A REDUCTION THEOREM FOR THE ISOMORPHISM PROBLEM
OF GROUP ALGEBRAS OVER FIELDS
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ABSTRACT. We prove that the Isomorphism Problem for group algebras reduces to group algebras over finite
extensions of the prime field. In particular, the Modular Isomorphism Problem reduces to finite modular
group algebras.

Let R be commutative ring. The Isomorphism Problem for group rings over R asks whether the isomor-
phism type of G is determined by the isomorphism type of RG as R-algebra. More precisely:

Isomorphism Problem for Group Rings: Let R be a commutative ring and let G and
H be groups. If RG and RH are isomorphic as R-algebras, are G and H isomorphic groups?

This problem has been studied extensively, with special emphasis on the cases where the groups are finite
and the coefficient ring is either the integers or a field. One of the first results is due to G. Higman who
proved that if G and H are finite abelian groups and ZG = ZH, then G = H [Higd0a, HigdOb]. This was
extended to finite metabelian groups by A. Whitcomb [Whi68], and later extended to abelian-by-nilpotent
groups by K. W. Roggenkamp and L. Scott [RS87] and to nilpotent-by-abelian groups by W. Kimmerle
(see [RT92, Section XII]). However, M. Hertweck founded two non-isomorphic finite solvable groups with
isomorphic integral group rings [Her01]. See [MR18, Section 3] for an overview on the Isomorphism Problem
for integral group rings.

In this note we only consider finite groups and fields as coefficient rings. It is easy to obtain non-isomorphic
finite groups with isomorphic group algebras. For example, if G and H are abelian groups of the same order
n and F' is an algebraically closed field of characteristic not dividing n, then FG = FH. However, by a
result of S. Perlis and G. L. Walker, if G and H are non-isomorphic abelian groups, then QG % QH [PW50].
A more elaborated counterexample, given by E. Dade, consists in two non-isomorphic finite metabelian
groups G and H with FFG = FH for every field F' [Dad71]. The order of these groups is divisible by two
different primes. On the other hand, D. S. Passman proved the following two results (see [Pas65b] or [Pas77,
Theorems 1.9 and 1.11]). If G and H are finite groups with QG = QH, then F'G = FH for every field F
of characteristic coprime with the order of G. If p is prime and n is a positive integer, then there are at
least p2l7”2(”_23) pairwise non-isomorphic groups of order p"™ with isomorphic group algebras over any field
of characteristic different from p.

These motivated the so-called Modular Isomorphism Problem (abbreviated MIP), which is the version
of the Isomorphism Problem for group algebras of finite p-groups over the field with p elements, or more
generally over fields of characteristic p > 0. This turned out to be quite different, and definitive answers
more difficult to obtain. Some partial positive solutions where obtained by a number of authors [Pas65a,
PS72, BC88, San89, Dre89, SS96, Bag99, Her07, EK11, BK19, BdR21, MM20, MSS21, MS22, GLdRS22],
and recently a negative solution for p = 2 was given in [GLMdR22].

The previous discussion shows that, even in the same characteristic, changing the field may alter the answer
to the Isomorphism Problem. Yet, if the Isomorphism Problem for F'G and F'H has a positive solution and
K is a subfield of F, then it also has a positive solution for KG and K H because FG = F ® KG. Hence,
the larger the field, the greater the chances for the Isomorphism Problem to have a negative answer are.
The aim of this note is to bound the class of coefficient fields when searching for negative solutions for the
Isomorphism Problem. Namely, we prove the following:
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Theorem A. Let F be a field, P the prime field of F', and G and H finite groups. If FG = FH, then there
exist a finite extension Fy of P such that FoG = FoH.

If the characteristic of P is coprime with the order of the group G, then a finite extension of P split PG
and PH and hence, in this case, a proof of Theorem A is straightforward. However, we present a unified
proof for any characteristic. In contrast with Theorem A, it is easy to see that there is no absolute bound
for the index of P in the field Fy of Theorem A (see Example 3).

The application of Theorem A to the MIP shows that this question can be regarded as exclusively about
finite objects. Formally:

Corollary B. Let G and H finite p-groups such that FG = FH for some field F' of characteristic p. Then
there exists a finite field Fy of characteristic p such that FyG = FyH.

