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Notation

o X, Y are real or complex Banach spaces

K is the field R or C

©

©

Bx is the closed unit ball of X
o Sx is the unit sphere of X

o L(X,Y) continuous linear operators from X into Y

o If X =Y, then £(X, X) = L(X)

o G(X) all surjective linear isometries from X to X
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Motivation

Banach-Mazur rotation problem

Is every transitive separable Banach space isometrically isomorphic to a
Hilbert space?
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Definitions

Let G be a Hausdorff topological group with neutral element e and T be
a Hausdorff topological space.
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Definitions

Let G be a Hausdorff topological group with neutral element e and T be
a Hausdorff topological space.

An action of G on T is a continuous map

GxT—T
(g, x) — gx.

such that
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Definitions

Let G be a Hausdorff topological group with neutral element e and T be
a Hausdorff topological space.

An action of G on T is a continuous map

GxT—T
(g, x) — gx.

such that
(i) ex=x,¥x€ T,
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Definitions

Let G be a Hausdorff topological group with neutral element e and T be
a Hausdorff topological space.

An action of G on T is a continuous map

GxT—T
(g, x) — gx.

such that
(i) ex=x,¥x€ T,
(ii) g(hx) = (gh)x,Vg,he G, Vx e T.
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An action of G on T is

(a) transitive if Gx ={gx: g€ G} =T,Vxe T.
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Definitions

An action of G on T is
(a) transitive if Gx ={gx: g€ G} =T,Vxe T.

(b) micro-transitive if Vx € T and every neighborhood U of e, Ux is a
neighborhood of x in T.
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Definitions

An action of G on T is
(a) transitive if Gx ={gx: g€ G} =T,Vxe T.

(b) micro-transitive if Vx € T and every neighborhood U of e, Ux is a
neighborhood of x in T.

Remarks

Sheldon Dantas Micro-transitivity



Motivation Uniform micro-semitransitivity The Bishop-Phelps-Bollobds property The relation Applications

Definitions

An action of G on T is
(a) transitive if Gx ={gx: g€ G} =T,Vxe T.

(b) micro-transitive if Vx € T and every neighborhood U of e, Ux is a
neighborhood of x in T.

Remarks

(i) If the action is micro-transitive, then the orbits of the elements are
open. (F.D. Ancel, 1987)
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Definitions

An action of G on T is
(a) transitive if Gx ={gx: g€ G} =T,Vxe T.

(b) micro-transitive if Vx € T and every neighborhood U of e, Ux is a
neighborhood of x in T.

Remarks

(i) If the action is micro-transitive, then the orbits of the elements are
open. (F.D. Ancel, 1987)

(ii) So, they produce a partition of the space T as a disjoint union of
open sets.
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Definitions

An action of G on T is
(a) transitive if Gx ={gx: g€ G} =T,Vxe T.

(b) micro-transitive if Vx € T and every neighborhood U of e, Ux is a
neighborhood of x in T.

Remarks

(i) If the action is micro-transitive, then the orbits of the elements are
open. (F.D. Ancel, 1987)

(ii) So, they produce a partition of the space T as a disjoint union of
open sets.

(iii) Therefore, if T is connected, micro-transitivity = transitivity.
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Definitions

In Banach space theory, we usually say that the norm of a Banach space
X is transitive if G(X) acts transitively on Sx.
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Definitions

In Banach space theory, we usually say that the norm of a Banach space
X is transitive if G(X) acts transitively on Sx.

That is, if for every x,y € Sx, there is S € G(X) such that Sx = y.
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Definitions

In Banach space theory, we usually say that the norm of a Banach space
X is transitive if G(X) acts transitively on Sx.

That is, if for every x,y € Sx, there is S € G(X) such that Sx = y.

(1) Pre-Hilbert spaces are transitive.
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Definitions

In Banach space theory, we usually say that the norm of a Banach space
X is transitive if G(X) acts transitively on Sx.

That is, if for every x,y € Sx, there is S € G(X) such that Sx = y.

(1) Pre-Hilbert spaces are transitive.

(2) Banach-Mazur rotation problem: |s every transitive separable
Banach space a Hilbert space?
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Definitions

In Banach space theory, we usually say that the norm of a Banach space
X is transitive if G(X) acts transitively on Sx.

That is, if for every x,y € Sx, there is S € G(X) such that Sx = y.
(1) Pre-Hilbert spaces are transitive.

(2) Banach-Mazur rotation problem: |s every transitive separable
Banach space a Hilbert space?

