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ABSTRACT. A (left) group code of length n is a linear code which is the image of a (left) ideal of
a group algebra via an isomorphism FG — F" which maps G to the standard basis of F". Many
classical linear codes have been shown to be group codes. In this paper we obtain a criterion to
decide when a linear code is a group code in terms of its intrinsical properties in the ambient
space F", which does not assume an “a priori” group algebra structure on F". As an application
we provide a family of groups (including metacyclic groups) for which every two-sided group
code is an abelian group code.

It is well known that Reed-Solomon codes are cyclic and its parity check extensions are
elementary abelian group codes. These two classes of codes are included in the class of Cauchy
codes. Using our criterion we classify the Cauchy codes of some lengths which are left group

codes and the possible group code structures on these codes.

In this paper F = F, denotes the field with ¢ elements where ¢ is a power of a prime p.
We consider F as the alphabet of linear codes of length n and so the ambient space is F", the
n-dimensional vector space. The standard basis of F" is denoted by FE = {ei,...,e,}. For any
group G, we denote by FG the group algebra over G with coefficients in F.

Recall that a linear code C' C F" is said to be cyclic if and only if C is closed under cyclic
permutations, that is, (z1,...,z,) € C implies (x2,...,x,,x1) € C. For C, = (g), the cyclic

I extends to an isomorphism of

group of order n, the bijection 7 : E — C,, given by m(e;) = ¢g'~
vector spaces ¢ : I — FC,, and the cyclic codes in F™ are the subsets C' of F" such that ¢(C)
is an ideal of FC,,.

If G is a group of order n and C' C F" is a linear code then we say that C' is a left G-code
(respectively, a right G-code; a G-code) if there is a bijection ¢ : E — G such that the linear
extension of ¢ to an isomorphism ¢ : F — FG maps C' to a left ideal (respectively, a right ideal;
a two-sided ideal) of FG. A left group code (respectively, group code) is a linear code which is a
left G-code (respectively, a G-code) for some group G. A (left) cyclic group code (respectively,
abelian group code, solvable group code, etc.) is a linear code which is (left) G-code for some
cyclic group (respectively, abelian group, solvable group, etc.). In general, if G is a class of
groups then we say that a linear code C' is a (left) G group code if and only if C is a (left)
G-code for some G in G.

Note that the cyclic codes of length n are C),-codes. However, not every C,-code is a cyclic
code. For example, the linear code {(a,a,b,b) : a,b € F} is not a cyclic code but it is a Cy-code
via the map ¢ : {eq,...,es} — Cy given by ¢(e1) = 1, ¢(e2) = g2, ¢(e3) = g and P(eq) = g°. If
one fixes a bijection ¢ : E — G to induce an isomorphism ¢ : F” — FG then the (left) G-codes

are precisely those codes of F” which are permutation equivalent to codes of the form ¢~!([I),
1
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for I running on the (left) ideals of FG. In particular, the cyclic group codes are the codes which
are permutation equivalent to cyclic codes.

The aim of this paper is to give a criterion to decide if a linear code is a group code in
terms of its intrinsical properties in the ambient space, which has not an “a priori” group
algebra structure. More precisely we prove that a subspace C' of F" is a left group code if and
only if PAut(C), the group of permutation automorphisms of C', contains a regular subgroup.
Moreover, C' is a group code if and only if PAut(C) contains a regular subgroup H such that
Cs, (H) C PAut(C). Using this we prove that if G = AB, for A and B two abelian subgroups
of G then every G-code is also an abelian group code. This extends a result of Sabin and
Lomonaco [4]. We present some examples showing that this cannot be extended to left group
codes. Finally, we study the class of Cauchy codes. This is a class of MDS codes introduced in
[1], (see also [2]) which includes the class of generalized Reed-Solomon codes. We describe the

possible left group code structures of some families of Cauchy codes.

