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Abstract

We show a method to effectively compute the Wedderburn decomposition and the primitive
central idempotents of a semisimple finite group algebra of an abelian-by-supersolvable group
G from certain pairs of subgroups of G.

In this paper F = Fq denotes a finite field with q elements and G is a finite group of order
n such that FG is semisimple, or equivalently (q, n) = 1. The group algebra FG is an algebraic
object of major interest in pure and applied algebra. One of the remarkable applications of finite
group algebras appears in coding theory because cyclic codes are ideals of group algebras of cyclic
groups [10]. More generally, there is a long tradition on the study of abelian codes (ideals in
finite abelian group algebras) or group codes (one sided ideals in arbitrary finite group algebras)
[1, 2, 3, 5, 6, 11, 13, 14, 15]. One of the major motivations in the study of non cyclic group algebra
codes relies on the fact that many important codes can be realized as ideals of a non cyclic group
algebras [10, Chapter 9], [2, 15].

This paper focuses on the computation of the Wedderburn decomposition, that is the decompo-
sition of FG as a direct sum of matrix rings over division rings. With this decomposition at hand
it is straightforward to produce all the ideals of FG. If e1, . . . , em are the primitive central idem-
potents of FG then FG = FGe1 ⊕ . . .⊕ FGem is the Wedderburn decomposition of FG. However
the idempotent themselves do not provide information on the structure of FGei’s as matrix rings of
division rings. If G is cyclic then the primitive idempotents of FG are in one-to-one correspondence
with the q-cyclotomic classes module |G|, the order of G [10] and using this it is not difficult to
compute the primitive idempotents and the Wedderburn decomposition of any commutative finite
group algebra (see Proposition 2). The primitive central idempotents of non commutative group
algebras are more difficult to compute but can be obtained from the character table of the group.
Recently Jespers, Leal and Paques [4] have introduced a character free method to compute the
primitive central idempotents of a rational group algebra QG for G a finite nilpotent. This method
has been extended and simplified in [8]. Further the results of [8] provides information on the
structure of the simple components of QG, i.e. information on the Wedderburn decomposition of
QG. The main aim of this paper is showing that this method can be used to compute the prim-
itive central idempotents and the Wedderburn decomposition of FG. For example we show how
to compute the Wedderburn decomposition and the primitive central idempotents of FG if G is
abelian-by-supersolvable (see Theorem 7 and Corollary 8).

We start establishing the basic notation. The algebraic closure of F is denoted by F̂. For every
positive integer k coprime with q, ξk denotes a primitive k-th root of unity in F̂ and ok = ok(q)
denotes the multiplicative order of q module k. Recall that F(ξk) = Fqok the field of order qok . If
α ∈ FG and g ∈ G then αg = g−1αg and CenG(α) denotes the centralizer of α in G. The notation
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H ≤ G (resp. H EG) means that H is a subgroup (resp. normal subgroup) of G. If H ≤ G then
NG(H) denotes the normalizer of H in G and we set Ĥ = |H|−1

∑
h∈H h, an idempotent of FG. If

g ∈ G then x̂ = 〈̂x〉.
By assumption all the characters of any finite group are considered as characters in F̂. For an

irreducible character χ of G, let F(χ) denote the character field of χ, e(χ) = 1
|G|

∑
g∈G χ(g−1)g the

primitive central idempotent of F̂G associated to χ and eF(χ) the only primitive central idempotent
e of FG such that e(χ)e 6= 0. The Galois group Gal(F(χ)/F) of the field extension F(χ)/F acts on
F(χ)G by acting on the coefficients, that is

σ ·
∑
g∈G

agg =
∑
g∈G

σ(ag)g.

We recall the following formula [16]

eF(χ) =
∑

σ∈Gal(F(χ)/F)

σ · e(χ).

The group Z∗
n of units of the ring Zn = Z/nZ acts on G by m · g = gm. Let Q denote the

subgroup of Z∗
n generated by the class of q and consider Q acting on G by restriction of the previous

action. The q-cyclotomic classes of G are the orbits of G under the action of Q on G. Notice that
if g ∈ G then the cardinality of the cyclotomic class Cq(g) containing g is the multiplicative order o
of q module the order of g and Cq(g) = {g, gq, gq2 , . . . , gqo−1}. Notice that the q-cyclotomic classes
of the cyclic group (Zn,+) are the so called q-cyclotomic classes module n (see e.g. [10]).