(3) There are non-separable L, space whose norms are transitive for
1 < p < o (A. Petczynski and S. Rolewicz, 1962)
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Definitions

In Banach space theory, we usually say that the norm of a Banach space
X is transitive if G(X) acts transitively on Sx.

That is, if for every x,y € Sx, there is S € G(X) such that Sx = y.

(1) Pre-Hilbert spaces are transitive.

(2) Banach-Mazur rotation problem: |s every transitive separable
Banach space a Hilbert space?

(3) There are non-separable L, space whose norms are transitive for
1 < p < o (A. Petczynski and S. Rolewicz, 1962)

(S. Rolewicz, 1985)
(J. Becerra-Guerrero and A. Rodriguez-Palacios, 2002)
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We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.
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We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —
R such that if x,y € Sx satisfy ||x — y|| < 8(g), then thereis T € G(X)
such that

Tx=y and |T-ldx| <e.
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We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —
R such that if x,y € Sx satisfy ||x — y|| < 8(g), then thereis T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X):||S—ldx| < e}.
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We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —
R such that if x,y € Sx satisfy ||x — y|| < 8(g), then thereis T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X):||S —Ildx || < €}. Fix xo € Sx.
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We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —
R such that if x,y € Sx satisfy ||x — y|| < 8(g), then thereis T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X) :||S —ldx || < €}. Fix xo € Sx. Since
X is micro-transitivity, there is 6 > 0 such that

{x € Sx : ||x — x| < 0} C Uxo.
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Definitions

We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —

R* such that if x,y € Sx satisfy || x — y|| < (¢), then there is T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X) :||S —ldx || < €}. Fix xo € Sx. Since
X is micro-transitivity, there is 6 > 0 such that

{x € Sx : ||x — x| < 0} C Uxo.
Let x,y € Sx such that |x — y| < J. There is R € G(X) such that

Rx = xp.
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Definitions

We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —

R* such that if x,y € Sx satisfy || x — y|| < (¢), then there is T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X) :||S —ldx || < €}. Fix xo € Sx. Since
X is micro-transitivity, there is 6 > 0 such that

{x € Sx : ||x — x| < 0} C Uxo.
Let x,y € Sx such that |x — y| < J. There is R € G(X) such that
Rx = xp. Then, ||[xo — Ry|| < ¢.
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Definitions

We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —

R* such that if x,y € Sx satisfy || x — y|| < (¢), then there is T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X) :||S —ldx || < €}. Fix xo € Sx. Since
X is micro-transitivity, there is 6 > 0 such that

{x € Sx : ||x — x| < 0} C Uxo.

Let x,y € Sx such that |x — y| < J. There is R € G(X) such that
Rx = xp. Then, ||[xo — Ry|| < ¢. Then, there is S € U such that Sxo = Ry.
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Definitions

We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g : (0,2) —
R* such that if x, y € Sx satisfy ||x — y|| < (), then thereis T € G(X)
such that

Tx=y and |T-ldx| <e.

Let e € (0,2) and U:={S € G(X) :||S —ldx || < €}. Fix xo € Sx. Since
X is micro-transitivity, there is 6 > 0 such that

{x € Sx : ||x — x| < 0} C Uxo.
Let x,y € Sx such that |x — y| < J. There is R € G(X) such that
Rx = xg. Then, ||xo — Ry|| < d. Then, there is S € U such that Sxo = Ry.
Now define T := R~10oSo R € G(X).
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Definitions

We say that the norm of a Banach space X is micro-transitive if G(X)
acts micro-transitively on Sx.

Let X with a micro-transitive norm. Then, there is a function g3 : (0,2) —

R* such that if x,y € Sx satisfy || x — y|| < B(¢), then there is T € G(X)
such that

Tx=y and ||T—-ldx| <e.

Hilbert spaces have the above property with 3(g) = e.
(see, for example, M. Acosta, M. Mastyto, and M. Soleimani-M., 2018)
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Uniformly micro-semitransitivity

Definition (Uniform micro-semitransitivity)

We say that the norm of X is uniformly micro-semitransitive if there is
a function 8 : (0,2) — R™ such that whenever x,y € Sx satisfies

lIx = yll < B(e),
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Uniformly micro-semitransitivity

Definition (Uniform micro-semitransitivity)

We say that the norm of X is uniformly micro-semitransitive if there is
a function 8 : (0,2) — R™ such that whenever x,y € Sx satisfies

lIx = yll < B(e),

then there is T € £(X) with || T|| = 1 such that

Tx=y and ||T—ldx| <e.
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Uniformly micro-semitransitivity

Remarks
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| = 1 such that Tx = y.
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| = 1 such that Tx = y.

