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1 Introduction

Throughout this paper, G denotes a group with identity e. If R is a G-graded ring, we write
R = ®4cq R, and we refer to R, as the coefficient ring. We denote the category of graded (left)
R-modules (i.e., those left R-modules M with a G-grading M = ®©4cqM, such that R, M, C My,)
by R-gr.

The aim of this paper is to present a method to reduce the study of one strongly graded ring
R to the study of another strongly graded ring R’ that is more tractable. This reduction process
has two aspects: reducing the coefficient ring or reducing the grading. Since we apply this
method in our study of module-theoretic properties such as semisimplicity for graded rings, we
require that this reduction process preserve the category of modules R-mod and the category of
graded modules R-gr. This leads us to the notion of graded equivalence.

In this paper, a Morita context is the usual tuple (A4, B, P, Q, T, ;1) where we assume 7 and 1 are
isomorphisms. A G-graded context is a Morita context (R, R', P,Q, T, ), where R and R’ are
G-graded rings, g Pr and pQr are graded bimodules (i.e., they have a grading which makes them
into both graded R-modules and graded R’-modules on the corresponding side) and 7 and p are
graded bimodule homomorphisms. See [14] for details about graded modules and homomorphisms.
Given a functor F': R-gr — R’-gr, we say that F' is a graded equivalence of categories if any
of the following equivalent conditions hold (see for example [8]):

1. FoTy="1T,0F, for every g € G, where T, denotes the g-th suspension.
2. F = Homp(P,—) where P is part of a G-graded Morita context (R, R, P,Q, T, 11).
3. F =Q ®p — where Q is part of a G-graded Morita context (R, R', P,Q, T, 11).

4. F lifts to an equivalence of categories F’ : R-mod — R’-mod, that is, there is an equivalence
of categories F’, as above, such that F'(M) = F(M) for every M € R-gr.

We say that R and R’ are graded equivalent if there is a graded equivalence F' : R-gr — R'-gr.

A special type of graded equivalence arises from graded isomorphism. Given G-graded rings
R and R/, we say that R and R’ are graded isomorphic if there is a graded isomorphism
[+ R — R'; that is, a ring homomorphism f such that f(Ry) = Rj. In case A = R. = R, then
R is said to be graded A-isomorphic if there is a graded isomorphism f : R — R’ that induces
the identity on A. Of course, graded isomorphic rings have isomorphic categories of modules and
graded modules, but this is too strong condition for our purposes.
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The reduction process mentioned above can be rephased in terms of graded equivalences. The
main problem of this paper is the following:

Problem A: Given a (strongly) G-graded ring, find another G-graded ring R’ that is
graded equivalent to R such that either the identity component R, is simpler (e.g., R,
is semiperfect and R, is basic semiperfect) or the grading of R’ is simpler (e.g., R’ is a
crossed product or a skew group ring).

We apply our solution of Problem A to the study of a more concrete problem:
Problem B: Characterize semisimple strongly G-graded rings.

The key to our study is the development of an action of graded Morita contexts on graded rings.
For the purposes of this introduction, if C' is a Morita context and R is a graded ring, then R®
denotes the action of C' on R (see section 2 for the details). We use this action to reduce the
coefficient ring. For example, we can apply a graded Morita context on a graded ring R whose
coeffiecient ring is of the form M,,(A) to obtain a graded equivalent ring R’ whose coefficient ring is
A. We also use this action to reduce the grading. Crossed products, twisted, skew and ordinary
group rings are examples of gradings that are more tractable than strongly graded rings. The
Cohen-Montgomery Duality is an example of how this action can reduce the grading of a strongly
graded ring to that of a skew group ring. To be more specific, we introduce some notation and
present one of our main results.

Let R be G-graded and let A = R.. A (graded) invertible R-module is an bimodule rPg which
is part of a (graded) Morita context (R, R, P,Q, u, 7). The class of A-bimodules isomorphic to a
given A-bimodule P is denoted by [P]. In addition, we use the following: (Here P. denotes the
identity component of the graded module P.)

Aut(A) = Group of automorphisms ofA
Inn(A) = Group of inner automorphisms ofA
Autr(A) = Group of automorphisms of A that extends to a graded automorphism of R
Out(4) = Aut(A)/Inn(A)
Outr(4) = Autr(A)/(Inn(A)NAutr(A))
Pic(A) = Picard group of A
Picr(A) = {[P.]: P is a graded invertible R-bimodule}

The next theorem summarizes our results: (Here given a group G and a subgroup H of G, G/H
denotes the set of either right or left H-cosets of G.)

Theorem A. Let R be a graded ring with coefficient ring A.

1. If R and R’ are strongly G-graded rings, then R and R’ are graded equivalent if
and only if there exists a Morita context C' between A and the coefficient ring of
R/, such that C induces a graded Morita context C' between R and R’ so that R’
and RC are graded isomorphic.

2. If R is strongly graded, Pic(A)/Picr(A) parametrizes the strongly graded rings
R/, with coefficient ring A, that are graded equivalent to R but not graded A-
isomorphic to R.

3. If R is strongly graded, Pic(A)/Out(A) parametrizes the strongly graded rings,
with coefficient ring A, that are graded equivalent to R but not graded isomorphic
to R.



4. Out(A)/Outr(A) ~ Aut(A)/Autr(A) parametrizes the graded rings that are
graded isomorphic to A, but not graded A-isomorphic.

See Theorem 3.2, Propositions 4.4 and 4.6. As a consequence of (1), the graded equivalence class of
R is completely determined by the Morita equivalence class of its coefficient ring. Statements (2)
through (4) give parametrizations of the equivalence classes of (strongly) graded rings with the same
coefficient ring, under graded equivalence, graded isomorphism or graded A-isomorphism. Finally,
synthesizing some results from [14] and [5], we reduce the distinction between graded equivalence
and graded isomorphism to a cohomology problem (see Section 5) and we obtain the following:

Theorem B. There are graded equivalent, strongly G-graded rings R and R’, sharing
coefficient ring A, and, for every g € G, Ry ~ R;, as A-bimodules but R and R’ are not
graded isomorphic.

See Theorem 5.8.

Theorem A implies that reducing the coefficient ring A is limited by the Morita equivalence
class of A. As an example we obtain a result of [9]: If R is a strongly graded ring so that R, is
semiperfect, then R is graded equivalent to a strongly graded ring R’ such that R, is the basic
ring of R.. In particular, it follows that R’ is a crossed product. As a result, in the semiperfect
situation, we can reduce not only the coefficient ring, but the grading as well. Skew group rings
and twisted group rings are examples of gradings that are more tractable than crossed products,
and so we ask whether the process can go further to one of these two cases. However, reducing
to a twisted group ring is impossible if the original graded ring is not already twisted (Corollary
3.4). On the other hand, reducing to a skew group ring is possible via the Cohen-Montgomery
Duality but at the cost of complicating the coefficient ring. Nonetheless, this is the best we can
expect because reducing the grading to a skew group ring and keeping a tractable coefficient ring
are somehow incompatible. Specifically, if R, ~ R, is basic semiperfect and R is a skew group ring,
then R’ is a skew group ring as well (Proposition 6.5).

This result is helpful to the solution of Problem B. In particular, if R is semisimple, so is R, and
hence to solve Problem B, we may assume that R, is semisimple. By Theorem A, we may reduce R
to a crossed product over a finite product of division rings. Moreover, since Theorem A determines
how a graded equivalence results from a Morita context of the coefficient rings, we are very specific
on the resulting crossed product (see Section 7). However we cannot expect to go further (e.g.;
to unskew or to untwist) via graded equivalence. Nonetheless, using the particularities of these
crossed products, we can reduce the semisimplicity of the original ring to the semisimplicity of a
finite set of concrete crossed products over division rings. We prove:

Theorem C: Let R be a strongly graded ring with semisimple coefficient ring A. Let
B be the semisimple basic ring that is Morita equivalent to A (so B is a direct sum of
division rings). Then R is graded equivalent to a crossed product R’ with coefficient
ring B. Moreover, there exists a finite collection of crossed products over division rings,
{D;*G; :i=1,...,n}, such that R is semisimple if and only if each D;*G; is semisimple.

See Theorem 7.5. Moreover, if the original grading is already ”untwisted” (see Section 7), then we
can reduce to skew group rings over division rings (Corollary 7.7). Finally, we mention that when
the above mentioned division rings are fields, we can apply the results of [2] and [3] to characterize
all the semisimple strongly graded rings of this form (Corollary 7.8.)

