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Introduction
Notation.
L],‘ (m) and Ll(m).
L{: (m) and LP(m).

Introduction

@ (€,X) measurable space (X is a o—algebra in Q).
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Introduction
Notation.
L],‘ (m) and Ll(m).
L{: (m) and LP(m).

Introduction

@ (€,X) measurable space (X is a o—algebra in Q).
@ m: Y — X (countably additive) vector measure in a (real)
Banach space X with dual X*.
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Introduction
Notation.
L],‘ (m) and Ll(m).
L{: (m) and LP(m).

Introduction

@ (€,X) measurable space (X is a o—algebra in Q).

@ m: Y — X (countably additive) vector measure in a (real)
Banach space X with dual X*.

@ The semivariation of m. For A€ %,

[ml[(A) := sup {[{m, x")[(A) : x" € X7, [|x"|| <1}
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Introduction
Notation.
L],‘ (m) and Ll(m).
L{: (m) and LP(m).

Introduction

@ (€,X) measurable space (X is a o—algebra in Q).

@ m: Y — X (countably additive) vector measure in a (real)
Banach space X with dual X*.

@ The semivariation of m. For A€ %,

[ml[(A) := sup {[{m, x")[(A) : x" € X7, [|x"|| <1}

@ |(m,x*)| is the measure variation of the real measure defined
by
(m,x*)(A) := (m(A), x").
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Introduction
Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e Ll (m) is the space of all (equivalence classes of) weakly inte-
grable functions with respect to m. That is, of all real measurable
functions f : 2 — R such that f is integrable with respect to each
[(m,x*)|, x* € X*.
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Introduction
Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e Ll (m) is the space of all (equivalence classes of) weakly inte-
grable functions with respect to m. That is, of all real measurable
functions f : 2 — R such that f is integrable with respect to each
|(m,x*)|, x* € X*. LL(m) becomes a Banach lattice when it is
equipped with the natural order m-a.e. and the norm

I, ::sup{/ﬂ 1F1d | (m, <) : %] < 1}, e L (m).
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Introduction
Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e Ll (m) is the space of all (equivalence classes of) weakly inte-
grable functions with respect to m. That is, of all real measurable
functions f : 2 — R such that f is integrable with respect to each
|(m,x*)|, x* € X*. LL(m) becomes a Banach lattice when it is
equipped with the natural order m-a.e. and the norm

I, ::sup{/ﬂ 1F1d [ {m, )] < "] < 1}, e L (m).
For each A € ¥ there exists an element (f(A) € X** such that

<x*,Cf(A)>_/Afd<m,x*>, Vx* € X,
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Introduction

Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e [1(m) is the space of all (equivalence classes of) integrable
functions with respect to m. That is of all f € L} (m) such that for
each A € X there exists a vector [, f dm € X which verifies the
barycentric formula

(/fdm,x*)z/fd(m,x*>, Vx* e X*.
A A
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Introduction

Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e [1(m) is the space of all (equivalence classes of) integrable
functions with respect to m. That is of all f € L} (m) such that for
each A € X there exists a vector [, f dm € X which verifies the
barycentric formula

(/fdm,x*)z/fd(m,x*>, Vx* e X*.
A A

o LY(m) is a closed ideal of L. (m).
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Introduction

Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e [1(m) is the space of all (equivalence classes of) integrable
functions with respect to m. That is of all f € L} (m) such that for
each A € X there exists a vector [, f dm € X which verifies the
barycentric formula

(/fdm,x*)z/fd(m,x*>, Vx* e X*.
A A

o LY(m) is a closed ideal of L. (m).

@ L1(m) is an order-continuous Banach lattice with a weak unit.
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Introduction

Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e [1(m) is the space of all (equivalence classes of) integrable
functions with respect to m. That is of all f € L} (m) such that for
each A € X there exists a vector [, f dm € X which verifies the
barycentric formula

(/fdm,x*)z/fd(m,x*>, Vx* e X*.
A A

o LY(m) is a closed ideal of L. (m).

@ L1(m) is an order-continuous Banach lattice with a weak unit.

e The simple functions are dense in L1(m).
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Introduction

Notation.
LY (m) and L(m).