Assume for a while that G is cyclic. Then the set G∗ of irreducible characters of G is a group
with the natural product: (χ1χ2)(g) = χ1(g)χ2(g), for χ1, χ2 ∈ G∗ and g ∈ G. Furthermore G and
G∗ are isomorphic and in particular G∗ is cyclic and the generators of G∗ are precisely the faithful
representations of G.

Notation 1 If G is cyclic then let C(G) = Cq(G) denote the set of q-cyclotomic classes of G∗ that
contains generators of G∗.

Let N E G such that G/N is cyclic of order k and C ∈ C(G/N). If χ ∈ C and tr = trF(ξk)/F
denotes the trace of the field extension F(ξk)/F then we set

εC(G,N) = |G|−1
∑
g∈G

tr(χ(g))g−1 = [G : N ]−1N̂
∑

X∈G/N

tr(χ(X))g−1
X ,

where g denotes the image of g in G/N and gX denotes a representative of X ∈ G/N .
Let H EK ≤ G such that K/H is cyclic and C ∈ C(K/H). Then eC(G,K,H) denotes the sum

of the different G conjugates of εC(K,H).

Notice that if g is a generator of G then the map φ : Zn → G∗ given by φ(m)(g) = ξmn is a group
homomorphism and φ induces a one to one correspondence between the q-cyclotomic classes of q
module n contained in Z∗

n and C(G). On the other hand if N EG is such that G/N is cyclic then
εC(G,N) does not depend on the choice of χ ∈ C. Indeed if ψ is another element of C then ψ = χq

i

for some i and hence tr(ψ(g)) = tr(χ(g)q
i
) = tr(χ(g)) because the Frobenius automorphism, x→ xq

belongs to Gal(Fqo/F).
It is well known that if G is cyclic then the primitive central idempotents of FG are in one to one

correspondence with the q-cyclotomic classes module n which in turn are in one to one correspon-
dence with the q-cyclotomic classes of G or G∗. From this it follows in a basically straightforward
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way that the primitive central idempotents of FG for G abelian are in one to one correspondence
with the q-cyclotomic classes of the cyclic quotients of G or equivalently with the elements of the
different C(G/N) for G/N cyclic. Although this is well known we states and proves this result using
Notation 1.

Proposition 2 If G is a finite abelian group of order n and F is a finite field of order q such that
gcd(q, n) = 1 then the map (N,C) → εC(G,N) is a bijection from the set of pairs (N,C) with
N E G, such that G/N is cyclic and C ∈ Cq(G/N) to the set of primitive central idempotents of
FG. Further for every N EG and C ∈ C(G/N), FGεC(G,N) ' F(ξk) where k = [G : N ].

Proof. If e is a primitive central idempotent of FG then there is an irreducible character ψ of G
such that e = e(ψ). Since G is abelian ψ is linear. Let N = kerψ and let χ be the faithful character
of G/N given by χ(g) = ψ(g). Then G/N is cyclic, the cyclotomic class C of G/N containing χ
belongs to C(G/N) and

eF(ψ) =
∑

σ∈Gal(F(ψ),F) σ · e(χ) = 1
|G|

∑
σ∈Gal(F(ψ),F)

∑
g∈G σ(ψ(g))g−1

= 1
|G|

∑
g∈G tr(χ(g))g−1 = εC(G,N).

(1)

This shows that the map is surjective and that FGεC(G,N) = FGeF(ψ) ' F(ξk).
To show that the map is injective assume that eC1(G,N1) = eC2(G,N2) with Ni E G, G/Ni

cyclic and χi ∈ Ci ∈ C(G/Ni). Let πi : G→ G/Ni be the canonical projection and ψi = χi ◦ πi. By
(1), eF(ψ1) = eC1(G,Ni) = eC2(G,N2) = eF(ψ2) and hence F(ψ1) = F(ψ2). Further if K = F(ψi)
then there is σ ∈ Gal(K/F) such that ψ2 = σ ◦ ψ1 and hence N1 = kerψ1 = kerψ2 = N2. Finally,
since Gal(K/F) is generated by the Frobenius automorphism, there is i such that σ(x) = xq

i
for

every x ∈ K and hence χ2 = χq
i

1 . Thus C2 = C1.

Corollary 3 If N EG is such that G/N is cyclic and C ∈ C(G/N) then εC(G,N) is a primitive
central idempotent of FG and FGεC(G,N) ' F(ξk) where k = [G : N ]. Furthermore if D is another
element of C(G/N) then εC(G,N) = εD(G,N) if and only if C = D.