Notation: We denote ring automorphisms exponentionally; that is, the action of a € Aut(R)
on r € R is denoted by r“. Accordingly o means, first «, then .



If u is a unit, then ¢, denotes the inner automorphism (r** = u~!ru) induced by u.

Let R be a G-graded ring. For every g € G, R, denotes the g-th homogeneous component
of R. The notation rg, is normally used to emphasize that r, € Ry. R-gr denotes the category of
left graded R-modules.

R is said to be strongly graded if RjR;, = Ry, for every g,h € G. R is said to be a crossed
product if R, contains a unit for every g € G. Crossed products are determined by parameter sets:
A parameter set of a group G over a ring A is a pair of maps (a : G — Aut(A),t: G x G — U(A)
satisfying the following conditions:

«
agah = tghbt%h and tgh,ktgjl = tg,hkth,k

The crossed product A «* G defined by the parameter set (a,t) is the free right A-module with
basis {7 : ¢ € G} with multiplication given by

rg = gres gh = ght(g, h)

A skew group ring is a crossed product A x{' G = A x®* G, such that t(g,h) = 1 for every
g,h € G. A twisted group ring is a crossed product A *{ G = A x; G, such that oy = 1 for every
g€ @G.

Whenever a map X ® Y — Z is denoted by M, means that the map is given by M (z ®y) = xy,
where the multiplication will be clear from the context. Finally, we have frequently abuse the
notation and identify X ®4 A, A ®4 X and X without explicit mention.

Finally, we would like to thank the referee for the helpful suggestions that were incorporated
into this paper.

2 DMorita contexts acting on graded rings.

We begin this section by defining a general action by Morita contexts. Let A and B arbitrary unital
rings. By Morita context, we mean the usual Morita context 6-tuple (A, B, P,Q, T, ) where 4Pp
and @ 4 are bimodules and 7: P®pQ — A and p: Q ®4 P — B are bimodule isomorphisms. In
the literature, the condition that 7 and p are bijective is usually not required and a Morita context
satisfying this condition is called a strict Morita context. But all the Morita context used in the
paper are strict, so we just say "Morita context” to mean ”strict Morita context”. In particular, a
Morita context shall always induce an equivalence of categories between A-mod and B-mod.

For shorthand notation, all Morita contexts will be denoted by C' with some modifier. For
example, C’ denotes the Morita context (A’, B', P',Q', 7', i).

Definition 2.1 Let C and C' be two Morita contexts. A morphism of Morita contexts from C to
C' is a 4-tuple of maps ¢ = («, B, 7, 0) where:

1. a: A— A and 8 : B — B’ are ring homomorphisms,
2. m: P — P'is an a-8 semilinear map,

3. 0:Q — Q' is a B-a semilinear map and

4. the following diagrams are commutative:

PopQ - A QesP & B
TR | la oRm | 1B

/

Pl ®B/ Q/ i) A/ Ql ®A’ Pl L B/



As with our notation convention for Morita contexts, we shall use similar rules to denote mor-
phisms of Morita contexts; e.g., the morphism ¢; is formed by the maps a1, 81,71, 01-
Morita contexts and the morphisms between Morita contexts define a category in a natural way.

Definition 2.2 Given two Morita contexts C and C', with B = A’, we define the multiplication

C-C'= (A B,PepP,Q ®5Q,
T(ler®1): (PepP)ep (Q' @ Q) — A,
Hlopel): (Q ©pQ)®a(PepP)— B)

It is straightforward to check that this product is well-defined and associative. The next lemma
shows that this product can be translated to the isomorphism classes of Morita contexts.

Lemma 2.3 The product of Morita contexts is compatible with the isomorphism of Morita contexts;
i.e., if C ~ C1 and C' ~ C] are Morita contexts so that B = A" and By = A}, then C-C' ~ C;-CYy.

Proof. Let ¢ : C — Cy and ¢’ : ¢! — C] isomorphisms of Morita contexts. Then one checks
by straightforward computations that (o, 3,7 ® 7', 0’ ® p) is an isomorphism of Morita contexts

We now turn our attention to graded rings. Let R be a G-graded ring. As we want a context
C = (A,B,P,Q,T,u) to act on R, we need to make sure that R can be viewed as an A-bimodule.
Thus, for technical reasons, it is convenient to assume that the coefficient ring R, is isomorphic to
A. This leads us to the following definition of an (A, G)-graded ring and the appropriate context
action.

Definition 2.4 Let A be a ring and G a group. An (A,G)-graded ring is a pair (R, f) where R
is a G-graded ring and f : A — R is a ring isomorphism.

Let a: A — A’ be a ring homomorphism, (R, f) an (A, G)-graded ring and (R, ') an (A’,G)-
graded ring. A graded a-homomorphism from (R, f) to (R, f') is a graded ring homomorphism
® : R — R’ which makes the diagram

A L R
a 1@
a Low

commutative.

(A, G)-graded rings and the 14-morphisms of (A, G) define a category in a natural way. The
graded 1 4-isomorphism class of an (A, G)-graded ring (R, f) is denoted by [R, f]. Now we define
an action of Morita contexts on graded rings.

Definition 2.5 Given a Morita context C and an (A, G)-graded ring (R, f) we define (R, f)¢ =
(RC, f©), where

1. RE=Q@4 R®4 P = Dgea®@ ®a Ry ®4 P with the product defined by

(qereop)(derep)=(qorrped)r @p)

2. = feolu



Next lemma shows that this action induces an action of the isomorphism classes of Morita
contexts on the class of (graded) isomorphism classes of graded rings.

Lemma 2.6 Let (R, f) be an (A, G)-graded ring, (R', f') an (A’, G)-graded ring, ¢ = (o, 8,7, p) :
C — C" a morphism of Morita contexts and ® : (R, f) — (R, f') a graded a-morphism of rings.
Then % = p@® @7 : RC — R isa graded [3-morphism. In particular, if ¢ : C ~ C' and (R, f)
is a-isomorphic to (R, f'), then (R, f)C is B-isomorphic to (R, f')°".

Proof. We leave to the reader to check that ®? is well defined. We check that ®? is a ring
homomorphism. Given ¢q,¢' € Q, r,7’ € R and p,p’ € P, then

((qerep)(d@rep)) =o?

—~

q@rr(p®q)r'ep)
rr(p® ¢ )r') @ n(p')
(@fT)(p®q)0(r") @n(p)
(flar)(pe ¢)@(r') @ n(p')
(f'T'(m®0)(p® ¢ )P(r") @n(p)

It is straightforward to see that ®€ is graded. Finally we prove that ®? is a S-homomorphism.
Since the diagrams

A LR Qo.P “ B
al |® and o®m)] 1B
A i/) R Q/ ® a1 P LaN B

are commutative, the diagram

fC

B — Q®aR®sP
Bl | @
, f/C

B — QI®A/R/®A/P/
is also commutative. |

We close this section by showing that the action of (isomorphism classes ) of Morita contexts
on the (isomorphism classes) of graded rings is multiplicative.

Lemma 2.7 Let (R, f) be an (A, G)-graded ring and C and C' Morita contexts so that B = A’.
Then (R, f)¢°¢" is isomorphic to (R, f)©)°".

Proof. This follows by showing that the classical isomorphism
(Q®rQ)@aR®A(POxP) = Q0x (Q@aRsAP) 0N P!
is an isomorphism of (B’, G)-graded rings.

Notation 2.8 We denote the action of the isomorphism class of the Morita context C' on the
isomorphism class [R, f] of the (A, G)-graded ring (R, f) by [R, f]¢.



3 Graded equivalences

The moral of the previous section is that we may consider the equivalence classes of Morita con-
texts (partially) acting multiplicatively on graded rings. In this section, we show that this action
completely characterizes graded equivalences for strongly graded rings.

The key to graded contexts is that they induce Morita contexts for the coefficient ring when
the ring R is strongly graded. This is the essence of the following lemma.

Lemma 3.1 Let (R, f) be a strongly (A, G)-graded ring and (R, f') a strongly (A’, G)-graded ring.
IfC = (R,R,X,Y, 7 i) is a graded context, then C = (A, A',P = X.,Q = Y., 7 = f~ 7/ u=
YUl is @ Morita context, where 7\ : P @4 Q — A and pl, : Q ®4 P — A’ are given by
T(p®q) =7'(p x q) and p;(q®q) = 1 (g X p).