Indeed, we take xi,...,x, € Sx such that

1
X1 =X, X,=y and x,-+1—x,-<6(2>,Vi—1,...,n—1.

Sheldon Dantas Micro-transitivity



Motivation Uniform micro-semitransitivity The Bishop-Phelps-Bollobas property The relation Applications
Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| = 1 such that Tx = y.

Indeed, we take xi,...,x, € Sx such that
1 .
x1=x, Xx,=y and |[x1—x| <pB 5 Vi=1,...,n—1.

There are Ty,..., To—1 € L(X) with || T;|| = 1 such that
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| = 1 such that Tx = y.

Indeed, we take xi,...,x, € Sx such that
1 .
X1 =X, X,=y and x,-+1—x,-<6(2>,V/—1,...,n—1.
There are Ty,..., To—1 € L(X) with || T;|| = 1 such that
1

Ti(xi) =xiy1 and || T; —ldx || < 5
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| = 1 such that Tx = y.

Indeed, we take xi,...,x, € Sx such that
1 .
x1=x, Xx,=y and |[x1—x| <pB 5 Vi=1,...,n—1.

There are Ty,..., To—1 € L(X) with || T;|| = 1 such that

1
Ti(xi) =xiy1 and || T; —ldx || < 5

Now define T := T, y0---0 T3.
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| = 1 such that Tx = y.

Indeed, we take xi,...,x, € Sx such that
1 .
x1=x, Xx,=y and |[x1—x| <pB 5 Vi=1,...,n—1.

There are Ty,..., To—1 € L(X) with || T;|| = 1 such that

1
Ti(xi) =xiy1 and || T; —ldx || < 5

Now define T := T, _y10---0Ty. Then, Tx =y and ||T|| = 1.
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| =1 such that Tx = y.

(c) For every Banach space X, given x,y € Sx, there is T € L(X) with
|T|| =1 such that Tx =y.
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Uniformly micro-semitransitivity

Remarks

(a) Micro-transitive norms are uniformly micro-semitransitive.

(b) If X is uniformly micro-semitransitive, then given x,y € Sx, there is
an isomorphism T € £(X) with || T|| =1 such that Tx = y.

(c) For every Banach space X, given x,y € Sx, there is T € L(X) with
|T|| =1 such that Tx =y.

(d) If X is uniformly micro-semitransitive and Y is a 1l-complemented
subspace of X, then Y is uniformly micro- semitransitive.
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The BPBp

The Bishop-Phelps-Bollobds property
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The BPBp

Bishop-Phelps-Bollobas property

(M. Acosta, R. Aron, D. Garcia, and M. Maestre, 2008)

A pair (X, Y) of Banach spaces has the BPBp if for every ¢ > 0, there
exists n(e) > 0 such that whenever T € L£(X,Y) with ||T|| = 1 and
Xo € Sx satisfy

IT (o)l > 1 =mn(e),
there are S € L(X, Y) with ||S|| =1 and x € Sx such that

[SCI =1, lIxo—x[| <e, and [|S—T| <e.

Sheldon Dantas Micro-transitivity



Motivation Uniform micro-semitransitivity The Bishop-Phelps-Bollobas property The relation Applications

The BPBp

Bishop-Phelps-Bollobas property

(M. Acosta, R. Aron, D. Garcia, and M. Maestre, 2008)

A pair (X, Y) of Banach spaces has the BPBp if for every ¢ > 0, there
exists n(e) > 0 such that whenever T € L£(X,Y) with ||T|| = 1 and
Xp € Sx satisfy

[ TCo)ll > 1= n(e),

there are S € L(X, Y) with ||S|| =1 and x € Sx such that

[SCI =1, lIxo—x[| <e, and [|S—T| <e.

(a) (Bollobas, 1963) (X, K) has the BPBp, for all Banach X.
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The BPBp

Bishop-Phelps-Bollobas property

(M. Acosta, R. Aron, D. Garcia, and M. Maestre, 2008)

A pair (X, Y) of Banach spaces has the BPBp if for every ¢ > 0, there
exists n(e) > 0 such that whenever T € L£(X,Y) with ||T|| = 1 and
Xp € Sx satisfy

[ TCo)ll > 1= n(e),

there are S € L(X, Y) with ||S|| =1 and x € Sx such that

[SCI =1, lIxo—x[| <e, and [|S—T| <e.

