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Dirichlet series

Dirichlet series

z:a,,n*s
where a, € X (Banach space)

A norm for finite sums (polynomials)
For1 < p < oo define

N
[an
n=1

R N 1
. 1 1P P
= lim [ — H a—.H dt
p Rl—>oo<2R/R nz::”n'tx

* converges

+ defines a norm
Hardy space [Bayart]

5 (X) = completion



Gateway: harmonic analysis

Infinite-dimensional torus
TOO = {(Zn)n C C: |Zn‘ = 1}
with the normalised Lebesgue measure.

Fourier coefficient

f € Ly(T*, X)

a=(a,...,an,0,0,...)witha; € Zfori=1,...,nandn e N
flo)= | fa)redz

Hardy space

Hp(T=, X) = {f € Lp,(T=,X): 3i, a; < 0 = f(a) = 0}



Gateway: harmonic analysis

decomposition as product
of primes

Correspondence
Y- ann— € s (X) if and only if

3f € Hp(X) st. f(a) = a, with n=p2...pgn

Moreover

[San

= P lbz=o0



What do we aim at?
Conditions that in some sense relate the .7, (X)-norm with the
coefficients



What do we know?

Cotype
X has cotype 2 < g < o if there is C > 1 s0 that

N a N
(S pal)” < [ |30
n=1 JTV T =

for every choice x,,...,xy € X.

dz
X

[Carando-Defant-S]

If X has cotype g then for every o > 1 — 3 = qi we have

oo

[[Gn][x s
> lonle < | 5™ apn
n=1

HG(X)

Problem
The inequality is too weak ...can we do better?



Hausdorff-Young inequality - scalar valued

We consider the operator

~

f:T—>C~ (f(n))nGZ

Easy
Li(T) — ¢o(Z) bounded

Plancherel

Ly(T) — 45(Z) isometry

Interpolating (Haussdorff-Young)
Lp(T) — £,/(Z) bounded

for1§p§2and%+§:1.



Hausdorff-Young inequality - scalar valued

In particular

(S <,

for every f € Hp(T)

This transfers to T* and gives

(i Ianl”/) 7 < CH > ann~*
n=1

forevery1<p <2.
With a similar idea (taking an operator ¢, — L., and ¢, — L, and
interpolating...) one gets another HY inequality and, from it,

deduces - 1
H Zann—s e < C(; |an|P )p

26(C)

for2 <p < .



Hausdorff-Young inequality - vector valued?

Still easy

L(T,X) — ¢+ (Z,X) bounded

Unfortunately Plancherel does not hold in general ...

Fourier cotype
X has Fourier cotype 2 < g < cc if there is C > 1 so that

m 1 m q’ a
(ZIIXnHZ)q < C(/ HZXnZ” ) dZ) .
n=1 T h=

for every choice x,, ..., xm € X.

In other words
Given 1< p < 2,
Lp(T,X) — Ep,(Z,X)

is bounded if and only if X has Fourier cotype p’.



Hausdorff-Young inequality - vector valued?

Theorem
Are equivalent

(@) X has Fourier cotype g (with constant C)

1

() (D IF(@I?)" < Clif g (o0

© (D lonl?)’ < | S anr

Aoy (X)

Problem
Having Fourier cotype is too restrictive



Something in between - reformulating what we know

Polynomial in n variables: finite sum

P(z) = Z XoZit ez = Z XaZ®

a€ENG a€eN]
Degree: max{a; + -+ + an}.