Proof. Since 7’ is surjective, thereare x; € X andy; € Y (1 = 1,2,...,n) so that 7/ (31 2,Qy;) =
1. We may assume that every z; is homogeneous, say of degree g;, and that every y; is homogeneous
of degree g{l. For every ¢« = 1,2,...,n, choose r;; € R _1 and s;; € R’ (j =12,....k) so

that Zj rijsi; = 1. Then 7(3_, ij Tij @ 8iYi) = ft (Z Z T ® szjyl) = f1 (ZZ(:CZ ®
> (rijsij)yi) = S 2 ®y;) = f~1(1) = 1. This shows that 7 is surjective. By symmetry,
1 is also surjective. 1

We can now present our characterization of graded equivalences using our context action.

Theorem 3.2 Let (R, f) be an (A, G)-graded ring and let (R', f') be a (A’, G)-graded ring.

1. If there exists a Morita context C' such that [R', f'] = [R, f]°, then R and R' are graded
equivalent.

2. If R and R’ are strongly graded, then the converse of (1) holds; that is, if R and R are strongly
graded and graded equivalent, then there exists a Morita context C such that [R', '] = [R, f]¢

Proof. 1. It is enough to show that R and RC are graded equivalent. Let Q ®4 — : R-gr — RC-gr
be the functor defined as follows: If M € R-gr, then Q) ® 4 — maps M to Q@ ® 4 M with the grading
(Q®A M)y =Q ®a My and the left multiplication by elements of RC is defined by

(qerep)(d ®@m)=qrr(p®4q)@m

The action of Q ® 4 — on morphisms is the natural one. It is straightforward to see that Q ® 4 —
commutes with the suspension functor T and that () ®4 — is a category equivalence. It follows
that QQ ® 4 — is a graded equivalence from our discussion in the introduction. For further details,
see [8].

2. Let C = (R,R,X,Y, 7, i) be graded context and assume that R and R’ are strongly
graded. By Lemma 3.1 C = (A, A, P = X.,Q = Yo, 7 = f 27/, n = f'" ') is a Morita context.
Let ®: R =Q®4 R®4 P — R be defined by ®(q @ r @ p) = i/ (qr @ p).

We first show that ® is a ring homomorphism.

P((g@rep)(d@r ep)) <I>(Q®7“T(q®q)7“’®p’)
=u(gr'ped ) @p)
=W (W (qgr@p)dr @p)
=W (gr@p)p'(¢'r' @p')
=0(qerep)®(dor ®p).

J



It is clear that ® is graded.
Let r;, € Rj. Since y' is surjective, there are z; € X and y; € Y (i = 1,...,n) so that
g = W27 ®y;). We may assume that every x; is homogeneous (of degree gh;) and y; is
homogeneous (of degree hi_l). Then r;, = CD(ZZ-]- xia;j ® b;jal-k R biry;), where a;, € Rhi—l, bi € Ry,
a;j € Rign,)-1, b;j € Rgp, and > 1 aipbiy =1 = Zj a;jb;j, for every i. This shows that ® is surjective.
To prove that ® is injective, we first prove ' restricts to a bijection pg : Yy ®4 P — R’g, for
every g € G. Indeed, since jt = !0, jte is a bijection. On the other hand the following diagram

is commutative

r

1
R ®aY,®@aP 2o R, ®aR,
M®l| | M
Q®4 P He R,

and so 1 ® i, is a bijection. Since Rg-1 is faithfully flat as right A-module, y, is a bijection.

Now assume that ®(>", ¢; ® 7, @ p;) = 0. Then p/(>", ¢;7s ® p;) = 0. We may assume that every
r; is homogeneous and that they all have the same degree, say g. Then py(> ", ¢;iri ® p;) = 0 and
hence ), ¢ir; ® p; = 0in Xy, ®4 P. Therefore, ), ¢; @ r; @ p; =01in Q ®4 Ry ®4 P.

It only remains to show that the following diagram is commutative

a5 ge
I
a LR

However ®f“u(qep) =®(1@ f@1)(q@p) =P(q@10p) = p'(¢op) = fulg®p). 1
The following corollary is a direct consequence of Theorem 3.2.

Corollary 3.3 If R is a strongly graded ring and A is Morita equivalent to R, then R is graded
equivalent to a strongly graded ring R’ such that R, = A.

Since a strongly graded ring R is a twisted group ring if and only if the homogeneous components
of R are isomorphic to R, as R.-bimodules, we have the following corollary.

Corollary 3.4 If R is a twisted group ring, then every ring graded equivalent to R is also a twisted
group ring.

Remark 3.5 We note that the results of [12] and [13] are similar to some of the results found
in this and the previous section. For example, Theorem 1.1 of [18] compares to Lemma 2.3 and
Lemma 2.7, which shows that Morita contexts, as well as their action on graded rings, are mul-
tiplicative. Moreover, Theorem 3.4 of [12] is similar in flavor to Theorem 8.2, which shows that
graded equivalences arise from Morita contexts of the coefficient ring.

4 The Picard group acting on graded rings.

The philosophy of this section is that, using Corollary 3.3, we have reduced the coeflicient ring
(via graded equivalence) as much as possible and, consequently, we now fix the coefficient ring A.
That is, we are interested in all the G-graded rings R, with R, = A and our goal is to identify the
graded equivalent classes. In this case, the action of Morita contexts on graded rings reduces to



an action of Pic(A) and the graded equivalent classes turn out to be the orbits under this action.
For technical reasons, it is more convenient to consider all the G-graded rings R such that R, is
isomorphic to A. This does not change our study but rather simplifies the proofs.

Notation 4.1 Pic(A) denotes the Picard group of A. If P is an invertible A-bimodule, [P] € Pic(A)
denotes the class of invertible A-bimodules isomorphic to P.

Given an automorphism o of A, A7 is the A-bimodule defined as follows: A% = A as a left A-
module and right multiplication is given by: p-a = po(a) (a € A,p € A?). Similarly, we define 7 A.
It is well known that A? is invertible and that the map « + [A?] defines a group homomorphism
Aut(A) — Pic(A) whose kernel is Inn(A), the set of inner automorphisms of A. Accordingly we
identify Out(A) = Aut(A)/Inn(A) with the image of this map.

Now let R be a G-graded ring. Then Pic®" (R) denotes the group of graded isomorphism classes
of invertible R-bimodules P that occur in a graded context (R, R, P, Q, T, 11).

Let (R, f) be an (A, G)-graded ring. If o is a graded automorphism of R, then R° € Pic® (R).
Moreover, o induces an automorphism o, = f~lof in A. We denote the set of graded automor-
phisms of R by Aut®'(R) and the set of inner automorphisms of R induced by an invertible element
of A by Inng(R). Set

Picg(A) = {[P] € Pic(A) : [P] = [Q.] for some Q € Pic8"(R)}
Autr(A) = {o € Aut(A) : f 1o f extends to a graded automorphism of R}

and
Outr(A) = Autr(A)/Inn(A)

If (R, f) is a strongly (A,G)-graded ring, then G acts on the center of A via the Miyashita
action 0 : G — Aut(Z(A)). That is, if g € G and a € Z(A), then a% is defined by

arg = rya’? (rg € Ry)

In this paper, the coboundary, cocycle and cohomology groups B"(G,U(Z(A))), Z"(G,U(Z(A)))
and H"(G,U(Z(A))) are considered with respect to this action.

Proposition 4.2 If (R, f) is a strongly G-graded ring, there is a commutative diagram

1 1 1
! ! !
1— BYG,U(Z(A)) % DnaR) 2 Imn(4) —1
Jl Jl Jl
1 ZYG,U(Z(4) 2% Aw®(R) 2 Autp(4d) —1
T T T
1 HYG,UZ(A)) %% PicB"(R) 2 Picg(4) —1
!
1

with exact rows and columns of group homomorphisms, and all the vertical homomorphisms are
canonical.



Proof. We first define the morphisms a and 3. If ¢ € ZY(G,U(Z(A))), then as(c) : R — R is
given by as(c)(ry) = rec(g) (9 € G and ry, € Ry). «p is the restriction of as to BY(G,U(Z(4))).
So the upper left square is commutative and then ajg is the only group homomorphism making the
lower left square commutative.

f1 and (2 are the restriction maps and (3 is the map given by f3([P]) = [P.]. Note that by
Lemma 3.1, 33 maps Pic® (R) into Pic(A).

Commutativity of the diagram is straightforward to check. We only have to prove that s is a
group homomorphism and that the rows are exact.

For the remainder of the proof g denotes an arbitrary element of G and z; € R;-1 and y; € Ry
are so that >, x;y; = 1.

