ZASSENHAUS CONJECTURE (ZC1) ON TORSION UNITS OF
INTEGRAL GROUP RINGS FOR SOME METABELIAN GROUPS
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ABSTRACT. We prove a conjecture of Zassenhaus that every normalized torsion unit of the
integral group ring ZG of a finite group G is rationally conjugate to a group element for
some metabelian groups including metacyclic groups G containing a normal cyclic group A
such that G/A is cyclic of prime power order. The relative prime case was done in [11].

1. INTRODUCTION

A long standing Conjecture of Zassenhaus states:

(zZC1) If G is a finite group and u is a torsion element of U;(ZG)
then there is a unit v of QG such that v~'uv € G.

This conjecture has been verified for some families of finite groups including nilpotent groups
[14] and some split extensions G = A x X with |A| and |X| relatively prime (see [10, 11] for
A and X cyclic, the generalization of [5] for A cyclic and X abelian and the recent result of
[4] for A a p-group and X abelian). Also (ZC1) is known for G = (a) x (z) where |z| is a
prime number (see [6] and [7]).

The main result of this paper is the following theorem, where 7(G) denotes the set of
prime divisors of the order of a group G and if G is nilpotent then G, denotes the Sylow
p-subgroup of G and G,/ the product of Sylow g-subgroups of G for ¢ € 7(G) \ {p}.

Theorem 1. Let G be a finite group and assume that G = AX for A a cyclic normal subgroup
and X an abelian subgroup of G. Assume additionally that m(A) N w(X) has at most one
element and if such an element, say p, exists then A, and X, commute elementwise. Then

every torsion unit of Uy (ZG) is conjugate in QG* to an element of G.

As special cases of Theorem 1 we get the following corollaries.
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Corollary 2. Let G be a finite group and assume that G = AX for A a cyclic normal
subgroup of G and X an abelian subgroup of G. If m(A) Nm(X) = {p} and (p — 1,|X|) =1
then every torsion unit of Uy(ZG) is conjugate in QG* to an element of G.

Corollary 3. Let G be a finite group and assume that G = AX for A a cyclic normal
subgroup of G and X an abelian p-subgroup of G. Then every torsion unit of Uy(ZG) is

conjugate in QG* to an element of G.

Corollary 4. If G is metacyclic with a normal cyclic subgroup A such that G/A is cyclic
and |A| and [G : A] have at most one common prime divisor p and (p — 1,[G : A]) =1 then
every torsion unit of U1 (ZG) is conjugate in QG* to an element of G.

Corollary 5. If G has a cyclic normal subgroup A such that G/A is a cyclic p-group then

every torsion unit of U(ZG) is conjugate in QG* to an element of G.

Notice that Theorem 1 extends the results mentioned from [10, 11, 7, 5] and [6] but not the
one from [4]. However our proof is independent of the results extended and therefore provides
shorter proofs. The pay off is by using a theorem of Cliff and Weiss [2] (see Theorem 7 below).
This approach follows the matrix-like program suggested in [8] (see also [13, page 249] which
leads to the following problem, which for n =1 is just (ZC1).

Problem 6. Let SGL,(ZG) be the kernel of the group homomorphism GL,(ZG) — GL,(Z)
given by applying the augmentation homomorphism componentwise. Is every torsion unit of

SGL,(ZG) conjugate in GL,(QG) to a diagonal matriz of elements of G?

The mentioned theorem of Cliff and Weiss is their solution of Problem 6 for nilpotent

groups and matrices of arbitrary size.

Theorem 7. (Cliff-Weiss) If N is nilpotent then Problem 6 has a positive solution for
every positive integer n if and only if the number of non cyclic Sylow subgroups of N s at

most 1.
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2. SOME LEMMAS
We use the following notation for GG a finite group, R a ring, z,y € G, C C G, u € RG

and A a normal subgroup of G:
o(z) = Order of x

¥ = ylay
(z,y) = zya~ly™!
¢ = {19:9€ G}
CI(G) = Set of conjugacy classes of G
m(z) = w((z))
u, = Coeflicient of x in u
uc = ZCGC Ue
R* = Group of units of R = U(R)

U1(RG) = {u€U(RG):ug =1} = Units of augmentation one in RG
Agr(G,A) = Kernel of the natural projection: RG — R(G/A)

Notice that if g € G then uyc is denoted t(g) in [13]. If N is a finite nilpotent group,
p € m(N) and © C w(G) let N, denote the Sylow p-subgroup of N, N = [[,.. Ny, Np =

Nzene and Ny = Nya)gpy- Moreover if g is an element of a group then g, denotes the

qe™

m-part of g, that is the projection of x in the decomposition (z) = (x), X (x)..We recall the
following useful criterion for (ZC1) to hold. Notice that the equivalence between 1 and 2 is

a trivial consequence of [13, Lemma 41.5] and the equivalence of 2 and 3 is obvious because

1 =ve = cecye) Ve

Lemma 1. The following are equivalent for a torsion element u of Uy(ZG):

(1) w is conjugate in QG* to an element of G.
(2) For every v € (u) the cardinality of {C € CI(GQ) : ve # 0} is 1.
(3) For every v € (u) and every C € CI(G) one has ve > 0.