The fact that this last reduction is not (to the best of our knowledge) mentioned elsewhere is somehow
surprising, since, although most of the results known about the MIP depend heavily on the primality of the
field (e.g. [San89]), some authors were interested in the question substituting the prime field for arbitrary
fields of characteristic p. For instance, in [Dre89], V. Drensky showed that the Isomorphism Problem for
fields of characteristic p and finite p-groups with center of index p? has a positive solution , even though the
result for the prime field was already known by a result of I. B. N. Passi and S. K. Sehgal [PS72]. Further
classical results on the MIP which are only stated over the prime field are known to hold for arbitrary fields
of the same characteristic (see e.g. [San96]). A complete list of results about the MIP, distinguishing which
ones are known for every field of characteristic p, and which ones only for the prime field, can be found in the
recent survey [Mar22]. Moreover, some of the techniques used to study the MIP, mainly the ones consisting
on counting elements in the group algebra verifying some property, as suggested by R. Brauer in [Bra63],
are only available for finite fields. This, apparently, makes the reduction in Corollary B a potentially useful
tool in the study of the extended version of the MIP.

The state of the art in the extended version of the MIP suggests the following question.

Question. Let G and H be finite p-groups such that FG = FH for some field F' of characteristic p. Does
it imply that F,G = F,H, for the field F,, with p elements?

For the proofs we use standard algebraic notation. For example, given rings R C S and T a subset of .5,
R[T] denotes the subring of S generated by RUT. In case R and S are fields, R(T") denotes the smallest
subfield of S containing RUT. When T = {¢1,...,t,} we write R[t,...,¢,] and R(ty,...,t,) rather than
R[{t1,...,tn} or R({t1,...,tn}). If b : R — R’ is a ring homomorphism and Z is an indeterminate, then we
also denote 1 the natural extension of ¢ to a homomorphism R[Z] — R'[Z]. Let E/F be a field extension.
If « € F is algebraic over F, then Ming(«) denotes the minimal polynomial of « over F. Observe that if
FG = FH for groups G and H, then EG = EH, because EG = E ®p FG. We will use this frequently to
replace I’ by a convenient overfield.

We will use another trivial observation:

Fact 1. Let F be a field and ¢ : FG — FH be an algebra isomorphism. Write ¢(g) = >, o agnh for each
g € G, where agp, € F. If L=P(ag, : g € G,h € H), then LG = LH.

Proof. Immediate, as the homomorphism gg : LG — LH given by ¢~)(g) = D hem Agnh is an isomorphism,
because the matrix (agn)geq,henm is non-singular. a

Proof of Theorem A. Let F be a field, and let G and H be finite groups such that FG = FH. Let F be an
algebraic closure of F. All our fields will be subfields of F. By Fact 1 we can assume that F = P(a,, : g €
G,h € H). In particular F is finitely generated over P. By [Bou90, §14 Theorem 1], there is an intermediate
extension P C E C F with E/P purely transcendental, F'/FE algebraic and both finitely generated. Hence
E =P(Xyq,...,X,), where the X;’s are algebraically independent over P and replacing F' by the normal
closure of F//E we may assume that F/E is a finite normal extension.

Fact 2. There is a finite algebraic extension L of E such that P C L is purely transcendental with finite
transcendence degree and LF/L is a finite Galois extension.

Proof. Let p be the characteristic of F'. The statement is clear if p = 0 so suppose that p > 0. By [Isa94,
Theorem 19.18] there is a subextension E C K C F with K/FE purely inseparable, and F/K separable.
Observe that all these extensions are finite and F/K is Galois.
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Let aq,...,q,;, € K such that K = E(ay,...,qm,,). Each «; is the unique root of a polynomial ™ — B,
for some f3; € E. Let M = max{m,; : i = 1,...,m} and let T; be the unique root of 7°" — X, in T, for
1€ {l,...,m}. Set L = E(Th,...,T,) = P(T1,...,T). Then L/P is purely transcendental with finite
transcendence degree and, as F'/K is finite and Galois, to prove that so is LF'/L, it suffices to show that

K CL As E=PXy,...,X,), each 8; = 5(())((117’% for some 6;, R; € P[X1,...,X,,] and therefore

- ~ M —m;
Bi = % satisfies 37 = B;. Then o, is the unique root of TP — 3; = (T — ﬁp P so

a; =p¢ € L. Hence K C L, as desired. O

Let L be a field as in Fact 2. By replacing F and F by L and LF respectively, we may assume that F/E
is a finite Galois extension. Then, by the Primitive Element Theorem, F' = E(() for some ¢ € F.