Let P, P’ € Pic8'(R) and consider the maps ® : P, ®4 P, — (P ®g P'). the inclusion map and
U:(P®RP).— P.®4 P, given by U(p@p') =3 pr; @ yip', for p p’ € P, ® P,

We have to check that ¥ is well defined. Let a; € Rg-1 and b; € R, such that > aib; =1. Let
pxp € Py® Py. Then

YT @yip. =30p> 0 abjv @ yip'
= 22 22 paj © bjziyp/
= >_;pa; @ b;p’
By straightforward computations, one shows that ® and V¥ are inverse A-bimodule isomorphisms.
This shows that (3 is a group homomorphism.

We leave the details of checking that the first row is exact. For the second, let ¢ € Ker as,
then ryc(g) = rg, for every rq € Ry. Since R, is faithful as right A-module, ¢ = 1. Thus ay is
injective. It is clear that Im ao C Ker B3. Let 0 € Ker 3. We claim that for every g € G, there
is a unit ¢(g) € A, such that o(ry) = ryc(g), for every ry € Ry Let c(g) = [, mio(yi)).
Then o(ry) = o(ryd> ; xiyi) = r4c(g). If a € A, then ryac(g) = o(rga) = o(rg)a = ryc(g)a.
Therefore c(g) is central and, since ry — r4¢(g) is an automorphism of 4Ry, ¢(g) is invertible in A.
Moreover, for every 4, € Ry and s, € Ry, rgspc(gh) = rgc(g)spc(h) = rgspc(g)? c(h) and hence
ce ZYG,U(Z(A))). Thus o € Im as.

For the third row, let ¢ € ZY(G,U(Z(A))). If ¢ + BY(G,U(Z(A))) € Ker az, then as(c) €
Inng(R). Thus, there exists u a unit in Z(A), such that r4c(g) = urgu™! = rpusu=!, for every
g € G and every 17, € R,. Consequently, ¢(g) = usu~! and hence ¢ € B(G,U(Z(A))). This
shows that as is injective. Since Im ap = Ker 35 and T : Z1(G,U(Z(A))) — HY(G,U(Z(A))) is
surjective, Im a3 C Ker 3. Assume that [P] € Ker f3; this means that P, is isomorphic to A as
A-bimodule and hence P ~ R ® 4 P, is isomorphic to R as graded left R-module. It follows that
[P] = [A?] for some o € Ker 2. Using that the middle exact sequence is exact, it is now easy to
prove that [P] € Im «a3.

Notation 4.3 Set
Gr(A,G) ={[R, f] : (R, f) is a (A, G)-graded ring}

and
StGr(A,G) ={[R, f] € Gr(A4, f) : R is strongly graded}

Every element [P] € Pic(A) canonically defines a Morita context
C(P)=(A,A,P,P~" = Hom(4P, 4A), T, 1),

where 7(p® f) = (p)f and p'u(f @p) = (p') fp. Moreover if P and P’ are two invertible A-modules,
then [P] ~ [P'] if and only if there is an isomorphism ¢ : C'(P) ~ C(P’) of Morita contexts so that
a=03=1.
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By the results from the previous section, we define the following action of Pic(A) on Gr(4, G):
(R, 1) = [, 110
It is clear that StGr(A, G) is invariant under this action.
We can use Theorem 3.2 to compute the orbit of an [R, f] € StGr(4, G).
Proposition 4.4 Let [R, f] € StGr(A4, G).
1. The orbit of R, f] in StGr(A, G) by Pic(A) is

OeriC(A)([R, ) =A{[R, f'] € StGr(A,G) : R is graded equivalent to R}.

2. The stabilizer of [R, f] by Pic(A) is Picgr(A).

3. There is a one-to-one correspondence between the set of isomorphism classes of strongly
(A, G)-graded rings, graded Morita equivalent to R and the set of cosets Pic(A)/Picr(A).

Proof. (1) This is a consequence of Theorem 3.2.

(2) Lemma 3.1 shows that Picr(A) is contained in the stabilizer of (R, f) in Pic(A).

Assume now that [P] belongs to the stabilizer of (R, f) in Pic(A). Set C = C(P) and ® : R —
RC a graded isomorphism making commutative the diagram

)
C

1=
—

c
—

—_
o s
uy|

Let ¥ be the composition P ®4 R &2 p RA QR4 RR4 P 8l R ®4 P. Using this isomorphism,

we can endow X = R ®4 P with an R-bimodule structure by defining the left multiplication in
the canonical way and the right multiplication by: zr = ¥(¥U~!(x)r). We check that these two
multiplications make R ®4 P into an R-bimodule. Assume that 77'(1) = Y, p; ® ¢; and that
(r') =37 ®sj ®@y;. Then

(repr =¥ (rep)r)

1@ H(X . pi®gerep)r)

® O 1(QZ®T®p) )

2P ® (g ®r@p)®(r))

2P ® ql®r®P)Z Tj ® 8 ® yj)
Z pz®2 qi ®TT(p®x])5j ®yj)
](Z (pz®QZ)TTp®x])S ®yj)

j( p®xj)s; ®Y;)

Therefore r((r1 ®@p)r') = r((1@p)r') = (rri@p)r’ = (r(r1®@p))r’. We make X into a graded left R-
module by using the grading of R. In a similar way, we make P®4 R into a graded right R-module.
Since V is a graded isomorphism of abelian groups, X and P ® 4 R are graded R-bimodules, so
that ¥ is a graded isomorphism of graded R-bimodules. Similarly, Y = Q ®4 R and R ®4 @ are
isomorphic R-bimodules.
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Now XQrY *PRIA RRIRQRIAR~PRIARIRRRIAQ>=2PRA4RRAQ 2PR4Q R4 R~
A®4 R~ R. Similarly Y ® g X ~ R and these isomorphisms are graded. Since [P] € Pic(A) and
P ®4 R € Pic8"(R), then we have shown that [P] € Picg(A). Moreover P ~ X, as A-bimodules.

(3) This follows from 1 and 2. 1

The following fact is elementary: Every element of Gr(A,G) has a representative of the form
[R,1]; i.e., a representative, where R, = A and f = 1. Thus we have the following corollary.

Corollary 4.5 Given a ring A, there is a one-to-one correspondence between the graded equivalence
classes of strongly G-graded rings R such that R, = A and the orbits of Pic(A) in StGr(A4, G).

The above descriptions of the orbit require strongly graded rings. However, when we restrict
our attention to the action induced by Out(A) = Aut(A)/Inn(A), we can describe the orbits even
for non-strongly graded rings. The key observation is that the homomorphisms (3, and f2 can be
defined even if R is not strongly graded. In that case, we set Outy” (R) = AutY" (R)/Inna(R) and
so there is a homomorphism 5 : Out?" (R) — Outr(A) making the diagram (with exact rows and
columns)

1 1
! !
Inny(R) 2\ Inn(4A) —1
! !
AwB(R) 2 Autp(4) —1
! !
Out(R) % Outp(4) —1
! !
1 1

commutative.

Proposition 4.6 Let [R, f] € Gr(A,G)
1. The orbit of [R, f] by Out(A) is

Orbout(A)([R, 1) ={IR, f'] € Gr(A,G) : R is graded isomorphic to R}.

2. The stabilizer of [R, f] by Out(A) is Autr(A).

3. There is a one-to-one correspondence between the set of isomorphism classes of (A, G)-graded
rings graded A-isomorphic to R and the set of cosets Out(A)/Outr(A) (or equivalently
Aut(A)/Autr(A)).

Proof. (1) Let o be an automorphism of A. Then C(A?) (see Notation 4.3) is isomorphic to the
following Morita context C' = (A, A, A, A, T, i), where 7(a®b) = ab and p,(a®b) = o(ab). The
map
TA@AR@s AT D
a®r®b — arb

is a graded ring isomorphism. This proves that OrbOut( A)([R, f]) is embedded in the graded
isomorphism class of R.
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Assume now that (R, f') is an (A, G)-graded ring and ® : R — R’ is a graded ring isomorphism.
Let 0 = f/ 1o, f € Aut(A). Then the following diagram is commutative and consists of ring
isomorphisms

—1
A oA Ao, A7 Y s A @ R, @4 A
o1 | | v
A IR R,
ol | ®e
A AN R

e

Therefore, [R', f'] = [R, f]” and so (1) holds.
(2) The automorphism o stabilizes [R, f] if and only if there is a graded isomorphism ® : R — R¢
which makes the diagram

A — R
1] 1@
—1
A %JA®AA®AA01®L®1 TARs R®4 A°

commutative. But this will hold if and only if the diagram

A N R,

ot | @
A M cag,Aw, A0 Y cAg . R 0, A

1IN M | M

A EN R.

is commutative. Thus o stabilizes [R, f] if and only if fof~! extends to a graded automorphism
of R; in other words if o € Autgy(A).
(3) is a consequence of (1) and (2). &

Corollary 4.7 Given a ring A, there is a one-to-one correspondence between the graded isomor-
phism classes of G-graded rings R, with R, = A and the orbits of Out(A) (or Aut(A)) in Gr(A,G).