Ly, (m) and LP(m).

e [1(m) is the space of all (equivalence classes of) integrable
functions with respect to m. That is of all f € L} (m) such that for
each A € X there exists a vector [, f dm € X which verifies the
barycentric formula

(/fdm,x*)z/fd(m,x*>, Vx* e X*.
A A

o LY(m) is a closed ideal of L. (m).

@ L1(m) is an order-continuous Banach lattice with a weak unit.

The simple functions are dense in L}(m).

o If X is weakly sequentially complete = L1 (m) = L1(m).
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Introduction
Notation.
LWv (m) and Ll(m).
LP (m) and LP(m).

The spaces LP(m) and LP (m). [6]

1< p<oo,
o Li(m):= {f |f|P e Ll (m )}
e LP(m):= {f |fIP € LX(m )}
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Introduction
Notation.
LWv (m) and Ll(m).
LP (m) and LP(m).

The spaces LP(m) and LP (m). [6]

1< p<oo,
o Li(m):= {f |f|P e Ll (m )}
e LP(m):= {f |fIP € LX(m )}

@ The natural norm for both spaces is given by

1
£l == SUP{(/ |f‘pd’<m,xl>’>l3 cxF e XH|IxT| < 1}.
Q
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Introduction
Notation.
LWv (m) and Ll(m).
LP (m) and LP(m).

The spaces LP(m) and LP (m). [6]

1< p<oo,
o Li(m):= {f |f|P e Ll (m )}
e LP(m):= {f |fIP € LX(m )}

@ The natural norm for both spaces is given by

1
£l == SUP{(/ |f‘pd’<m,xl>’>l3 cxF e XH|IxT| < 1}.
Q

e Forl1<p<qg<oo,

c - Li(m) c Lh(m) c LL(m) c L°m)
U U
L®(m) C .-+ Li(m) C LP(m) C LY(m)
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of L? (m).
Reflex
Inclusions.
The integration operator.

Properties of spaces LP(m).

,p>1. [6]
@ LP(m) is an order-continuous Banach lattice with weak order
unit.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).
Reflexivity.
Inclusions.
The integration operator.

Properties of spaces LP(m).

LP(m),p > 1. [6]

@ LP(m) is an order-continuous Banach lattice with weak order
unit.

@ In LP(m) verifies a Dominated Convergence Theorem:
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m).

LP(m), p > 1. [6]
@ LP(m) is an order-continuous Banach lattice with weak order
unit.

@ In LP(m) verifies a Dominated Convergence Theorem: Let (f)
be a sequence of p—integrable functions which is pointwise
convergent to f and g a p—integrable function such that
|fa] < g for each n (m—a.e.). Then f € LP(m) and (fy)
converges to f in norm
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m).

LP(m), p > 1. [6]

@ LP(m) is an order-continuous Banach lattice with weak order
unit.

@ In LP(m) verifies a Dominated Convergence Theorem: Let (f)
be a sequence of p—integrable functions which is pointwise
convergent to f and g a p—integrable function such that
|fa] < g for each n (m—a.e.). Then f € LP(m) and (fy)
converges to f in norm

o If E is a p—convex order-continuous Banach lattice with a
weak order unit, then E is lattice isomorphic to some LP(m).
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of LP,

Reflex

Inclusions.

The integration operator.

Properties of spaces LP (m).

e L{,(m) is a Banach lattice with the Fatou property.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of L (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP (m).

L (m),p > 1
e Lf,(m) is a Banach lattice with the Fatou property. That is, if
0 < f, 1 and (f,) is a norm bounded sequence in L{ (m), then
f .= sup, fn is well defined, £ € L5, (m) and ||fa]lp T ||f]lp-
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of L (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP (m).

L (m), p > 1

e Lf,(m) is a Banach lattice with the Fatou property. That is, if
0 < f, 1 and (f,) is a norm bounded sequence in L{ (m), then
f .= sup, fn is well defined, £ € L5, (m) and ||fa]lp T ||f]lp-

@ [4, Th. 4] Let E be any p—convex Banach lattice with the
o—Fatou property and possessing a weak unit which belongs
to E; :={x € E : |x| > up | Oimplies||u,|| | 0} (the elements
of E with o—order continuous norm). Then there exists a
vector measure m such that E is Banach lattice isomorphic to

Ly, (m).

