S;}ic;. Then®

ProjTXi(x) [of (x)] C {Vrf(x)}  forallx € domf

(X; projection of S; onto R" where (x,f(x)) € S;.)

* J. BOLTE, A. DANIILIDIS, A. S. LEWIS, M. SHIOTA, Clarke
subgradients of stratifiable functions, SIAM |. Optim. 18 (2007), 556-572.

Corollary (Nonsmooth Sard theorem)

Ifp > n, then the set of Clarke critical values of f has Lebesgue
measure 0.

(Proof. Apply classical Sard theorem to each stratum.)
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EXAMPLES OF WHITNEY STRATIFIABLE FUNCTIONS

: . Finite stratification
f semiagebraic @=)
g (semialgebraic strata)
_ (Locally) finite stratification
f subanalytic (subanalytic strata)
Finite stratification
f o-minimal &

(o-minimal strata)

(Locally) finite nonsmooth critical values. l
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Definition

— A subset of R" is semialgebraic if it is a finite union of sets,
each defined by finitely-many polynomial inequalities.

— A function (or set-valued mapping) is semialgebraic if its graph
is semi-algebraic.

Properties:

@ Stability (Quantifier elimination / Tarski-Seidenberg)

@ Stratification: every semi-algebraic set can be written as a
finite disjoint union of manifolds (“strata”) that fit together
in a regular way.

@ Semialgebraic subsets of R are exactly the finite unions of
points and intervals (o-minimal property).
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HOW TO RECOGNIZE SEMIALGEBRICITY ?
@ Basic semialgebraic set:
{xeR":p(x) =0,gi(x) >0,j=1,...,k}

@ Semialgebraic set: every set that is obtained via finite
Boolean operations of basic semialgebraic sets.*

Quantifier elimination: In the language of ordered fields, we
can eliminate quantifiers.

First ordered formulae in the language of ordered fields
(R, +,-,>,0,1) define semialgebraic sets.

* that is, sets defined by 0-order formulas.
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llustration. The set
{(a,b,c) : (vVx)(ax* +bx +c > 0)}
can be equivalently rewritten as
{(a,b,c):a=0,b=0,c >0} U {(a,b,¢c) :a > 0,b% — dac < 0},

thus it is semialgebraic.

(i) If f : R" — R is semialgebraic, then so is its derivative (resp.
subdifferential), its level sets, the set of critical points, the set of
critical values ...

(i) If F is semialgebraic, then so is the normal cone mapping
NEg(-), its indicator function ip(-), its support function og(-) ...
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SEMIALGEBRAIC FUNCTIONS

- Ix|p¥2, s |Ix[l< 1 [t]P (A+[t]9) L st 0
f(x) = _ h(t) = L
- M, s |Ix[[>1 0, s t=0

(p, grationas)

Every semialgebraic Lipschitz function is semismooth*.

* J. BOLTE, A. DANIILIDIS, A. S. LEWIS, Tame functions are
semismooth, Math. Program. 116 (2009), 115-127.

Example:
(- x4, sy >2|x|

f issemismooth (!)
32 |x|, sy <2|x|

fxy) =
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(GLOBALLY) SUBANALYTIC FUNCTION

y (snx)-¥2 if 0<x<p
g y) = 0, if y=0
(Sgny)u, €dse

O-MINIMAL FUNCTION (LOG-EXP STRUCTURE)
|x|p2%P ™Y |og (jcosZ]), if x20,y10,[z|<N
f(x,y,2) = 0, if x=0ory=0

o, else
(N>0, pT R)
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APPLICATION (DYNAMICAL SYSTEMS)

First Integral Conjecture (R. Thom)

“Generically”, vector fields on compact connected smooth manifolds
M cannot admit nontrivial continuous first integrals.

Thom’s proposed scheme of a proof

| A

Closing lemma (= genericity of structurally stable vector fields).
Sard theorem (= triviality of first integral).

(Pugh, 1967)
— Validity of C!-closing lemma
— General density theorem (GDT)

Formal proofs (under slight variations in the assumptions)
Peixoto (1967), Bewley (1971), Maiie (1973), Hurley (1986)
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¢,: M — M : group of diffeomorphisms generated by X'

Definition

A point p € M is called nonwandering, if given any
neighborhood U of p, there are arbitrarily large values of t for
which UN¢,(U) # @. [Q = set of nonwandering points |

General density theorem (GDT): The set Gy of vector fields
X € X satisfying (G1)—(Gy) is residual in X).

(G1) X has only a finite number of singularities, all generic ;
(G2) closed orbits of X are generic ;

(G3) stable and unstable manifolds of singularities and closed orbits
of X are transversal ;

(Gy) Q=T (I = union of singular points and closed orbits)
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Common technical assumption

Common technical assumption in all proofs:
The first integral is assumed C¥, k > dim M (c.f. Sard theorem).

@ Relaxation of regularity: Lipschitz continuity

@ Notion of criticality

0 € df(x) (Clarke criticality)

— Generic singularities and closed orbits of hyperbolic type are located
at the Clarke-critical level sets (for each Lipschitz first integral).
— Nonsmooth Sard theorem
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M,N  C! manifolds

Definition (Approximation of a manifold)

(i) (N, F) is a Cl-approximation of M (of precision e), if

N CU¢ (e-tubular neighborhood of M) and F can be extended
to a Cl-diffeomorphism F: R" — R", which is isotopic to the
identity id, satisfies F|gm 7, = id and

max { [|E(x) — x|| + [|dE(x) —id||} < e.

xeR"

(ii) A Cl-approximation (A, F) of M is called semialgebraic if
N is a semialgebraic subset of R"

4

In the sequel, we shall need the following approximation result.

Lemma (Semialgebraic approximation)

Let M be a C* compact submanifold of R". Then for every e > 0,
there exists a semialgebraic e-approximation of M.
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FIRST INTEGRAL CONJECTURE: LIPSCHITZ CASE

Lemma

M C! compact manifold. If X is a C* vector field of GDT type,
then it does not admit Lipschitz continuous definable first integral.

| \

Theorem

For the C! topology, the set of vector fields X of M that do not admit
essentially o-minimal® Lipschitz continuous first integrals (with
respect to a given definable approximation of M) is generic**.

* f: M — Ris called essentially o-minimal with respect to a definable
approximation (N, F) of M if the mapping f o F~1: N’ — R is o-minimal.

** 7 CRESSON, A. DANIILIDIS, M. SHIOTA, On the first integral
conjecture of René Thom, Bull. Sci. Math. 132 (2008), 625-631.

A
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APPLICATION (SET-VALUED ANALYSIS)

Every semialgebraic multifunction is generically (outer and inner)
continuous and differentiable (in a set-valued sense)X.

* A. DANIILIDIS, J. PANG, Continuity of set-valued maps revisited in the
light of tame geometry, preprint 2009 (in revision in Proc. London Math. Soc.)

ANNOUNCEMENT
(CONFERENCE IN BARCELONA)

ADVANCES IN OPTIMIZATION AND RELATED TOPICS
November 29 to December 3, 2010.

Conference Web: http://www.crm.cat/RPOPT2010
Personal Page: http://mat.uab.cat/"arisd/
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