Proof. The natural projection G → G/N induces an isomorphism φ : FGN̂ ' F(G/N). Since
εC(G,N) ∈ FGN̂ and φ(εC(G,N)) = εC(G/N, 1) is primitive idempotent of FG/N , by Proposition
2, εC(G,N) is a primitive central idempotent of FG and εC(G,N) = εD(G,N) if and only if C = D.

If K is a subgroup of G and ψ is a linear character of K then ψg denotes the character of Kg

given by ψg(x) = ψ(xg
−1

). This defines an action of G on the set of linear characters of subgroups
of G. Notice that if H = kerψ then Hg = kerψg and therefore the rule ψ 7→ ψg defines a bijection
between the set of linear characters of K with kernel H and the set of linear characters of Kg with
kernel Hg. This bijection maps q-cyclotomic classes to q-cyclotomic classes and hence induces a
bijection C(K/H) → C(Kg/Hg). The image of C ∈ C(K/H) under this map is denoted Cg. The
following equality is obvious

εC(K,H)g = εCg(Kg,Hg) (2)

Let H E K ≤ G such that K/H is cyclic. Then N = NG(H) ∩ NG(K) acts on K/H by
conjugation and this induces an action of N on the set of q-cyclotomic classes of K/H. It is easy to
see that the stabilizers of all the q-cyclotomic class of K/H containing generators of K/H are equal.
We denote by EG(K/H) the stabilizer of any q-cyclotomic class of K/H containing generators of
K/H under this action of N . Further the action of the previous paragraph induces an action of N
on C(K/H) and it is easy to see that EG(K/H) is the stabilizer of any element of C(K/H).
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Lemma 4 Let H EK ≤ G be such that K/H is cyclic and let C ∈ C(K/H).

1. The following are equivalent for every x ∈ G:

(a) x ∈ H.

(b) xεC(K,H) = εC(K,H).

(c) x̂εC(K,H) = εC(K,H).

2. If K ENG(H), then CenG(εC(K,H)) = EG(K/H).

Proof. Let m = [K : H], o = om, ε = εC(K,H) and fix χ ∈ C and k ∈ K such that its image k̄ in
K/H is a generator of K/H. Since χ is a generator of (K/H)∗, the image of χ is the set of m-th
roots of unity in Fqo and hence this image generates Fqo as Fq-vector space.

1. (a) implies (b) and the equivalence between (b) and (c) are obvious. Assume that x = hkt

satisfies (b) with h ∈ H and 0 ≤ t < m. Then

[K : H]−1Ĥ
n−1∑
j=0

tr(χ(k̄−j))kt+j = xε = ε = [K : H]−1Ĥ
n−1∑
j=0

tr(χ(k̄−j))kj

and hence
tr(χ(k̄t+j)) = tr(χ(k̄j))

for every 0 ≤ j < n. Thus tr((χ(k̄t) − 1)χ(k̄−j)) = 0 and hence χ(k̄t) = 1 because the image of χ
contains a generating set of Fqo as Fq-vector space. Thus χ(k̄)t = 1 and hence m|t because χ(k̄) is
a primitive m-th root of unity. Therefore x ∈ H.

2. Using 1 and (2) it is easy to show that CenG(ε) ≤ NG(H). Let g ∈ NG(H). By Proposition
2, εC(K,H) and εCg(K,H) are two primitive central idempotents of FK and they are equal if
and only if C = Cg, i.e. if g ∈ EG(K/H). By (2), εC(K,H)g = εCg(K,H). We conclude that
εC(K,H) = εC(K,H)g if and only if g ∈ EG(K/H) as desired.

We now recall some notation from [4] and [8]. If N EG then let ε(G,H) be the element of QG
defined as follows:

ε(G,N) =

{
N̂ , if N = G∏
M/N∈M(G/N)(N̂ − M̂), if N 6= G.

(3)

where M(G/N) denotes the set of minimal subgroups of G/N . Beware that here N̂ and the M̂ ’s
are computed in QG rather than in FG as above.

Given H EK ≤ G, let e(G,K,H) denote the sum of all G-conjugates of ε(K,H), that is if T
is a right transversal of CenG(ε(K,H)) in G then

e(G,K,H) =
∑
t∈T

ε(K,H)t.

Clearly e(G,K,H) is a central element of QG and if the G-conjugates of ε(K,H) are orthogonal,
then e(G,K,H) is a central idempotent of QG.