Let R = P[Xy,...,X;n] € E. Let d be the determinant of the matrix (agn)geq,ner, A = Ming(¢) and
B = Ming(d). Then

nth i i i i
agn — 2220 Lani€' Qgh , A:Z%ZleE[Z} and B:Zg—iZleE[Z],

for some Pypi, Qgn, o, Bi, Vi, 0; € R, with each Qgp, f; and 6; different from 0. Let

70H5 Hﬁz [T Qo ePixu..... X,

g€qG,
h € H

Let S = {Q" : k > 0}, a multiplicative subset of R, and let D = S™!R be the ring of fractions of R by
S. As R is a unique factorization domain, so is D. Let P be the algebraic closure of P in F. By Hilbert’s
Nullstellensatz, there is an evaluation homomorphism ¢ : R — P such that 1(Q) # 0. By the universal
property of the ring of fractions, v extends to a homomorphism D — P, which we also denote 1. As
A € D[Z], by Gauss Lemma the kernel of the evaluation homomorphism ¢ : D[Z] — DI[(] mapping Z to
¢ is generated by A. Let ¢ be a root of the polynomial 1(A) in P. The homomorphism ' : D[Z] — P
which extends 1 and maps Z to ¢ has A in its kernel, so there is a homomorphism " : D[] — P making
commutative the diagram

Let agp, = 9" (agn) and d = 9" (d). Then d is the determinant of the matrix (agn)gec hen, and a root of the
polynomial 9" (B). As the independent term of 1" (B) is 9" (Py) = ¢(Py) # 0, we conclude that d # 0. Let
Fy =P(agn : g € G,h € H) CP. Then Fy is a finite extension of P. Moreover, the map G + (FoH)* given
by g+ > cm Ggnh is an homomorphism of groups, as it is just the composition of the inclusion G C D[(]G,
the restriction ¢|pye : D[]G — D[(]H, and the homomorphism D[(]H — FyH induced by ¥ : D[(] — Fy.
Therefore there is a homomorphism of Fy-algebras ¢ : FyG — FyH such that ¢(g) = > hen Agnh for each
g € G. As d # 0, the set ¢(G) is a basis of FyH. Thus ¢ is an isomorphism. O

We denote the cyclic group of order n by C,. For m and n coprime integers, let o,,(n) denote the
multiplicative order of n modulo m, i.e. the smallest positive integer + with n =1 mod m.

Example 3. For every prime field P and every positive integer n there exist a prime integer q different than
the characteristic of P, and a positive integer k such that FC’(’ZC ¥ FCy for every field extension F' of P with

[F:P] <n, but EC'(’; = ECy for some field extension E of P.

Proof. We first suppose that P is of characteristic 0. In this case we take ¢ = 2 and k the least positive
integer with 2¥~1 > n. To prove that ¢ and k satisfy the desired condition we use a Theorem of Perlis and
Walker [PW50] (see also [JAR16, Theorem 3.3.6]). Let F be a field extension of P. Then FC} = F? | and
if F contains a primitive 2¥-root of unity ¢, then FCyr = 2, Thus, if E = P(¢) then EC} = EC,, while
if [F :P] < n then ¢ ¢ F, so FCy has a factor isomorphic to F(¢) and hence FC§ % FCyx.

For positive characteristic we use a version of the Perlis-Walker Theorem for finite fields (see [JAR16,
Problem 3.3.9]).
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Suppose that P has characteristic p > 2 and let ¢ be a prime divisor of p — 1. The sequence (o4« (p))

is unbounded and we take a positive integer & such that o (p) > n. Let F be a finite field extension of P
with ¢ = [F': P]. As in the previous case FCZ; ~ a" and if pt =1 mod ¢*, then FCp = ra, However, if

ok (p)
et @) > ¢

t < n, then FCy» has an epimorphic image which is a field extension of F' of degree ogr (1) =
because t < ogr(p). Thus FCF % FC,..

Finally, suppose that P has characteristic 2. In this case we take ¢ = 3 and k the least integer such
that 3*~! > n. Let F be a field extension of P of degree ¢t and K a field extension of F' of degree 2. If ¢
is even, then FC3 = F3. However, if t is odd, then FC3 = F x K. Therefore, FC% is a direct product
of fields isomorphic to F' or K, and if ¢ is even, then FC¥ = F3" I 2 = 1 mod 3%, then t is even and
FC3 =2 F st However, if t < n, then F'Cyx has an epimorphic image isomorphic to a field extension of F' of

degree 031 (2!) = gcd(()f';(i)@)) = gcd%f;;;,l) > 2 because t < 3¥~1. Thus FC} % FCyx. O
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