Cotype q
there is C > 1 so that for every n and every polynomial P of degree 1

in nvariables 1
(3 Ixallf) " < cllPl

Fourier cotype q
there is C > 1 so that for every m and every polynomial P of degree

m in n variables )
(D Ixallf) " < CllPlq
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Something in between - polynomial cotype

Polynomial cotype [CDS]
X has polynomial cotype 2 < g < o if there is C > 1 so that for
every m and n and every polynomial of degree m in n variables

(3 Ixallf)" < cmiiPily

Fact
Fourier cotype = polynomial cotype = cotype

"



Something in between - polynomial cotype

number of primes in
Theorem the decomposition,
Are equivalent counted with
multiplicity

(a) X has polynomial cotype
(b) there exist C >1and 04 r < 1such that

(Zr an||Q) <o S amn

(c) there exist C > 1and 0 < r < 1such that

(qu“f ||q) < Clflr=x
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Something in between - polynomial cotype

Moreover...
If X has non-trivial type the previous are equivalent to

(d) for every 1< p < oo, there exist constants C >1ando < r < 1
such that every function f € L,({—1,1}°°, X) satisfies

1/q
( > f"Allf(A)llq> < Clf iy (g1

ACN
A finite
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Spaces with polynomial cotype

Question
Which spaces have polynomial cotype?

Known [CDS]

- Fourier cotype

- local unconditional structure + cotype

In particular

+ Zp-spaces have polynomial cotype q for g = max(2, p)
- for 2 < p < o0, Schatten classes .#, have polynomial cotype p

14



Spaces with polynomial cotype - an interesting feature

Recall polynomial cotype
For every m and n and every polynomial of degree m,
P(z) = 3>_,cny XaZ® in n variables

(S beld)* <cmiel (9

Tetrahedral polynomial
All variables appear with power at most 1, that is

Z X Z®

ae{o,1}"

Theorem

X has polynomial cotype q if and only if (x) holds for every

tetrahedral polynomial of degree m in n variables -



Spaces with polynomial cotype

Other properties that imply polynomial cotype

+ Walsh cotype g = polynomial cotype g
* non-trivial type + cotype 2 = polynomial cotype 2

- Gaussian Approximation Property [Casazza-Nielsen] (+ cotype
q) = polynomial cotype g
+ Lu.st. + cotype g
. type 2 + cotype q
- Gordon-Lewis property + cotype q

+ g-uniform PL-convex = polynomial cotype g



Spaces with polynomial cotype

Uniform PL-convexity [Davis-Garling-Tomczak Jaegermann]
X is g-uniformly PL-convex (for g > 2) if there exists A > o such that

(19 + Ay]l° < / Ix + 2y)|%dz,

forall x,y € X.
Spaces that are g-uniformly PL-convex
+ g-uniformly convex
- any non-commutative L,-space (for q = 2) [Haagerup]
- spaces with ARNP (for g = 2) [Haagerup-Pisier]
- Schatten classes ., (for g = max(p,2))

In particular
Schatten classes have polynomial cotype g = max(p, 2)



Spaces with polynomial cotype

What is left?

We do not know of a Banach space that does not fall into one of
the previous classes

Daniel
Felipe
Pablo

Candidate

Ly(T)/H4(T)

is not uniformly PL-convex, but we do not know if it has GAP (or
polynomial cotype).



Can we have reversed inequalities?

Recall the ‘second’ Hausdorff-Young inequality

IFll < (3 FP)?

nez
for1 < p <2, that led to

[San

o=

2(©) < C(i |an|P)

n=1

Polynomial type
A Banach space X has polynomial type 1 < p < 2 if there is C > 1s0
that for every m and n and every polynomial of degree min n

variables A
1Pl < €™ (S Ixallf)’
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Polynomial type

Theorem
Are equivalent

(@) X has polynomial type p
(b) for some 1 < g < oo there exist R, C > 1 such that

| o < (S el

(c) for every 1 < g < oo there exist R, C > 1 such that

Hzann—s . (ZRPQ llan Hp)E

and ...
analogous inequalities for Hq(T>, X) and Lq({—1,1}°, X).
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Polynomial type

Relation with cotype
+ X polynomial type p = X* polynomial cotype p’
X polynomial cotype g + non-trivial type = X* polynomial type
q/
Spaces having polynomial type
« type 2 = polynomial type 2
« Gordon-Lewis property + type p = polynomial type p
- p-uniform smooth = polynomial type p

For example...
“p-spaces and Schatten classes .7, have polynomial type min(2, p)
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