Definition 5 A strongly Shoda pair of G is a pair (K,H) of subgroups of G satisfying the following
conditions:

(SS1) H ≤ K ENG(H);
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(SS2) K/H is cyclic and a maximal abelian subgroup of NG(H)/H and

(SS3) for every g ∈ G \NG(H), ε(K,H)ε(K,H)g = 0.

In [8] it was proved that if (K,H) is a strongly Shoda pair of G then e(G,K,H) is a primitive
central idempotent of QG and that if G is abelian-by-supersolvable then every primitive central
idempotent of QG is of the form e(G,K,H) for (K,H) a strongly Shoda pair of G.

Let p be the prime divisor of q and let Z(p) denote the localization of Z at p. We identify Fp
with the residue field of Z(p), denote with x the image of x ∈ Z(p) in Fp and extend this notation
to the projection of Z(p)G onto FpG.

Notice that ε(G,N) belongs to Z(p) (for NEG) and hence so does e(G,K,H) (for HEK ≤ G).
Thus ε(K,H) is an idempotent of FpG and if (K,H) is a strongly Shoda pair then e(G,K,H) is
a central idempotent of FpG. (Notice that ε(K,H) can be computed as in (3) but interpreting N̂
and the M̂ ’s as elements in FG.)

Lemma 6 1. Let N EG such that G/N is cyclic then

ε(G,N) =
∑

C∈C(G/N)

εC(G,N).

2. Let HEK ≤ G such that K/H is cyclic and R a set of representatives of the action of NG(H)
on C(K/H). Then

e(G,K,H) =
∑
C∈R

εC(G,K,H).

Proof. 1. Since ε(G,N) and εC(G,N) belong to FGN̂ for every C ∈ C(G/N), by factoring out
by N , we may assume without loss of generality that N = 1 and hence G is cyclic (see the proof
of Corollary 3). By Proposition 2, every primitive idempotent of FG is of the form εC(G,H) with
H ≤ G and C ∈ C(G/H). Thus to prove 1 it is enough to show that if H ≤ G and C ∈ C(G/H) then
ε(G, 1)εC(G,H) 6= 0 if and only if H = 1. If C ∈ C(G) and 1 6= x ∈ G then (1− x̂)εC(G, 1) 6= 0, by
Lemma 4, and hence (1− x̂)εC(G, 1) = εC(G, 1) because εC(G, 1) is a primitive idempotent. Since
ε(G, 1) is a product of elements of the form (1−x̂) with 1 6= x ∈ G we deduce that ε(G, 1)εC(G, 1) =
εC(G, 1) 6= 0. On the other hand, if 1 6= H ≤ G then there is h ∈ H such that M = 〈h〉 is a minimal
non trivial subgroup of G and hence ε(G, 1)εC(G,H) = ε(G, 1)(1− x̂)εC(G,H) = 0, by Lemma 4.
This finish the proof of the claim.

2. Let N = NG(H), E = EG(K/H), TN a right transversal of N in G and TE a right transversal
of E in N . Thus {hg : h ∈ TE , g ∈ TN} is a right transversal of E in G. By [8], N = CenG(ε(K,H))
and hence e(G,K,H) =

∑
g∈Tn

ε(K,H)g. On the other hand C(K/H) is the disjoint union of the
sets of the form {Ct : t ∈ TE} for C running on R and hence using (2) one has

e(G,K,H) =
∑

g∈TN
ε(K,H)

g

=
∑

g∈TN

∑
C∈C(K/H) εC(K,H)g

=
∑

g∈TN

∑
C∈R

∑
h∈TE

εCh(K,H)g

=
∑

C∈R
∑

g∈TN

∑
h∈TE

εC(K,H)hg

=
∑

C∈R eC(G,K,H).

We are ready to prove the main result of the paper.
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Theorem 7 Let G be a finite group and F a finite field such that FG is semisimple.

1. Let (K,H) be a strongly Shoda pair of G and C ∈ C(K/H). Then eC(G,K,H) is a primitive
central idempotent of FG and

FGeC(G,K,H) 'M[G:K](Fqo/[E:K])

where E = EG(K/H) and o is the multiplicative order of q module [K : H].

2. Let X be a set of strongly Shoda pairs of G. If every primitive central idempotent of G is of
the form e(G,K,H) for (K,H) ∈ X then every primitive central idempotent of FG is of the
form eC(G,K,H) for (K,H) ∈ X and C ∈ C(K/H).