Our last remark of this section shows that Corollary 4.7 is a generalization of [11, Proposition
2].

Remark 4.8 By [14, Section 1.1.3], the isomorphism classes of strongly graded rings R such that
R. = A can be given in terms of a group homomorphism G — Pic(A) (¢ — [Ry]) and a set
of bimodule homomorphism R; ®4 R, — Ry, satisfying certain conditions. Crossed products
are determined by parameter sets. In the notation of [11], two crossed products R and R/, with
R. = R = A are A-isomorphic if and only if [R,1] = [R’,1]. Further, two parameter sets define
A-isomorphic crossed products if and only if they are equivalent in the sense of [11]. Let CP(A, G)
be the subset of StGr(A,G) formed by the classes that contain a crossed product. The action of
Aut(A) (or Out(A)) on StGr(A, G) restricts to an action on CP(A,G) and hence this action can
be translated to an action on the set of equivalence classes of parameter sets. Therefore Corollary
4.7 generalizes [11, Proposition 2].

13



5 Strongly graded rings with isomorphic components

The aim of this section is to show that graded equivalent strongly graded rings with the same
homogeneous components are not necessarily graded isomorphic; see Theorem 5.8. We begin with
some notation.

Notation 5.1 Fix a unital ring A, a group G, and a strongly (A,G)-graded ring (R, f). Let
Pic(g, r)(A) denote the centralizer of {[Ry] : g € G}; i.e.,

Pic(g r)(A) = {[P] € Pic(A) : [P][R,] = [R,][P] for every g € G}
Let StGr(g,s)(A,G) = {[R, ['] € StGr(A, G) : [Ry] = [R;] for every g € G}
The next lemma is an obvious consequence of Theorem 3.2.

Lemma 5.2 There is a map X : Pic(g p)(A) — StGr(g (A, G) given by S([P]) = [R, f1¥, whose
image is the set of the [R', f'] € StGrg y)(A, G) such that R’ is graded equivalent to R.

The significance of Lemma 5.2 is that Pic(p y)(A)/Picr(A) parametrizes the class of strongly
graded rings that are graded equivalent to R but not graded A-isomorphic to R and that have
homogeneous components A-isomorphic to those of R. However, there is another well-documented
way to parametrize StGr(p r)(A4, G) via the cohomology group H?(G,U(Z(A))).

Definition 5.3 Given c € Z%(G,U(Z(A))), R¢ denotes the strongly graded ring such that R = R
as an additive group with the multiplication in R defined by

Tg - Sp = Tgspc(g, h) (9,h € G,y € Ry, 51 € Ry)

Recall that we have reserved the letter M to denote multiplication maps. To distinguish different
multiplication maps induced by an (A, G)-graded ring (R, f), we denote My, = M : Ry ®4 R, —
Ryp,.

Theorem 5.4 [1/, Theorem A.1.3.16] Let (R, f) be a strongly G-graded ring. There is a bijection
U : StGrp 7y (A, G) — H*(G,U(Z(A))) given as follows: W~1(¢) = [R, f] and Y([R', f']) = Cr 9
(the homology induced by c(r,fr)) where the following map is right multiplication by c(R/vf/)(g, h),
for every g, h € G,

Moy 5,06 M ot
g.h g®0n y Mg,n 5y Ogh
Rgn = Ry®@a Ry — Ry®a R, = Ry, — Rgn

and 64 : Ry — R’g s an isomorphism of A-bimodules for every g € G.

The key to the main result of this section (Theorem 5.8) requires an example computed in [5]
and the map ¢ defined in [6]. Recall that if R is a strongly graded ring, then o : G — Aut(Z(R,))
denotes the Miyashita action induced by R (see Notation 4.1).

Notation 5.5 Every [P] € Pic(A) defines an automorphism ap of Z(A) defined by pz = ap(z)p for
allp € Pand z € Z(A). This gives rise to an action « : Pic(4) — Aut(Z(A)) via [P] — ap. If [P] €
Pic(p ¢)(A), then ap commutes with o, for every g € G. Therefore, P induces an automorphism 3p
of H*(G,Z(A)) and so we have another action 3 : Pic(g f)(A) — Aut(H?*(G, Z(A)) via [P] — fp.
We denote the image of = € Pic(g y)(A) under 3 by 3.
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Proposition 5.6 [5] There is an exact sequence

1 — H'(G,U(Z(A))) % Pic?"(R) & Pic ) (A) 2 HX(G,U(Z(R.)))

where az and B3 are the group homomorphisms from Proposition 4.2 and for every x,y € Pic(g p) (A),

o(zy) = ¢()B:(A(y))

Now, to use [5], we must show that the maps ¢ and ¥ o X : Pic(g yy(A) — H*(G,U(Z(A))) are
strongly related. This is precisely what the next lemma does.

Lemma 5.7 ¢o(—)"!' = WoX;ie., the following diagram
Picrpy(4) L Picgp(A
(r,f)(A) - ic(r,f)(A)
A Lo

StGT(RJ)(A, G) 2 H2(G,U(Z(A)))

is commutative ((—)~' denotes the inverse map).

Proof. Let [P] € Pic(g )(A) and (A, A, P,Q, 7, 1) be a Morita context. We need to show that
o((P]) = (¥2)(([Q)).

Fix g,h € G.

There is a A-bimodule isomorphism v, : P — R;1 ®4 P ®4 Ry. Following the proof of
Proposition 5.6 in [5] one can obtain ¢([P]) in terms of the map ~,. More precisely, ¢([P]) = ¢
where ’)/g_hl(thl’gfl ®1® Mgp)(1® vy @ 1)y, is left multiplication by ¢(g, h).

Let 6y = (pg®1)(107,@1)(107 1) where pg : Rg®4R,-1®@P — P is given by pg(rg®s,-1Qp) =
(rgsgfl)p.

By Theorem 5.4, (¥ o ¥)(|Q]) = d where for every g,h € G, 5g_h1 h(0g ® 0p)M _h is right
multiplication by d(g,h). Fix r € Ry and s € Rj,. We show that rsd(g, h) =rsc(g, h) and so it will
follow that ¢ = d.

We are going to use a Sweedler-like sigma notation. Given amap f: X - Y ® Z and z € X,
the element f(x) is going to be denoted by Zf T(y)®@z(z). I Y = Ry, then (g ) is denoted xy).
For example 771(a) =Y apy @ a(q), for a € A and v4(p) = Z% P(g-1) @ P(p) ® P(g), for p € P.

Then

5g(r) =(pg@ 1)1 @)1 o7 1) (r)
(9®1)( ®'79®1) ®Z—11P)®1(Q))
( 9®1)( ®Z -1 fyg _1)®1(P)(P)®1(P)(g)®1(Q))

= Z’r Lvg Tl(P ( 71)1(P)(P) ® 1(P)( )® 1(Q))

Similarly, 5h(8) = 27—17,}% Sl(P)(h—l)l(P)(P) (29 1(P)(h) & 1(@). Thus
ngh(é X 5h) g h(’l“s
My n(0g @ 0p)(r @ 5) =
My n (=14, 71(P) -1y L) (p) @ L(P) () @ L) B 21, 5LP) -1y L(PY (p) @ L(P) ) @ L@) =
2 g yn rLp)g-1)L(P)(py @ 1(P)(g)'“(l(Q) ® Sl(P)(h— 1y (P)( )) (P)(n) @ L)
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Let 1 =), xxy, where x;, € Ry, and y, € Rj-1. Since vgfhl(Mh_%g—l 1@ Mgp)(1®vy® 1)y
is left multiplication by ¢(g, k), then

(1®Vgh )(pgh ® 1) My p (85 @ 65) M, ; (rs) =

187, ®1)(p,, ®1)

(- oy Lo L) -1y LP) (p) @ 1P () (1@ @ 51(P) 1) 1P ()P ) © L@) =

(1@, ®1)

(1 =tk TTE D YRL(P) (1) © 1P ) @ 1(p) () (L) © 51(P) -1y 1P () LP) oy © L(@) =
3t gtk T8k ® (9, ), (kg (1P (1) © 1Py oy @ 1Py ()))®
#(1Q) @ s1(pyj-1)L(P) (p)) L (P )(h))®1(Q) =

Yt t ok T @ g D) (e @ 1py @ 1(L@) @ $1(p) 1) 1(P) (p)1(P) () © L@ =
Yt etk TR @ (g, ) (ke ® Ly (L) ® 1Py 1) 1P () © 1Py ) © L(Q) =
Dt %Mxk@@ clg. W)y (yw @ 7(1p )®1(@))51(P)(h*1)1(P)(P))®1(P)(h))®1(Q) =
>t Tk @ (g, D)y (ke ® 51 () ) (h- ) Ly py @ 1)) @ L@) =
Zf—l,vh,kmkmksc(% W (1p) g1y @ L)y @ 1) ) @ Li@) =

rsc(g,h) ® > 1 Lipy @ 1q).-

Finally,
rsd(g,h) = 5g_h1Mg,h(5 ®(5h) “A(rs)
=(leonle ’th ® 1)(Pgh ® 1)Mg,p(dg @ 6) M, g, h(rs)
=1 ®@7)(rsc(g,h) @3, -1 1(p) @ 1(@))
=rsc(g, h).
|

Now we are ready for the main theorem of this section.