Espacios de funciones integrables respecto de una medida vect




Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Theorem. [6, Cor. 3.10]

For every p > 1, the following conditions are equivalent:
(a) LB, (m) is reflexive.

(b)
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Theorem. [6, Cor. 3.10]

For every p > 1, the following conditions are equivalent:
(a) LB, (m) is reflexive.
(b) L% (m) has order continuous norm.

(c)
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).
Reflexivity.
Inclusions.
The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Theorem. [6, Cor. 3.10]

For every p > 1, the following conditions are equivalent:
(a) LB, (m) is reflexive.

(b) L% (m) has order continuous norm.

(c) LB, (m) is a KB-space (every norm bounded, positive,
increasing sequence is norm convergent).

(d)

Espacios de funciones integrables respecto de una medida vect



Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Theorem. [6, Cor. 3.10]

For every p > 1, the following conditions are equivalent:

(a) LB, (m) is reflexive.

(b) L% (m) has order continuous norm.

(c) LB, (m) is a KB-space (every norm bounded, positive,
increasing sequence is norm convergent).

(d) Li(m) = LP(m) as Banach lattices.

(¢)
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Theorem. [6, Cor. 3.10]

For every p > 1, the following conditions are equivalent:
(a) LB, (m) is reflexive.

(b) L% (m) has order continuous norm.

(c) LB, (m) is a KB-space (every norm bounded, positive,
increasing sequence is norm convergent).

(d) Li(m) = LP(m) as Banach lattices.

(e) LL(m) = L'(m) as Banach lattices.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Remarks.

o L'(m) and L. (m) may be reflexive (= they are equal).
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Reflexivity.

Remarks.
o L'(m) and L. (m) may be reflexive (= they are equal).

e LP(m) and Ly, (m),p > 1, may be non reflexive
(<= LP(m) # Liu(m)).
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Inclusions.

Proposition. [6]

For p > g > 1 we have L,(m) C L9(m) and this inclusion is a
L—weakly compact operator. In particular, it is a weakly compact
operator.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Inclusions.

Proposition. [6]

For p > g > 1 we have L,(m) C L9(m) and this inclusion is a
L—weakly compact operator. In particular, it is a weakly compact
operator.

Remarks.

@ The unit ball of L}, (m) is weakly relatively compact in each
L9(m) where it is included.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Propeftl_es of LP (m).

Reflexivity.

Inclusions.

The integration operator.

Properties of spaces LP(m) and LP (m). Inclusions.

Proposition. [6]

For p > g > 1 we have L,(m) C L9(m) and this inclusion is a
L—weakly compact operator. In particular, it is a weakly compact
operator.

Remarks.

@ The unit ball of L}, (m) is weakly relatively compact in each
L9(m) where it is included.

e H C LP(m) bounded = g—uniformly integrable, 1 < g < p,

lim f = 0 uniformly in H.
mll(A)—0 H XAHq y
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of L? (m).

Reflexivity.

Inclusions.

The integration operator.

The integration operator.

Forp > 1,

a) The integration map
I f € Li(m) — In(f) := [ f dm € X is weakly compact.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of L? (m).

Reflexivity.

Inclusions.

The integration operator.

The integration operator.

Forp > 1,
a) The integration map
I f € Li(m) — In(f) := [ f dm € X is weakly compact.
b) The integration map
Im : £ € Li(m) — In(f) := [ f dm € X is compact if and
only if the range of m is a relatively compact subset of X.
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Properties of LP(m).
Properties of spaces LP(m) and L% (m). Properties of LP (m).

Reflexivity.
Inclusions.
The integration operator.

Theorem (S. Okada, W. Ricker, L. Rodriguez-Piazza, [9]) The
integration map Iy, : f € LY(m) — In(f) := [ fdm e X is
compact if and only if m verifies

(i) m has finite variation.

(i) m has a Radon-Nikodym derivative G = % € LY(|m|, X)

with respect to |m|.
(iii) m the function G has |m|—essentially relatively compact
range in X.

In this case L1(m) = LY(|m|) and I(f) = [ fG d|m| for all
f e LY(m).
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Related Spaces.

Related Spaces. [5].