We start proving some easy and well known lemmas.

Lemma 2. Let A be an abelian normal subgroup of G and g € G such that ¢© C Ag. Then
(A, g9))g" =4¢°.

Proof. The inclusion g C {(4,g))g“ is clear. If z € {(4,9)) then z = (ay,g) -+ (ay,g) for

some ay, . ..,a, € A. Therefore to show g% C g% one may assume without loss of generality
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that k = 1, that is * = (a, g) for some a € A. Let z € ¢ and b = zg~!. By hypothesis
be ¢fg ! C A and hence b; = b9 € A. Then

1 G

rz = (a,9)z = aga” g 'bg = aga"'b; = agbja™' = abga' = aza™' € 2% = ¢%.

O

Lemma 3. Let A be a normal cyclic subgroup of G and X a subgroup of G. If g € A, X
and p € w(g) \ 7(X) then (g, 4,) = 1.

Proof. Write g = ax with a € A, and z € X and let A, = (b), p™ = o(b) and s = o(x). Set
b* = b/ for some integer j. Let n be the order of j in Z%,.. Then b= b"" = V’" and thus nls.
By means of contradiction assume that (g, A,) # 1 or equivalently n # 1. We observe that

j#1 mod p (otherwise j#" " =1 mod p™). Now from j* =1 mod p™ and j £ 1 mod p
we deduce that

1+j+42+...+571=0 modp™
and hence

¢° = (az)® = Mttt s

It follows that p|o(g)|s, a contradiction. O

For every integer n and ring R let tr : M, (R) — R/[R, R] be the map which associates
to a matrix a € M, (R) the sum of its diagonal entries modulo [R, R]. Notice that if R is a
commutative ring and G is a group then [RG, RG] is the R-span of the elements of the form
lg,h] for g,h € G and also [RG, RG] = {u € RG : uc =0 for all C' € CI(G)} (see [13, 41.1]).
This implies that
(1) u= ZUth mod [RG, RG|

teT
where T is a set of representatives of the conjugacy classes of G and RG/[RG, RG] is iso-
morphic as an R-module to @Rt and therefore it is also isomorphic as an R-module
to Z(RG). In particular, if the characteristic of R is 0, then RG/[RG, RG] is a torsion-
free additive group.Let now N be a normal subgroup of G and consider the (RG, RN)-
bimodule M = RG ®ry RN. If B is a set of representatives of cosets of N in GG then
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{b®1:b € B} is a basis of Mgy. The matrix representation in this basis of the ring embed-
ding RG — End(Mgy) that associates to every element a of RG to the left multiplication
map M 3 x — az induces a ring map p : RG — M, (RN) where n = [G : N|. We will use
the following formula, for u € RG and S a set of representatives of the conjugacy classes of

N, which is proved( for the split case but the argument holds generally) in [13, 41.10]:

(2) trp(u Zu ¢[Ceng(s) : Ceny(s)]s.

seS

We are ready to prove Theorem 1.

3. PrROOF OF THEOREM 1

By means of contradiction we assume that G is a finite group of minimal order among
those satisfying the conditions of Theorem 1 such that U;(ZG) contains a torsion element u
which is not conjugate in QG* to an element of GG. Assume that v has minimal order among
the elements satisfying this property.Applying Lemma 1 with the hypothesis that u is not
conjugate in QG to an element of G one deduces that there is an element v € (u) such
that ve < 0 for some C' € CI(G). Applying again Lemma 1 to v one deduces that v is not
conjugate in QG* to an element of G and by the minimality of the order of u one can take
u = v, that is uc < 0 for some C' € CI(G). This will be in contradiction with:

Main Claim: uc > 0 for every C' € CI(G).Since A is abelian, ZG* N (1 + A(G)A(A)) is
torsion free (see [1] or [13, 31.3] under the additional hypothesis that G/A is abelian which
holds here and [9] without this hypothesis). Using this it is easy to show that if v and w are
two torsion units of U;(ZG) such that v = w mod A(G)A(A) then o(v) = o(w). We will
use this several times without specific mention.

If B is a subgroup of A then B is normal in G and it is easy to see that G/B also satisfies
the conditions of Theorem 1. Therefore, if B is non trivial then the minimality of the order
of G implies that (ZC1) holds for G/B. We will also use this several times without specific
mention.Let 7 = 7(G) \ m(X) and A = 7(G) \ 7(A) so that 7(G) is the disjoint union of ,
A and possibly {p}.
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Set A(G) = Az(G,G) and A(A) = Az(A, A). Using that G/A is abelian and hence
every torsion unit of augmentation one in Z(G/A) is an element of G/A and the Whitcomb
argument [13, 30.5] one deduces that there is y € G such that u =y mod A(G)A(A). Then
u, =y, mod A(G)A(A) for every 7 C w(G). In particular y, € A, if ¢ € 7. Moreover if
A = {p} UX and 2y = y,, then m(z) C A\;. Since A,X is a Hall \; subgroup of G then
2p is conjugate to an element of A,X [12, 9.1.3]. Conjugating u by this element we assume
that zp € A,X = (A4,X,) x X, and therefore y, € A,X, and yy € X\ = X,.Claim 1.
m(A) C m(u).