Theorem 5.8 There are strongly G-graded rings R and R' satisfying
1. Re.=R..
2. For every g € G, Ry and R’g are isomorphic as R.-bimodules.
3. R and R’ are graded equivalent.

4. R and R’ are not graded isomorphic.

Proof. By [5], there is a strongly graded ring R (actually a skew group ring) for which the map ¢
is not trivial. By Lemma 5.7, U # 1 which together with Lemma 5.2 proves the theorem. J

A specific example of the above theorem now follows:

Example 5.9 Let A be a unital ring, G a group and o : G — Aut(A) a group homomorphism.
Let w € Aut(A) and B : G — Aut(A) be given by B(9) = wla(g)w. Let R = A,G the skew
group ring associated to the action o and R' = AgG the skew group ring associated to the action 3.
Then [R',1] = [R, 1], so R and R’ are graded equivalent. Moreover, if [A"] € Pic(r )(A), then
[R;] = [Ry] for every g € G. However the following example from [5] shows that they may be non
graded isomorphic.
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Let K = Q(€, ) where € is primitive 3 oot of unity and o® = d € Q—Q(€)? (for example, let a
be the real cube root of 3). Let G =Gal(K/Q) be the Galois group of this extension. G = (w,T) ~ Ss
where ™ and T are given by

=€, a" =eqa, € =€ and o =«
Let ', 7 € Aut(K?) be given by (a,b)™ = (a™,b") and (a,b)” = (b,a). Let A be the skew polynomial
ring K2[X;7']. Lety be the inner automorphism of A given by (a,a?) and w the automorphism of
A which acts as 7' on K? and X¥ = X.

Let G = (y,w) C Aut(A), the group of automorphisms of A generated by y and w. Let « :
G — Aut(A) the inclusion map, R = A,G, B : G — Aut(A) be given by B(g9) = w ta(g)w and
R = ApG. Clearly Aw = A" and [R',1] = %([A"]). By [5] [Aw] € Pic(g1)(A) and ¢([Aw]) # 1.
Thus, R' and R are graded equivalent and Ry and R; are isomorphic as A-bimodules. However, by
Lemma 5.7, U([R',1]) = (W o £)(A¥ ) # 1. Finally, by Theorem 5.4, R' is not graded isomorphic
to R.

6 Applications 1. Strongly graded rings graded equivalent to a
crossed product

In this section, we complete our study of Problem A from the introduction by using the results
of the previous sections to show that graded equivalence is a viable tool for reducing the study of
strongly graded rings.

By the structure of projective modules over semiperfect rings (see [2, Theorem 27.11]), if A
is a basic semiperfect ring, then Pic(4) = Out(A). Therefore, strongly graded rings with basic
semiperfect coefficient rings are crossed products. Corollary 3.3 now implies the following result
which first appeared in [9]:

Corollary 6.1 [9] If R is a strongly graded ring and R. is semiperfect, then R is graded equivalent
to a crossed product R' whose coefficient ring is the basic ring of Re.

In order to give our solution to Problem B in the next section, we need to describe the parameter
set, of the crossed product from the above corollary. Let R be a strongly graded ring, so that R, = A
is semiperfect. Let e be a basic idempotent of A and C' = (A, B = eAe, P = Ae,Q = €A, T, 1), the
Morita context, where both 7 and p are multiplication maps. Since RC is a crossed product, for
every g € G, Q ®4 Rg ®4 P ~ B as right B-modules and so Q ®4 Ry ~ Q as right A-modules.
Let ¥, : Q ®4 Ry ~ Q be an isomorphism of right A-modules for every g € G. Then there is
an automorphism a, of B such that ¥, is an isomorphism of B-A-bimodules QQ ®4 Ry ~ “9Q
[6, Theorem 55.12]. On the other hand, for every g,h € G, the composition of the following
isomorphisms

o, ! v lel 1®py, Tgh
Sn:Q 2 QeAR, — Q®aAR,@aR, =" Q@aRy 2 Q

is an isomorphism of right A-modules. Therefore there exists a unit ¢(g,h) of B so that 6,4 5(q) =
t(g,h)q, for every q € Q.

Lemma 6.2 With the above notation, (o, t) is a parameter set of G over B and RC is graded
isomorphic to B x{* G.
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Proof. To check that («,t) is a parameter set, it suffices to check that the multiplication in the
crossed product R * G is associative [15, Lemma 1.1]. So to prove the lemma, we need only to
show that there is a bijection RY — R *® G that preserves addition and multiplication.

Let T': R® — B % G be defined by T'(¢®r, ® p) = gu(¥,(q ® 7,) ® p)) and extended linearly.
I' is an additive group isomorphism and we check that it preserves multiplication.

T((gorg@p)(d @rm,@p) = ghu(Yep @ 1)(q@rem(p®q)r), @p')
= ghu(Ygn(q@rem(p® ¢)rp) @ p)
= ghu(Gyn (¥ @ 1)(1 @ py 1) (q @ 1T(p® ¢')r}) @ 1)
= ghp(0gnUn(¥g @ 1)(qR71g @ T (p®Q) ) @p)
= ghp(0gn Un(¥ gQ®7”g)®TP®Q)7”h) )
= ghu(Sgn¥n(¥y(q @ rg)T (p®q)®7“h) )
= ghp(SgnVn(1(Vg(q ® 19) @ P)q @ 17,) @ P')
= ghu(Bgni(Vy(q @ rg) ® p)*» Wy (¢ @ 1) © )
= ght(g, h)u(Yye(q @ rg) @ p)*r n(Yr(q @ 1y,) @ p')
= gu(Py(q @ 1g) @ p)hp(Vn(q' ®@1,) @ p')

I
=

(q®7"g )¢ @1, ®p)

Our next reduction application comes from a specific family of strongly graded rings and crossed
products studied by Saorin [16] and Jespers and Okniriski [7].

Remark 6.3 Saorin [16] proved that if R = A % G is a left perfect crossed product such that
R./J(R.) is a finite direct product of finite-dimensional simple algebras over an algebraic closed
field, then G is finite. Actually his result is stated for strongly graded rings but, as it was pointed
out by Jespers and Okninski [7], Saorin’s proof is not correct for strongly graded rings because [16,
Lemma 7] is based in a false statement in [14]. Jespers and Okninski gave a correct proof in [7]
for strongly graded rings. However relying on Saorin’s proof for crossed products, one can easily
extend the result for strongly graded rings using Corollary 6.1.

Corollary 6.4 [7] Let R be a perfect strongly G-graded ring such that R./J(R.) is a finite direct
product of finite-dimensional simple algebras over an algebraic closed field. Then G is necessarily
finite.

Proof. Let A be the basic algebra of R.. By Corollary 6.1, R is graded equivalent to a crossed
product A G and A/J(A) is a finite direct product of copies of an algebraic closed field. Now by
[14], G is finite. 1

Another reduction application using graded equivalences appears in [10], in which the reduction
process is used to simplify the study of finite representation type for orders.

The results above indicate that it is possible, using graded equivalence, to reduce from strongly
graded rings to crossed products. If the crossed product obtained is not a twisted group ring we
cannot expect to reduce to another twisted group ring (see Corollary 3.4). As our final analysis of
Problem A, we wish to investigate when we can make a further reduction to skew group rings. It
is well known that, using the Cohen-Montgomery Duality theory, every G-graded ring R with G
finite is graded equivalent to the skew group ring (R#G) * G (see [8]). But while this simplifies the
grading, it complicates the coefficient ring by making it larger. Consequently, we close this section
by considering the question: When is a strongly graded ring R graded equivalent to a skew group
ring R’ so that R, ~ R.? This question has a very general negative answer.
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Proposition 6.5 Let A be a basic semiperfect ring and R and R’ be graded equivalent strongly
graded rings with R, ~ R, ~ A. If R is a skew group ring, then so is R'.