Given a norming set A C X* let us consider the space L/l\’s(y) of all
f € L%(m) such that

a) f e LY({m,x*)) for every x* € A.
b) for each A € X there is {r A(A) € X such that

(€ra(A), x) = / fd(m,x*) for every x* € A.
A
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Related Spaces.

Related Spaces

Proposition

Given a norming set N C X*,
a) LY(m) C Ly*(m) C LL,(m).

b) <L}\’5(m), [ H1> is a Banach lattice.
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Related Spaces.

Related Spaces

Proposition

Given a norming set N C X*,
a) LY(m) C Ly*(m) C LL,(m).

b) <L}\’5(m), [ H1> is a Banach lattice.

REMARK

@ Topological conditions on N\ in order to obtain

Ly*(m) = LY(m) or Ly*(m) = L, (m).
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Multiplication operators LP(m) » LY(m), p > 1.

inlicati rs LP , LP S
Multiplication operators on spaces LP(m). Multiplication operators LP(m) LP(m),p > 1.

Multiplication operators. [3].

el et us consider multiplication operators
Mg:feF — Mg(f):=gf €@ (1)

between function spaces F and G where each space is an LP(m) or
LY, (m) space.
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Multiplication operators LP(m)
Multiplication operators on spaces LP(m).

e (W 1.
Muiltiplication operators LP(m) » LP(m), p > 1.

Multiplication operators. [3].

el et us consider multiplication operators

Mg:feF — My(f)=gf€g

(1)

between function spaces F and G where each space is an LP(m) or
LY, (m) space.

eRemark. If p,g > 1 are conjugate exponents

Li(m) LP(m) - L9(m) =
= Lh(m)-L9(m) = LP(m)- L},(m)
LL(m) = L5(m)- L} (m).
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Multiplication operators LP(m) — L}(m), p > 1.
Multiplication operators LP(m) — LP(m),p > 1.

Multiplication operators on spaces LP(m).

Multiplication operators from LP(m) into L*(m),p > 1.

Let p,q > 1 be conjugate exponents and g € L°(m).

(1) g € L}, (m) < M, : LP(m) — LY(m) is continuous.
& M, : Lf,(m) — LL,(m) is continuous.

(2) g € LI(m) < M, : LP(m) — L'(m) is weakly compact.
< M, : Li(m) — L*(m) is continuous.

< M, : L, (m) — LY(m) is weakly compact.
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Multiplication operators LP(m) S Ll(m). p >

iClicati P P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) L3(m)sp

Multiplication operators from LP(m) into LP(m),p > 1.

Let p > 1,g € L%(m) and ms the restriction of m to
Gs={weQ:|g(w)|>d} for each § > 0.

(1) Mg : LP(m) — LP(m) is continuous <= g € L*>°(m).
(2) Mg : L (m) — LP(m) is continuous <= g € L>°(m) and
LP(ms) = L%, (ms) for each § > 0.
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Multiplication operators LP(m) S Ll(m). p >

iClicati P P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) L3(m)sp

Multiplication operators from LP(m) into LP(m),p > 1.

Let p > 1,g € L%(m) and ms the restriction of m to
={weQ:|g(w)| >0} foreach § > 0.

(1) Mg : LP(m) — LP(m) is continuous <= g € L*>°(m).
(2) Mg : L (m) — LP(m) is continuous <= g € L>°(m) and
LP(ms) = L%, (ms) for each § > 0.

@ The condition LP(mj)

LY, (ms) for each § > 0 does not
imply that LP(mg) = Ly (m

G)-

LP
W
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Multiplication operators LP(m) S Ll(m). p >

iClicati P P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) L3(m)sp

Multiplication operators from LP(m) into LP(m),p > 1.

Let p > 1,g € L%(m) and ms the restriction of m to
={weQ:|g(w)| >0} foreach § > 0.

(1) Mg : LP(m) — LP(m) is continuous <= g € L*>°(m).
(2) Mg : L (m) — LP(m) is continuous <= g € L>°(m) and
LP(ms) = L%, (ms) for each § > 0.

@ The condition LP(mgs) = LY (ms) for each 6 > 0 does not
imply that LP(mg) = Ly (mg).
e If p > 1 the condition LP(m

reflexivity.

Espacios de funciones integrables respecto de una medida vect
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Multiplication operators LP(m) S Ll(m). p > 1.

iClicati p P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) Lo(m)ipi= 1.