(a) (Bollobas, 1963) (X, K) has the BPBp, for all Banach X.

(b) (S.K. Kim and H.J. Lee, 2014) If X is uniformly convex, then (X, Y)
has the BPBp for all Banach Y.
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The BPBp

Bishop-Phelps-Bollobas point property

(D., S.K. Kim, and H.J. Lee (2016))

We say that a pair (X, Y') of Banach spaces has the BPBpp if given ¢ > 0,
there exists 7j(¢) > 0 such that whenever T € £(X,Y) with | T|| =1 and

Xo € Sx satisfy

IT (o)l > 1 —i(e),
there is S € L(X, Y) with ||S|| = 1 such that

IS(x0)|| =1 and IS—TJ <e.
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The BPBp

Bishop-Phelps-Bollobas point property

(D., S.K. Kim, and H.J. Lee (2016))

We say that a pair (X, Y') of Banach spaces has the BPBpp if given ¢ > 0,
there exists 7j(¢) > 0 such that whenever T € £(X,Y) with | T|| =1 and
Xo € Sx satisfy

IT (o)l > 1 —i(e),
there is S € L(X, Y) with ||S|| = 1 such that

IS(x0)|| =1 and IS—TJ <e.

v

(a) The pair (X, K) has the BPBpp if and only if X is uniformly smooth.
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The BPBp

Bishop-Phelps-Bollobas point property

(D., S.K. Kim, and H.J. Lee (2016))

We say that a pair (X, Y') of Banach spaces has the BPBpp if given ¢ > 0,
there exists 7j(¢) > 0 such that whenever T € £(X,Y) with | T|| =1 and
Xp € Sx satisfy

[ TOo)ll > 1 —1i(e),

there is S € L(X, Y) with ||S|| = 1 such that

IS(x0)|| =1 and IS—TJ <e.

v

(a) The pair (X, K) has the BPBpp if and only if X is uniformly smooth.
(b) If 3Y such that (X, Y') has the BPBpp, then X is uniformly smooth.
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The BPBp

(D., V. Kadets, S.K. Kim, H.J. Lee, and M. Martin (2018))

(a) If (X, Y) has the BPBpp VY, then X is uniformly convex.
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The BPBp

(D., V. Kadets, S.K. Kim, H.J. Lee, and M. Martin (2018))

(a) If (X, Y) has the BPBpp VY, then X is uniformly convex. Moreover,
dx(e) > Cef

for suitable 2 < g < o0 and C > 0.
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The BPBp

(D., V. Kadets, S.K. Kim, H.J. Lee, and M. Martin (2018))

(a) If (X, Y) has the BPBpp VY, then X is uniformly convex. Moreover,
dx(e) > Cef
for suitable 2 < g < occ and C > 0.

(b) If X is isomorphic to a Hilbert space and (X, Y’) has the BPBpp
vY,

Sheldon Dantas Micro-transitivity



Motivation Uniform micro-semitransitivity The Bishop-Phelps-Bollobas property The relation Applications

The BPBp

(D., V. Kadets, S.K. Kim, H.J. Lee, and M. Martin (2018))

(a) If (X, Y) has the BPBpp VY, then X is uniformly convex. Moreover,
dx(e) > Cef
for suitable 2 < g < occ and C > 0.

(b) If X is isomorphic to a Hilbert space and (X, Y’) has the BPBpp
VY, then X has an optimal modulus of convexity, that is,
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The BPBp

(D., V. Kadets, S.K. Kim, H.J. Lee, and M. Martin (2018))

(a) If (X, Y) has the BPBpp VY, then X is uniformly convex. Moreover,
dx(e) > Cef
for suitable 2 < g < occ and C > 0.

(b) If X is isomorphic to a Hilbert space and (X, Y’) has the BPBpp
VY, then X has an optimal modulus of convexity, that is, there exists
C > 0 such that

Sx(e) > Cé? (0<e<?2).
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The relation

Proposition 1

If X is uniformly micro-semitransitive and (X, Y) has the BPBp, then
(X, Y) has the BPBpp.
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The relation

Proposition 1

If X is uniformly micro-semitransitive and (X, Y) has the BPBp, then
(X, Y) has the BPBpp.

(Hypothesis + S := So R)
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The relation

Proposition 1

If X is uniformly micro-semitransitive and (X, Y) has the BPBp, then
(X, Y) has the BPBpp.