Proof. Consider R and R’ as (A, G)-graded rings via the isomorphisms f : A~ R, and f': A~ R..
By Proposition 4.4, there is [P] € Pic(A) so that [R', f'] = [R, f]lF]. If A is basic semiperfect, then
P = AP for some 8 € Aut(A). Since R is a skew group ring, there is a group homomorphism
o : G — Aut(A) so that R~ Ax*G. Forevery ge G, let §=10g®1 e A® ' ©4 Ag® AP. Then
Gh=(10g¢g®1)(1®h®1)=1® gh® 1. This shows that R} is a skew group ring and hence so
isR'. g

7 Application II. Strongly Graded Semisimple rings

In this final section, we analyze Problem B from the introduction. Our goal is to characterize when
a strongly graded ring R is semisimple; see Theorem 7.5. Particular cases appear in Corollaries 7.7
and 7.8.

It is well known that if R is semisimple, then R, is semisimple. Thus, we assume, for the
remainder of this section, that R, is a direct product of finite matrix rings over division rings.

Our strategy is the following. First we use Lemma 6.2 to compute a crossed product graded
equivalent to R. Then we use ideas from [8] to reduce the study to the case of crossed products
over division rings. Finally, in the case when R, is a direct product of matrix rings over fields, we
can reduce to crossed products over fields and then use the results of [4] to give specific conditions
for the semisimplicity of these crossed products.

Notation 7.1 Given an automorphism « € D, (D a ring) and positive integers, n, m, there exists

a group automorphism of M, (D), given by (a;;) — (af;). We abuse the notation and denote

j ),
this map also by «. It is clear that if a € M, ,,,(D) and b € M,, (D), then (ab)* = a“b®.
Given an element z in a direct product [[, X;, and i € I, x(¢) stands for the i-th coordinate of

Now we describe, up to graded isomorphisms, all the strongly graded rings R, such that R, is
semisimple. This characterization is essentially based on the discussion in [14, A.I.3] and the use
of a factor set, but our description is more explicit.

Fix a semisimple ring A = Hle M,,,(D;) where n; is a positive integer and D; is a division ring
for every i. Assume that if D; and D; are isomorphic, then they are equal.

Let P be the subgroup of permutations o of {1,2,...,n} such that D; = Dy, for every i. P acts
on Hle Aut(D;) by permuting the coordinates, i.e. o(a)(i) = a(o~1(i)), for a € Hle Aut(D;).
Let H be the semidirect product induced by this action, i.e. H = Hle Aut(D;) x P as a set and
the product is given by (a,0)(5,7) = (o (B),07).

For every (a,0) € H, let A(a,0) = Hle My, yn:(Di), with the following bimodule structure:

(ap) (i) = a(a()*Dp(i), (pa)(i) = p(i)a(i) (a €A peAloa))

Lemma 7.2 For every (a,0) € H, [A(a,0)] € Pic(A) and the map f : H — Pic(A), (a,0) —
[A(,0)], is a group epimorphism whose kernel is Hle Inn(D;) x 1.
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Proof. Let @ : A(a,0)®4A(3,7) — A(ac(B),0r) be the map given by ®(pq) (i) = p((i))? T g(i).
To prove that A(a, o) is invertible and f is a group homomorphism it is enough to show that & is
a bimodule isomorphism. First we check that it is well defined:

®(pa © q)(i) = (pa)(7(i ))‘“ q(i) = (p(7(i))a(r (i) q (i)
= p(r(1))"TDa(r(i))"TDq(i) = p(r(1))*T (aq) (i) = D(p @ ag)(7)

Next we check that ® is a bimodule homomorphism:
®(ap ® q)(i) = (ap)(7
(

= (a(oT
a(JT

—

(1)) Q(l)

)T plr(3) i)
i) TR (7 (7)) g (i)
i) (O“’(ﬁ 07 @ (p © g)(i)

@
—
/\/‘\
~—

oT

Now we prove that f is surjective. Let ej,eo,...,er be the primitive central idempotents of
A. Let [P] € Pic(A). For every i = 1,2,...,k, (Pei)ae; = Mpm, n,(D;) for some m; € N. Then
A = End(P) 2 Hle End((Pe;)ae;) =~ Hle My, (D;). Let fi, fa,..., fr be the primitive central
idempotents of Hle My, (D;). Then there is a permutation o € P, such that m; = n,;) and
p(e;) = fo@) for every i. Moreover, ¢ restricts to an automorphism o'(i) of My, (D;). By the
Skolem-Noether theorem, there is an automorphism (i) of D;, such that o/(i)a(i)~! is inner. It
follows that a(i) induces an isomorphism of A-bimodules P ~ A(a, o).

Finally we show that Ker f = Hf;l Inn(D;)x1. Assume that (a,0) € Ker f. Then e;A(a,0)e; =
A(a,0)eq;ej and so o = 1. This implies that 4 Ae; >~ 4 A(a, 1)e; ~ a(?)(Ae;) for every i, and hence
a(t) is inner (in My, (D;)) for every i. But this implies that «(7) is inner. |

To define a strongly graded ring we need a notion a bit more complicated than a parameter set.

Definition 7.3 Let A as above and G a group. A factor set of G in A is a triple of maps

(8: G—>HAut ,0:G— Pt G®G—>HD*

=1 =1

satisfying the following conditions for every g,h,k € G and i = 1,2,... k (the images of g by B3, o
and t are denoted by By, 04 and tgp):

1. o is a group homomorphism.
2. ﬁghbt%h = ﬁgag(ﬁh)-

3. tgn o (i)tg n(on (i) PR ) = 1o 4y (i)t 1 (4)

Given a factor set (8,0,t), we define the G-graded ring A(B,0,t) = ®geqA(By,04) where the
product is given by

(rgrn) () = tgn(D)rg(on (i) Dy (i)
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Two factor sets (8,0,t) and (B',0',t') are said to be equivalent if 0 = o’ and there exists a
map u: G — [[*_, D¥ such that

By = 1y amd u(gh) ()85,06) = £,,0)u(9) (1) D i
for every g,h € G and i =1,2,...,n

Proposition 7.4 FEvery strongly G-graded ring R, with R, = A, is A-isomorphic to a ring of
the form A(B,o0,t) for some factor set ([3,0,t). Moreover, two factor sets give rise to graded A-
isomorphic rings if and only if they are equivalent.

Proof. By Lemma 7.2, if R is a strongly graded ring so that R, = A, then R, is isomorphic
as A-bimodule to A(8y,04) for some (8y4,04) € H. We will assume that R, = A(8,,04). If
Pgh = A(Bg,04) @4 A(Bh,on) — A(Bgh,0ogn) is the multiplication map and @, : A(By,04) @4
A(Bh,on) — A(By04(Bh), 040n) is the isomorphism defined in the proof of Lemma 7.2, then T, ), =
pgﬁ(I);}ll 2 A(Byog(Bh),o90n) — A(Bgh,0gn) is an isomorphism of A-bimodules. By Lemma 7.2, o
is a group homomorphism and there is a unit ¢, so that G,04(64) = Bgntt, - Moreover, one may
assume that T} 5 (x) = t4 2 for every x. Therefore, the multiplication in R is given by

(rgrn) () = tgn(D)rg(on (i) Dy (i)

Now it is a matter of computation to show that this multiplication is associative if and only if
(B,0,t) is a factor set. This follows from the following computations:

((rgrn)ri) (i) = tgn k(i i ‘ '
)rg(ghk( )))ﬁh(ghk(z))rh(gk(i)))ﬁk(ak(l))rk(i)

(4) o (i
= tgh, k(%) k(l)
= tgnx (i) gh(gk(z))ﬁk(gk(z)) o (ni (i) O @nk @B @)y (0 (7)) Ik (kD (7)
- tgh’k(i)tgh(gk(z)) k(o (4 ))Tg(ghk( ))(ﬁhU)(ﬂk)(Uhk( ))Th(gk( )Bk(gk(l))rrk(i)

and
(rg(rare)) (i) = tgnk(@)rg(on(d))Pne@nk ) (7)rp) (1)