M, : LP(m) — LP(m) weakly compact

Let p > 1,g and mg as before.
(1) Mg : LS (m) — L5, (m) is weakly compact <= g € L>(m)
and LP(m;) is reflexive for each § > 0.
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Multiplication operators LP(m) S Ll(m). p > 1.

iClicati p P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) Lo(m)ipi= 1.

M, : LP(m) — LP(m) weakly compact

Let p > 1,g and mg as before.
(1) Mg : LS (m) — L5, (m) is weakly compact <= g € L>(m)
and LP(m;) is reflexive for each § > 0.

(2) When m is an atomless vector measure with o—finite
variation, Mg : LY(m) — LY(m) is weakly compact if and

only if g =0 m—a.e.
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Multiplication operators LP(m) S Ll(m). p > 1.

iClicati p P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) Lo(m)ipi= 1.

M, : LP(m) — LP(m) compact

Let p > 1,g and ms as before. Mg : L,(m) — L5,(m) is compact
<= g € L*°(m) and dim(LP(ms)) < oo for each 6 > 0.

Espacios de funciones integrables respecto de una medida vect



Multiplication operators LP(m) S Ll(m). p > 1.

iClicati p P
Multiplication operators on spaces LP(m). Multiplication operators L®(m) Lo(m)ipi= 1.

M, : LP(m) — LP(m) compact

Theorem

Let p > 1,g and ms as before. Mg : L,(m) — L5,(m) is compact
<= g € L*°(m) and dim(LP(ms)) < oo for each 6 > 0.
Furthermore, in this case, m(X¢) := {m(A): Ae £, AC G},

{W/ dm : Aez+} and {/Agdm:AEZ}

are relatively compact subsets of X.
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation. First Method of Calderén. [2]

Let (Xp, X1) be a Banach couple of complex Banach spaces:
Denote by F(Xp, X1) the space of all functions f : Q — Xp + Xi,
(2 ={z € C:0<Re(z) < 1}) having the following properties:

f is continuous and bounded in the norm of Xy + Xj.

f is analytic in © in the norm of Xy + X3

t € R — f(it) € Xp is continuous and bounded.

]
]
]
o t € R — f(1+ it) € Xy is continuous and bounded.
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. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation. First Method of Calderén. [2]

Let (Xp, X1) be a Banach couple of complex Banach spaces:
Denote by F(Xp, X1) the space of all functions f : Q — Xp + Xi,
(2 ={z € C:0<Re(z) < 1}) having the following properties:

f is continuous and bounded in the norm of Xy + Xj.

f is analytic in © in the norm of Xy + X3

t € R — f(it) € Xp is continuous and bounded.

t € R — f(1+ it) € Xi is continuous and bounded.

F(Xo, X1) is a Banach space with the norm defined by

1 1l3(x0,%) = max {sup 1 (it) |l sup [ (1 + it)\lxl}
teR teR
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xp, Xi]j,0 < 6 <1,
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xp, Xi]j,0 < 6 <1,

@ is the space of all elements x € Xp + Xj that can be
represented as x = f(6) for some f € F(Xop, X1).
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Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xp, Xi]j,0 < 6 <1,

@ is the space of all elements x € Xp + Xj that can be
represented as x = f(6) for some f € F(Xop, X1).

@ is a Banach space with the norm defined by

It = inf {IFllzpa.x) : F(6) = x}

@ Xp N Xj is a dense subspace.
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation. Second Method of Calderdn.

Let G(Xo, X1) be the space of all functions g : Q — Xo + X,
having the following properties:

o |lg(2)llxprx, < c(1+ |z|) for some ¢ >0 and all z € Q.
e f is continuous in Q and analytic in €, in the norm of Xg + Xi

o Forall t1,t, € R, g(j+it1) —g(j+it2) € Xj,j:O,l and

)
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation. Second Method of Calderdn.