1. CHARACTERIZING GROUP CODES

In this section we give necessary and sufficient conditions for a subspace C of F" to be a (left)
group code in terms of the group of permutation automorphisms of C'. For this result we do not
need to assume that F is finite.

Let S,, denote the group of permutations on n symbols, that is the group of bijections of
N, = {1,...,n} onto itself. Recall that a subgroup G of S, is regular if and only if it is
transitive and has order n (equivalently, |G| = n and o(z) # x for every 1 # 0 € G and =z € N,,).

We consider S, acting by linear transformations on F" via the rule:
o(ei) = eqy (0 € Spyi € Ny).

Two linear codes C' and C’ are permutation equivalent if o (C) = C’ for some o € S,.

Following [2], we denote the group of permutation automorphisms of a linear code C' by
PAut(C) ={oc €S, :0(C)=C}.

For a group G, let Z(G) denote the center of G and let C;(H) denote the centralizer of H in
G, for each subgroup H of G.

We will need the following lemma which is possibly well known.

Lemma 1.1. Let H be a reqular subgroup of S, and fiz an element ig € N,. Let ¢ : H - N,
be the bijection given by ¥ (h) = h(ig). Then there is an anti-isomorphism o : H — Cg, (H),
mapping h € H to oy, where

on(i) = ¢7(i) (h(io)) (i € Ny).
Moreover ap, = h for every h € Z(H) and so Z(H) = Z(Cs, (H)).

Proof. Tt is clear that 1 is a bijection, since H is regular. Furthermore ¢~1(4)(io) = 4, for every
i € N, and ¥~ (h(ip)) = h, for h € H. Therefore, if h,k € H then

ok (i) = on (k (¥71(0)(i0))) = v~ ([kv ™ (D)] (i0)) (h(io)) = [k (0)] (h(io)) = kon(i).
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This shows that o maps H into Cg, (H).

Now we prove that o is an anti-homomorphism. If h, kK € H and i € N,, then

ok (i) = ¥~ (@) hk(io) = v~ (¥ (0)h(io)) k(io) = o), (" (0)h(i0)) = ox(on(3)).
If o5, = 1 then v ~1(i)(ig) = i = op,(i) = ¥ ~1(i)h(ip), for every i € N,,. Thusp~1(i) = ¥~ 1(4)h,
since H is regular, and hence h = 1. This shows that ¢ is injective.
Finally we prove that o(H) = Cs, (H). Indeed, for each 2 € Cg, (H) let h = ¢~ (x(ip)) € H.
Then h(io) = ¥~ (x(i0))(i0) = x(io) = = <(z/z‘1(i))_1 (z’)) = (1(3)) " 2(i), for every i € N,,.
Hence z(i) = ¥~ 1(i)h(ig) = o4 (i) for every i € N and we have = = o,

The last calculation also shows that if z € Z(H) = H N Cg, (H) then h = x = oy, O

We are ready to present our intrinsical characterization of (left) group codes.

Theorem 1.2. Let C be a linear code of length n over a field F and G a finite group of order n.
(1) C is a left G-code if and only if G is isomorphic to a transitive subgroup of S,, contained
in PAut(C).
(2) C is a G-code if and only if G is isomorphic to a transitive subgroup H of S, such that
HUCg,(H) C PAut(C).

Proof. Given a bijection ¢ : E — G, we also use ¢ to denote its linear extension F" — FG,
and we define f = fs : G — S, by setting ey = ¢ (gp(e;)), for g € G and i € N,,. Then
f is a group homomorphism. Furthermore, f(g)(i) = i if and only if ¢~ 1(g¢(e;)) = e; if and
only if go(e;) = é(e;) if and only if ¢ = 1. This shows that f is injective and H = f(QG)
is a regular subgroup of S,,. Let e;, = ¢ 1(1). By Lemma 1.1, there is an anti-isomorphism
o: H — Cg, (H), defined by op,(i) = ~1(i)h(ip), where ¢ : H — N, is the bijection given by
Y(h) = h(ig). We will use several times the equality v~1(i)(ig) = i, for i € N,,.