)
= tg i (0)rg (onr (1)) P OOty L (i)ry (o (1)) PRy (1)
_tmk )thk() (Uhk( ))(ﬁha R)(B(k)) (onk (1)) - (o (1))&(%(1‘))%@)

Assume now that (3, 0,t) and (3, 0’,t’) are two factor sets and ® : A(8,0,t) — A(F,0',t') is a
graded A-isomorphism. Then, for every g € G, the restriction ®, of ® to A(8y,a,) — A(By,0y) is
a bimodule isomorphism. By Lemma 7.2, o = ¢’ and hence A(3,,0,) and A(f,, o) coincide as left
A-modules. Therefore, there exist units u(g) (g € G) of A, such that ®4(r,)(:) = u(g)(i)rye (i), for
every 74 € A(fy,04). By straightforward computations, one proves that, if u(g) is a unit for every
g, then the map u : A(B,0,t) — A(F,0',t), given by u(ry)(i) — uy(i ) ¢(1) is a A-isomorphism
if and only if By = 14,8 and u(gh)(i)ten (i) =t ,()u(g)(on(i ))Pr(on () uh( ). Since the matrices
having only 0 and 1 as entries are fixed by 3, and 3, one concludes that u(g)(i) is a scalar matrix,
for every ¢ and hence we may assume that u(g)(i) € D 1§

The significance of Proposition 7.4 is that we need only study the strongly graded rings of the
form A(fB,0,t) for a factor set (3, 0,t).
Let R = A(f,0,t) be such a strongly graded ring. Let

(A,B = HDZ,P HMn®1 HM1®nl i) 1 T)
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be the obvious Morita context. Then R is a crossed product over B. We use Lemma 6.2 to
compute the parameter set for this crossed product. For every g € G, let ¥, : Q ®4 R; — @ be the
map given by U,(q ® r)(i) = q(o,(i))%@sOr(i). ¥, is an isomorphism of right A-modules. Let
ag i A — A be the map given by a® (i) = a(0,(i))%(°s()). Then a, is an automorphism of A and
®, is an isomorphism of A-bimodules from Q ®4 R, to *9Q). So « is the required action.

We show that ¢, is the required cocycle. Indeed if ¢ € Q, r4 € Ry and 7, € Ry, then

(\I’gh(l ® PgJL)(q @ry@rp))(i) = Yon(g® TgTh)(i )
= q(ogn(i ))ﬁgh("gh ) (rgrn) (i) A
= q(ogn(i >>ﬂqh 7o @Dty (i) (on (i) Dy (i)
=ty n(i)q(ogn(i)) ﬁgog(ﬁh))(o w(8)) ( (2))ﬁh(0h(z))rh(i)
= tgn(i Ugh( i))Ps(7gn () ) ”h(z))rh(i)
(
(

)
)
=tgh i)
)
i)

(g g(on(i

(Wg(q @ rg)(on(d))Pn(@n
= tgn(1)Un((¥ (Q®?“g)®7“h) i)
=ty n()Vn(Vy ®1)(q @1y @14)(4)

Therefore, if d, 4 is the map from Section 5, 0, 1(q) = Vgp(1 ® pgﬁ)(\llg_l ® 1), (q) = tgnq.
Let (a, t) be a parameter set in a product of rings [ [,.; R;. If J is a subset of I and H a subgroup
of G, such that ([[;c; R;j)*" = [[;c; R for every h € H, () #(7)) denotes the parameter set of

-
>

-
\_//-\

H over [[,c; R; given by 20” (j) = % (j) and t;:]}z(j) = tgn(j), for every x € [[,c; Ri, j € J and
heH. If j € I, o) (resp. tY)) stands for ali7}) (resp. t7}),
Now we are ready to state the main theorem of this section.

Theorem 7.5 Let A = Hle M,,(D;) be a semisimple artinian ring, where every D; is a division
ring and D; = Dj, if they are isomorphic. Let B = Hle D; and (B,0,t) be a factor set of a group
G over A. For every g € G, let oy be the automorphism of B given by a® (i) = a(o,(4))%(@s@).
Let ji,j2,...,jn be representatives of the orbits of the action o of G on {1,2,...,k}. For every
i=1,...,k, let J; be the orbit of j; and G; the stabilizer of j;. Then («a,t) defines a parameter set
of G over B and the following assertions are equivalent:

1. A(B,o,t) is semisimple.
2. B¢ G is semisimple.

8. (Ilies, Dj;) * f‘(f,’ G is semisimple for everyi=1,2,... n.

(4;
4. Dj, f(j G, is semisimple for everyi=1,2,...,n

Proof. The fact that (a,t) is a parameter set is a consequence of Lemma 6.2. (1) < (2) is a
consequence of the fact that A(3,0,t) and B x§* G are graded equivalent.

To prove (2) < (3) it is enough to realize that B *{ G = [} ([[;cs, Dji) * toif,‘])) G.

To simplify the proof of (3) < (4), we may assume that n = 1, i.e. the action of Gon {1,2,...,k}
induced by o is transitive. Let D = D; and H be the stabllizer of 1 by 0. Then, using ideas from
[7] we prove that R = B % G is isomorphic to My (D *t(l) H).

Let ey, ea,..., e, be the primitive idempotents of B. Since the action o of G on {1,2,...,k} is
transitive, for every 4, there exists g € G, such that e;g = ge;. Thus the map x — zg defines an
isomorphism rRe; ~ pRe;. Therefore rR ~ (rRe1)* and so R ~ End(grR) ~ M, (End(grRe;)) ~

M, (e1Rey). But e;Rey ~ D (1) H 1
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Proposition 7.6 A skew group ring B x* G where B is a direct product of division rings is semi-

simple if and only if G is finite and there exists b € B, such that deG b =1.

Proof. A very classical argument shows that if R = B x* G is semisimple, then G is finite. Then

R is semisimple if and only if it is Von Neumann regular. Since B is abelian regular (i.e. every
idempotent is central), the result is a consequence of [1]. 1

As a direct consequence of Theorem 7.5 and Proposition 7.6, we have the following.

Corollary 7.7 Let A = Hle M,,(D;) be a semisimple artinian ring, where every D; is a division
ring and D; = Dy, if they are isomorphic. Let (3,0,t) be a factor set of a group G over A. Assume
that ty, = 1 for every g,h. Then the following are equivalent:

1. A is semisimple.
2. G is finite and there exists b € B, such that deG bf-"g%"(i)) =1, for every 1 <i < k.
g
3. If ji,j2,...,ji is a set of representatives of the action o of G on {1,2,...,n}, then the
stabilizer G; of j; by this action is finite and for every 1 < i < n, there exists x; € Dj,, so
that e, b0 = 1.

Finally we consider the case where A is a direct product of matrix rings over fields and the
grading group is finite. Using Theorem 7.5, the semisimplicity of a strongly graded ring over A
reduces to the semisimiplicity of crossed products over fields. This case has been studied recently
by Aljadeff and Robinson [4].

Let R = K ¢ G be a crossed product over a field of characteristic p # 0 and assume that G =
[1i—, G; with G; cyclic of order p*. Then, from the discussion in [4], H?(G, K*) ~ EB?ZIK*/(K*)I’IC",
so every cocycle t of G over K is represented by an r-tuple (ay (K*)P™, ag(K*)P™ ..., ap(K*)P'").

Corollary 7.8 Let A = Hle M,,(K;), where every K; is a field of characteristic p; (where p;
could be 0) and K; = K, if they are isomorphic. Let (3,0,t) be a factor set of a group G over A
and ji,72,.-.,Jn be representatives of the orbits of the action o of G on {1,2,...,k}. For every
i=1,2,...,n, let G; be the stabilizer of j; under this action and let Hy = {g € G; : By = 1}. If
p; # 0, let P; be a Sylow p;-subgroup of H;. The following assertions are equivalent:

1. A(B,o,t) is semisimple.

(Ji) . .. .
2. Kj, *ﬁ].:) G is semisimple for everyi=1,2,...,n.
3. Kj, 5, H; is semisimple for every i =1,2,...,n.
4. For everyi=1,2,...,n, either p; does not divide the order of H; or the following conditions
hold:

(a) | H. | is prime to p;, so that P; is abelian, say isomorphic to [[;_, C; with C; cyclic of
order pFi.
(b) The restriction of tVi to P; is represented by an r-tuple

k1 ko kr
(ar(K7)P ag(K7)P o an (KG)P)
such that {ai,as,...,a,} is p-independent over K.

Proof. The equivalence of (1) and (2) comes from Theorem 7.5. (2) < (3) is a consequence of [3,
Corollary 4.2] and (3) < (4) is a consequence of [4, Theorem 2].
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