Let G(Xo, X1) be the space of all functions g : Q — Xo + X,
having the following properties:

o |lg(2)llxprx, < c(1+ |z|) for some ¢ >0 and all z € Q.
e f is continuous in Q and analytic in €, in the norm of Xg + Xi

o Forall t1,t, € R, g(j+it1) —g(j+it2) € Xj,j:O,l and

)

The quotient space of §(Xp, X1) with the constants is a Banach
space with the quotient norm defined by [|g||g(x,,x,)-
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g(+it1) —g(j +it2)
t1 — to

& llg(x0,x,) := max { sup
G(Xo,X1) =01 | 6t
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Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xo, X1]¥1,0 < 6 < 1,
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xo, X1]¥1,0 < 6 < 1,

@ is the space of all elements x € Xp + Xi that can be
represented as x = g’(6) for some g € §(Xop, X1).
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Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xo, X1]¥1,0 < 6 < 1,

@ is the space of all elements x € Xp + Xi that can be
represented as x = g’(6) for some g € §(Xop, X1).

@ is a Banach space with the norm defined by

X[l xagier = inf {lIgll5(x0,%,) : &'(0) = x, & € S}
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xo, X1]¥1,0 < 6 < 1,

@ is the space of all elements x € Xp + Xi that can be
represented as x = g’(6) for some g € §(Xop, X1).

@ is a Banach space with the norm defined by

X[l xagier = inf {lIgll5(x0,%,) : &'(0) = x, & € S}

o [Xo, X1]jg is a closed subspace of [Xo, X1] (see [1]).
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xo, X1]¥1,0 < 6 < 1,

is the space of all elements x € Xy + X that can be
represented as x = g’(6) for some g € §(Xop, X1).

@ is a Banach space with the norm defined by

X[l xagier = inf {lIgll5(x0,%,) : &'(0) = x, & € S}

[Xo, X1]jg) is a closed subspace of [Xo, X1 (see [1]).
[Xo, X1]% is a subset of the Gagliardo completion of
[Xo, X1]jg)-
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation, [Xo, X1]¥1,0 < 6 < 1,

is the space of all elements x € Xy + X that can be
represented as x = g’(6) for some g € §(Xop, X1).

@ is a Banach space with the norm defined by

X[l xagier = inf {lIgll5(x0,%,) : &'(0) = x, & € S}

[Xo, X1]jg) is a closed subspace of [Xo, X1 (see [1]).

[Xo, X1]% is a subset of the Gagliardo completion of
[Xo, X1]jg)- The limits in Xo + X of the bounded sequences of
[Xo0, X1]jg)-
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation of LP(m) spaces.

Given the Banach interpolation couple (Xp, X1) where
Xo = LP°(m) or LY (m) and X1 = LP*(m) or Ly (m), 1 < py # p1
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation of LP(m) spaces.

Given the Banach interpolation couple (Xp, X1) where
Xo = LP°(m) or LY (m) and X1 = LP*(m) or Ly (m), 1 < py # p1
we obtain [Xo,Xl][g] and [Xo,Xl][Q],

Espacios de funciones integrables respecto de una medida vect



Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation of LP(m) spaces.

Given the Banach interpolation couple (Xp, X1) where
Xo = LP°(m) or LY (m) and X1 = LP*(m) or Ly (m), 1 < py # p1
we obtain [Xo, X1]jg and [Xo, X1]!9), through their relationship with

@ the Calderdn-Lozanovskii's construction: X01_9X19, (over
Banach lattices of measurable functions)

{x x| < Alxol*)x), x0 € Bi(Xo), x1 € Bl(Xl)}

endowed with the norm ||x|lg =inf{A >0:...}
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Complex Interpolation of LP(m) spaces.

Given the Banach interpolation couple (Xp, X1) where
Xo = LP°(m) or LY (m) and X1 = LP*(m) or Ly (m), 1 < py # p1
we obtain [Xo, X1]jg and [Xo, X1]!9), through their relationship with

@ the Calderdn-Lozanovskii's construction: X01_9X19, (over
Banach lattices of measurable functions)

{x x| < Alxol*)x), x0 € Bi(Xo), x1 € Bl(Xl)}

endowed with the norm ||x|lg =inf{A >0:...}

@ may not be an interpolation space of the pair (Xp, X1).
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.
Complex Interpolation of LP(m)—spaces. Results.

Interpolation of LP(m) spaces.

o the Gustavsson-Peetre's method: (Xp, X1,6),0 <0 < 1. The
space of elements x € Xy + Xi such that there exists a
sequence (xk)c; of elements x, € Xo N X1 such that
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Complex Interpolation of LP(m)—spaces. Results.