For every ¢ € N,, one has
€ = eyp1(i)in) = Ef(f-tv1 )0y = ¢ (FTH(UT(0) - dlew)) = 67 T (0).

Using this and the fact that f : G — H is an isomorphism, one has the following equalities for
every h € H:

onle) = €y = €w-1(im o) = ¢ F T (7)) (d0))
= oW =7 (W) fTHR) =07 (dler) - fH(R)) -
This implies
(1.1) an(x) = ¢~ (gx) - f7H(h))
for every x € F* and h € H.

Assume now that C' is a left G-code and let ¢ : E — G be a bijection such that ¢(C) is a
left ideal of FG and f = f4. By the previous paragraph H = f(G) is a regular subgroup of Sy,.
Furthermore, by the definition of f, if h € H and o = ) ase; € F", then h(a) = Y ajepq) =
S (F7UR) - dles) = ¢ (f71(R) - (). Hence h(C) = ¢ (f71(h) - $(C)) = C, that
is H C PAut(C). If, moreover, ¢(C) is a two-sided ideal of FG and = € Cg, (H) then, by
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Lemma 1.1, there is h € H such that z = o). Then (C) = 0,(C) = ¢! (¢(C) - f71(h)) = C,
by (1.1). This gives the sufficiency part of (1) and (2).

Conversely, assume that G is isomorphic to a regular subgroup H of S, contained in PAut(C).
One may assume without loss of generality that G = H. Let ¢ : E — G be the bijection given by
o g) = eg)- Then hé(eyny) = hg = dleng))) = ¢(h(eg(1))), for every h,g € G. Therefore
ho(e;) = ¢(h(e;)), for every i € N,,, since G is transitive. Using this we have ho(C) = ¢(h(C)) =
#(C), because G C PAut(C). Thus ¢(C) is a left ideal of FG.

Assume, additionally that Cg, (G) € PAut(C) and let f = f,. If g € G then f(g)(e;) =
erg)i) = ¢ (g9(ei)) = eqgoenn1) = 9(€pen1y) = g(ei). Thus f(g) = g for every g € G. By
(1.1), ¢(C)g = ¢(C)f~H(g) = ¢(04(C)) = ¢(C), for every g € G, and thus ¢(C) is a two-sided
ideal of FG. O

Corollary 1.3. Let C be a linear code of length n over a field and let G be a class of groups.

(1) C is aleft G group code if and only if PAut(C) contains a regular subgroup of S, in G.
(2) C is a G group code if and only if PAut(C) contains a regular subgroup H of Sy in G
such that Cs, (H) C PAut(C).

2. ONE-DIMENSIONAL GROUP CODES

Even if one-dimensional codes are not relevant for applications, it is educating to see how one

can use Theorem 1.2 to decide which one-dimensional codes are group codes.

Proposition 2.1. Let F be a finite field, n > 1 and 0 # v € F". Then Fv, the one-dimensional
subspace spanned by v, is a left group code if and only if the entries of v are of the form
u, &u, E2u, . .., €M, each of them appearing s = n/h times in v, for some u € F* and & an h-th
primitive root of unity.

Assume that v satisfies the above conditions and let G be a group. Then Fv is a left G-code

if and only if G has a normal subgroup N of order s such that G/N is cyclic (of order h).