(Hypothesis + S := So R)

If X is uniformly micro-semitransitive, then it is uniformly smooth.
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The relation

Proposition 1

If X is uniformly micro-semitransitive and (X, Y) has the BPBp, then
(X, Y) has the BPBpp.

(Hypothesis + S := So R)

If X is uniformly micro-semitransitive, then it is uniformly smooth.

(Bishop-Phelps-Bollobas theorem + Proposition 1)
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The relation

Proposition 1

If X is uniformly micro-semitransitive and (X, Y) has the BPBp, then
(X, Y) has the BPBpp.

(Hypothesis + S := So R)

If X is uniformly micro-semitransitive, then it is uniformly smooth.

(Bishop-Phelps-Bollobas theorem + Proposition 1)

If X is micro-transitive, then it is uniformly smooth and uniformly convex.
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The relation

Proposition 1

If X is uniformly micro-semitransitive and (X, Y) has the BPBp, then
(X, Y) has the BPBpp.

(Hypothesis + S := So R)

If X is uniformly micro-semitransitive, then it is uniformly smooth.

(Bishop-Phelps-Bollobas theorem + Proposition 1)

If X is micro-transitive, then it is uniformly smooth and uniformly convex.

(Transitive + superflexive = uniformly convex (Finet, 1986))
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Corollary 4

If X is uniformly micro-semitransitive, then the following are equivalent:
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Corollary 4

If X is uniformly micro-semitransitive, then the following are equivalent:
(a) (X, Y) has the BPBp for every Banach space Y.
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Corollary 4

If X is uniformly micro-semitransitive, then the following are equivalent:
(a) (X, Y) has the BPBp for every Banach space Y.

(b) (X,Y) has the BPBpp for every Banach space Y.
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Corollary 4

If X is uniformly micro-semitransitive, then the following are equivalent:
(a) (X, Y) has the BPBp for every Banach space Y.

(b) (X,Y) has the BPBpp for every Banach space Y.
(c) 32< g < ooand C >0 such that x(g) > Ce9, V0 < e < 2.
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Corollary 4

If X is uniformly micro-semitransitive, then the following are equivalent:
(a) (X, Y) has the BPBp for every Banach space Y.

b) (X, Y) has the BPBpp for every Banach space Y.

(b)
(c) 32< g < ooand C >0 such that x(g) > Ce9, V0 < e < 2.
(d)

X is uniformly convex.
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Corollary 4

If X is uniformly micro-semitransitive, then the following are equivalent:
(a) (X,Y) has the BPBp for every Banach space Y.

(b) (X,Y) has the BPBpp for every Banach space Y.
(c) 32< g < ooand C >0 such that x(g) > Ce9, V0 < e < 2.

(d) X is uniformly convex.

If, moreover, X is isomorphic to a Hilbert space, then the above conditions
are indeed equivalent to

(e) 3 C > 0 such that x(¢) > Ce? (0 < € < 2), where the constant C
depends only on the modulus of convexity of X, on the function S(-) of
the definition of uniform micro-transitivity, and on the Banach-Mazur
distance from X to the Hilbert space.

v
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Corollary 5

If X is micro-transitive, then
(a) For every Banach space Y, the pair (X, Y) has the BPBpp,

(b) there exists 2 < g < 0o and C > 0 so that dx () > Ce9 for
O<ex2

If, moreover, X is isomorphic to a Hilbert space, then
(c) there exists C > 0 such that

ox(e) > Cée? (0<e<?),

where the constant C depends only on the modulus of convexity of
X, on the function (+) of the definition of uniform micro-transitivity,
and on the Banach-Mazur distance from X to the Hilbert space.
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Applications

Theorem 6

The norm of L,(x) is uniformly micro-semitransitive if and only it is a
Hilbertian norm. That is, p = 2 or the space is one-dimensional.
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Applications

Theorem 6

The norm of L,(x) is uniformly micro-semitransitive if and only it is a
Hilbertian norm. That is, p = 2 or the space is one-dimensional.

The norm of L,(u) is micro-transitive if and only if it is Hilbertian norm.
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Applications

Theorem 6

The norm of L,(x) is uniformly micro-semitransitive if and only it is a
Hilbertian norm. That is, p = 2 or the space is one-dimensional.

The norm of L,(u) is micro-transitive if and only if it is Hilbertian norm.