Interpolation of LP(m) spaces.

o the Gustavsson-Peetre's method: (Xp, X1,6),0 <0 < 1. The
space of elements x € Xy + Xi such that there exists a
sequence (xk)c; of elements x, € Xo N X1 such that

o X = Zxk (convergence in Xy + X1),
kEZ
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.
Complex Interpolation of LP(m)—spaces. Results.

Interpolation of LP(m) spaces.

o the Gustavsson-Peetre's method: (Xp, X1,6),0 <0 < 1. The
space of elements x € Xy + Xi such that there exists a
sequence (xk)c; of elements x, € Xo N X1 such that

o X = Zxk (convergence in Xy + X1),
kEZ

1
° Z Skd Xk is weakly unconditionally Cauchy in Xp,
keZ
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Interpolation of LP(m) spaces.

o the Gustavsson-Peetre's method: (Xp, X1,6),0 <0 < 1. The
space of elements x € Xy + Xi such that there exists a
sequence (xk)c; of elements x, € Xo N X1 such that

o X = Zxk (convergence in Xy + X1),
kEZ

1
° Z Skd Xk is weakly unconditionally Cauchy in Xp,
keZ

1
° Z mxk is weakly unconditionally Cauchy in Xj.
kez
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.
Complex Interpolation of LP(m)—spaces. Results.

Interpolation of LP(m) spaces.

o the Gustavsson-Peetre's method: (Xp, X1,6),0 <0 < 1. The
space of elements x € Xy + Xi such that there exists a
sequence (xk)c; of elements x, € Xo N X1 such that

o X = Zxk (convergence in Xy + X1),
ke
1
° Z k6 Xk is weakly unconditionally Cauchy in Xj,
keZ
1
° Z mxk is weakly unconditionally Cauchy in Xj.
kEZ
@ (Xo, X1,0) is a Banach space with the norm defined by

Ak

inf  maxsu ——— Xk : F C Z finite, | A(| <1

X:Z ijzo,]. p HEG:F X ’ ‘
j
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Relations

e For a Banach couple (see [8, Th. 5 and Section 7])
(X0, X1,0) C [Xo, Xa]1.
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. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Relations

e For a Banach couple (see [8, Th. 5 and Section 7])
(X0, X1,0) C [Xo, Xa]1.

e For a Banach couple of lattices of measurable functions (norm
one inclusions)

[Xo, Xligy € X3 ~OX{ € [Xo, X4]1.
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Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Relations

e For a Banach couple (see [8, Th. 5 and Section 7])
(X0, X1,0) C [Xo, Xa]1.

e For a Banach couple of lattices of measurable functions (norm
one inclusions)

[Xo, Xligy € X3 ~OX{ € [Xo, X4]1.
@ If Xp or X7 has order continuous norm,

[Xo, X1ljg) = XolfaXle (isometry).
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Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.

. Complex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. mplex Interpolation ()= .

Relations

e For a Banach couple (see [8, Th. 5 and Section 7])
(X0, X1,0) C [Xo, Xa]1.

e For a Banach couple of lattices of measurable functions (norm
one inclusions)

[Xo, Xligy € X3 ~OX{ € [Xo, X4]1.
@ If Xp or X7 has order continuous norm,

[Xo, X1ljg) = XolfaXle (isometry).
o If X01*9X19 has the Fatou property,

[Xo0, Xa ] = X2OX{ (isometry).



Complex Interpolation. First Method of Calderén.
Complex Interpolation. Second Method of Calderén.
Complex Interpolation of LP(m) spaces. Tools.
. omplex Interpolation of LP(m)—spaces. Results.
Interpolation of LP(m) spaces. (G P (l)=em

Complex Interpolation of LP(m)—spaces. [7].

Theorem

Let 1 < pg # p1 < 00,0 < 0 <1 be and p(0) defined by
1 _1-0 6 o
p(®) P p1 '

(1) [LP(m), LA(m)]gy = [LE(m), L1 (m)] =

= [L(m), L (m)] 0] = LPO) (m).

S

(2) [LPo(m), LP(m)) = [LE(m), LP(m)]") =
= [L2(m), LB (m)]") = L5 (m).

S
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