This is basically a consequence of [3, 2.2]. We include an elementary (slightly different)
proof for the sake of completeness. By means of contradiction let ¢ € 7w(A) \ 7(u). Let
G = G/A, and use the bar notation for reduction modulo A,. Since A, # 1, (ZC1) holds for
G = G/A,, so that iip > 0 for every D € CI(G). However we know that uc < 0 for some
C € Cl(G). Let g € C. By [13, 38.11], if h € G is an element of C' whose order is multiple
of ¢ then u,c = 0. This shows that g, = 1. However we are going to show that if h, = 1 and
h ~ g then h ~ g, so that 0 > @5 = uc < 0, a contradiction. Indeed, if A ~ § then h ~ ag,
a € A,. Since o(h) is not multiple of ¢, one has that o(h) = o(g) and therefore (a,g) # 1.
Write a? = a/ and ¢™ = o(a). As in the proof of Lemma 3 we have that j Z 1 mod ¢. Let
k(j —1) = 1 mod ¢™. Then a*ga* = a*~Yg = ag ~ h, and this finishes the proof of
Claim 1.Claim 2. (y;, Ax) = 1 for every t € 7(G).

The statement is obvious if ¢ € 7 because i, € A, and A, is abelian. Otherwise y; € (Yr(x))
and therefore it is enough to show that (yx(x), Ax) = 1. On the other hand A, =[], 4,
and thus to prove Claim 2 one only needs to show that (yr(x), A;) = 1 for every ¢ € 7. Let
q € m. Then u, # 1, by Claim 1. On the other hand, u,(x)uqs = yr(x)yg mod A(G)A(A)
and hence glo(ur(x))o(uq) = 0(tUr(x)tq) = 0(Yx(x)Yq). Since y, € A,, applying Lemma 3 we
deduce that (yr(x)yq Ag) = 1, or equivalently (yx(x), Aq) = 1. This proves Claim 2.Claim
8. m(A) = 7(u) and u = 1 mod A(G, M), where M = Cenyx,(A,).By Claim 2, z =
Yy € Cenx ,(Ar). Recall that we have been careful to pick 2o € A,X = (4,X,) x X, and
therefore z € X,. Thus z commutes with A,,A; and X and therefore is a central element

of G. Furthermore uz™' = yray mod A(G)A(A) and therefore o(uz™") = 0(yr(a)). Since
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1'is not conjugate in QG* to an element of G. Now the minimality of o(u)

z is central, uz~
implies that o(y) = o(u) = o(uz™') = 0(yx(a)) = 0(y)/o(z) and so z = 1. This shows that
Y = Yryp € ArA,X, = AX,. Combining this with Claim 2 one deduces that y € M and
hence u =y =1 mod A(G, M). This establishes Claim 3.

Finally we address the proof of the Main Claim. Let g € C' € CI(G).Assume first g &
Ceng(A). Then B = {(a, g)) # 1 for some a € A. Hence (ZC1) holds for G = G/B. Using
Lemma 1 there is D € CI(G) such that ug = 0 for every D # E € CI(G). Then tip = 1,
since g = ug = 1, On the other hand C' = ¢“ C G’g C Ag. Using Lemma 2 one has that
BC = C and this implies that uc = us > 0.

Now let g € Ceng(A) and let N = (M, g). Let g = ha with h € (g)ra) and z € (g)x.
Then h € M and so N = (M, ) and 2" € X for some hy € G. Since x € Ceng(A) then
2" € Cenx(A) C Z(G). Therefore z € Z(G) and we conclude that N = (M,z) = A, x
Ceng,x,(Ax) X (x), a nilpotent group. Furthermore N, is cyclic for every p # ¢ € 7(IN).Let
n =[G : N] and let p : QG — M,(QN) as explained at the end of section 2. Notice
that p restricts to a group homomorphism ZG* N (1 + A(G,N)) — SGL,(ZN). By Claim
3, u € ZG*N(1+A(G,M)) C ZG*N (1 + A(G,N)) and hence p(u) is a torsion unit of
SGL,(ZN). In the previous paragraph we have checked that N satisfies the hypothesis of
Theorem 7. Thus there is @ € GL,(QN) such that p(u) = a~'da for d a diagonal matrix
formed by elements of N. This implies that trp(u) = trd is of the form ), _\ kb with &
non negative integers. By using (1) and (2) one has that up > 0 for every D € CI(G) such
that D C N, and in particular uc > 0. This completes the proof of the Main Claim and of

Theorem 1. [
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