Remark: For 1 < p < oo, there are (non-separable) L,-spaces whose
standard norms are transitive but they are not micro-transitive unless
p=2.
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The Bishop-Phelps-Bollobds property

The relation

Applications

Forl < p < oo and p # 2, the norm of Ef, is not uniformly micro-

semitransitive (in particular, it is not micro-transitive).
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Applications

Proof of Theorem 6

Forl < p < oo and p # 2, the norm of Ef, is not uniformly micro-
semitransitive (in particular, it is not micro-transitive).

Indeed,
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Applications

Proof of Theorem 6

Forl < p < oo and p # 2, the norm of Ef, is not uniformly micro-
semitransitive (in particular, it is not micro-transitive).

Indeed, for p > 2,
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Applications

Proof of Theorem 6

Forl < p < oo and p # 2, the norm of Ef, is not uniformly micro-
semitransitive (in particular, it is not micro-transitive).

Indeed, for p > 2, there is no isomorphism T € £(¢2) with || T[] = 1 such

that ) )
T(e1) = <21/p» 21/p> .
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Applications

Proof of Theorem 6

Forl < p < oo and p # 2, the norm of E,Q, is not uniformly micro-
semitransitive (in particular, it is not micro-transitive).

Indeed, for p > 2, there is no isomorphism T € £(¢2) with || T[] = 1 such

that ) )
T(e1) = <21/p» 21/p> .

And for 1 < p < 2,

Sheldon Dantas Micro-transitivity



Motivation Uniform micro-semitransitivity The Bishop-Phelps-Bollobds property The relation Applications

Applications

Proof of Theorem 6

Forl < p < oo and p # 2, the norm of E,Q, is not uniformly micro-
semitransitive (in particular, it is not micro-transitive).

Indeed, for p > 2, there is no isomorphism T € £(¢2) with || T[] = 1 such

that ) )
T(e) = <21/p, 21/p> .

And for 1 < p < 2, there is no isomorphism T € L(¢3) with ||T|| =1

such that ) )
T (21/;7’ 21/[3) = €1.
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Applications

Proof of Theorem 6

Forl < p < oo and p # 2, the norm of E,Q, is not uniformly micro-
semitransitive (in particular, it is not micro-transitive).

Indeed, for p > 2, there is no isomorphism T € £(¢2) with || T[] = 1 such

that ) )
T(e) = <21/p, 21/p> .

And for 1 < p < 2, there is no isomorphism T € L(¢3) with ||T|| =1

such that ) )
T (21/;7’ 21/[3) = €1.

Since /2 is always 1-complemented in L,(s), we are done.
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Applications

Theorem 8

(a) Let X be a uniformly convex Banach space. If X is uniformly micro-
semitransitive, then so is X*.
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Applications

Theorem 8

(a) Let X be a uniformly convex Banach space. If X is uniformly micro-
semitransitive, then so is X*.

(b) If X is micro-transitive, then so is X*.
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(a) Micro-transitivity = Hilbert?
Actually,
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Questions

Applications
(a) Micro-transitivity = Hilbert?
Actually,

(b) Uniformly micro-semitransitivity = Hilbert?
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Applications

Suppose that

(a) X is uniformly convex.
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Applications

Suppose that

(a) X is uniformly convex.

(b) the norm of X is uniformly micro-semitransitive.
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Applications

Suppose that

(a) X is uniformly convex.
(b) the norm of X is uniformly micro-semitransitive.

(c) there is a function 8 : (0,2) — R™ such that the norm of 2-
dimensional subspaces of X and all 2-dimensional quotients of X is
uniformly micro-semitransitive witnessed by this function.
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Applications

Suppose that

(a) X is uniformly convex.
(b) the norm of X is uniformly micro-semitransitive.

(c) there is a function 8 : (0,2) — R™ such that the norm of 2-
dimensional subspaces of X and all 2-dimensional quotients of X is
uniformly micro-semitransitive witnessed by this function.

Then, X is isomorphic to a Hilbert space.
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Applications

Theorem 9

Suppose that

(a) X is uniformly convex.
(b) the norm of X is uniformly micro-semitransitive.

(c) there is a function 8 : (0,2) — R™ such that the norm of 2-
dimensional subspaces of X and all 2-dimensional quotients of X is
uniformly micro-semitransitive witnessed by this function.

Then, X is isomorphic to a Hilbert space.

v

Every space that is of type 2 and cotype 2 is isomorphic to a Hilbert space
(S. Kwapier, 1972)
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Thank you
for your attention
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