Proof. 1. Set ε = εC(K,H), e = eC(G,K,H) and let T be a right transversal of E in G. By
Lemma 4, E = CenG(ε) and by [8], N = NG(H) = CenG(ε(K,H)). Thus e =

∑
g∈T ε

g.
We claim that the G-conjugates of ε are orthogonal. To prove this it is enough to show that if

g ∈ G \ E then εεg = 0. By Lemma 6, εεg = εe(K,H) e(K,H)gεg. By the definition of strongly
Shoda pairs, if g 6∈ N then e(K,H)e(K,H)g = 0 and so εεg = 0. If g ∈ N \E then εg = εCg(K,H)
(see 2) and thus ε and εg are two different primitive central idempotents of FK (Corollary 3). Thus
εεg = 0.

By Corollary 3, FKε is isomorphic to F(ξk) = Fqo , where k = [K : H]. Furthermore Fε =
FK ∗στ E/K is a crossed product of E/K over the field FK, where the action σ and and twisting τ
of the crossed product [9] are the action and twisting associated to the short exact sequence of the
group extension 1 → K/H → E/H → E/K → 1. The isomorphism FKε ' F(ξk) extends to an
E/K-graded isomorphism FEε = FKε ∗στ E/K ' F(ξk) ∗στ E/K. Since K/H is maximal abelian
in E/H, the action σ is faithful and hence FEε is simple ([12, Theorem 29.6]). By Wedderburn
Theorem, FEε ' M[E:K](Fqt) where Fqt is the fix subfield of the action σ on F(ξk). Since σ is
faithful o

t = [Fqo : Fqt ] = [E : K] and hence t = o
[E:K] . (A direct proof that [E : K] divides o goes

as follows: By the definition of E, σ(E/K) is a subgroup of the group of automorphisms of K/H
generated by the automorphism α given by x→ xq. Since σ is injective [E : K] divides o, the order
of α.)

If g ∈ G then the map x 7→ xg is an isomorphism between the FG-modules FGε and FGεg.
Therefore FGFGe = ⊕g∈TFGεg ' (FGε)n. Moreover εFGε = ⊕t∈TFEεtε = FEε, because ε is
central in FE and εtε = 0 for every t ∈ G \ E. Thus

FGe ' EndFG(FGe) 'M[G:E](EndFG(FGε)) 'M[G:E](εFGε) = M[G:E](FEε) 'M[G:K](Fqo/[E:K]).

2. By assumption there is a subset Y of X such that {e(G,K,H) : (K,H) ∈ Y } is the set
primitive central idempotents of QG. Then {e(G,K,H) : (K,H) ∈ Y } is a complete set of non
necessarily primitive orthogonal central idempotents of FG. By 1 and Lemma 6, {eC(G,K,H) :
(K,H) ∈ Y,C ∈ R(K,H)} is the set of primitive central idempotents of FG, where R(K,H) denotes
a set of representatives of the orbits of the action of NG(H) on C(K/H).

Applying the results of [8] one obtains the following.

Corollary 8 If G is an abelian-by-supersolvable group and F is a finite field such that FG is
semisimple then every primitive central idempotents of FG is of the form eC(G,K,H) for (K,H)
a strongly Shoda pair of G and C ∈ C(K/H). Furthermore for every strongly Shoda pair (K,H) of
G and every C ∈ C(K/H), FGeC(G,K,H) 'M[G:K](Fqo/[E:K]), where E = EG(K/H) and o is the
multiplicative order of q module [K : H].
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Corollary 9 Let G be a finite metabelian group and F a finite field such that FG is semisimple.
Then every primitive central idempotent of FG is of the form eC(G,K,H) for (K,H) a pair of
subgroups of G satisfying the following conditions

1. K is a maximal element in the set {B ≤ G : A ≤ B and B′ ≤ H ≤ B} and

2. K/H is cyclic;

and C ∈ C(K/H). Furthermore for every pair (K,H) of subgroups of G satisfying 1 and 2 and every
C ∈ C(K/H), FGeC(G,K,H) 'M[G:K](Fqo/[E:K]), where E = EG(K/H) and o is the multiplicative
order of q module [K : H].
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[7] A. Olivieri and Á. del Ŕıo, An algorithm to compute the primitive central idempotents and the
Wedderburn decomposition of a rational group algebra, J. of Symb. Comp. 35 (2003) 673–687
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