Proof. Write v = (v1,...,v,). We start describing PAut(Fv). Let o € S,,. Then o € PAut(Fv)
if and only if o(v) = A,v, for some (necessarily unique) A\, € F*. Moreover, o — A, defines
a group homomorphism A : PAut(Fv) — F*. Let £ be a generator of the image of A and let
K = Ker\. Then o(v) = £v and hence, if u € F appears exactly s times as an entry of v then
&u also appears exactly s times as an entry of v. Therefore, after permuting the entries of v,

one may assume that v is of the form

vo= (un,eun€un s Eun, e g, € M, 6
Uz, .oy uz, EUg, . EUz, EPUg, . Eug, € g, €y,
.
(17 170 2 17 SN S 178 < T < VI S TS L TS N

for uy, ..., u; € F such that u, # £*u, forevery 1 <z <y < k and z € Z, and each £*u; appears
s; times as an entry of v. Then K = (S5, X -+ X S, ) X (Ssy X -+ X Sg,) X -+ X (S5, X -+ % Sg,),
where the i-th block has h copies of Sy, and the j-th S, is identified with the subgroup of S,
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formed by the permutations which fix the coordinates k for which v, # &u;. Consider the

permutation o € S, given by

o (k) = k + s;, if h(s1+---+si—1) <k <h(s;+---+si—1) + (h—1)s;;
T k= (h—=1)s;, ifh(si+-Fsi1)+ (h—1)s; <k <h(sg+--+5).

Clearly, o has order h and A\, = £. Thus PAut(Fv) = K x (o). This provides the description of
PAut(Fv).
Observe that, with the notation of the previous paragraph, PAut(Fv) is transitive if and only

if K = 1. In that case (up to a permutation of coordinates)
(2.2) v=(u...,uu,... Eu ... 2, gy, ,{hilu)

for some u € F* and some h-th primitive root of unity ¢ in F* and each &/u is repeated s = n/h
times as a coordinate of v.

If Fu is a left G-code, for G a group (of order n) then, by Theorem 1.2, we may assume that G
is a transitive subgroup of \S,, contained in PAut(Fv). Therefore v is as in (2.2) and G contains
an element 7 with 7(1) = h + 1. This implies that 7 = ko for some k € K. If N = K NG then
G = (N,7) and 7 has order h modulo N. Thus N is a normal subgroup of index h in G and
G/N is cyclic. This proves one implication for the two statements of the proposition.

Conversely, assume that v is as in (2.2) and let G be a group of order n with a normal
subgroup N of index h in G such that G/N is cyclic. Let g be an element of G of order h
modulo N. Fix a bijection ¢ : Ny — N, which we extend to obtain a bijection ¢ : N, — G by
setting p(js +7) = ¢(r)g’, for 1 <r < s, and 0 < j < h. Then ¢ induces an isomorphism of
vectors spaces ¢ : F" — FG, such that p(v) = u (3 ,cn 1) (Z?:_ol figi>. Then go(v) = £ 1p(v)
and np(v) = p(v) for every n € N. Thus Fp(v) is a left ideal of FG and hence Fv is a left
G-code. g

Corollary 2.2. If a one-dimensional vector space is a left group code then it is a cyclic group

code.

Proof. Assume that Fv is a one-dimensional group code of length n. By Proposition 2.1, v has
h different coordinates each of them repeated s = n/h times. Then Fv is a cyclic group code

because the cyclic group of order n has a subgroup of order s. O

3. GROUP CODES VERSUS ABELIAN GROUP CODES

In this section we present a class of groups G, containing properly the class of abelian groups,
such that every G group code is also an abelian group code. We also show that for every non-
abelian finite group G there is a finite field F such that some left G-code over F is not an abelian

group code.

Theorem 3.1. Let G be a finite group. Assume that G has two abelian subgroups A and B such
that every element of G can be written as ab with a € A and b € B. Then every G-code is an

abelian group code.
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Proof. Assume that C is a G-code of length n. Then, by Theorem 1.2, GG is isomorphic to a
regular subgroup H of S,, such that H U Cg, (H) C PAut(C). One may assume without loss of
generality that G = AB = H.

Let 0 : G — Cg, (G) be the anti-isomorphism defined in Lemma 1.1, with respect to some
io0 € N,,. Set A; = 0(A) and By = o(B). Since o is an anti-isomorphism, 4; and B; are abelian
groups and Cs, (G) = B1A;.

Now, we consider the group K = (A, B;) < (G,Cs,(G)) < PAut(C). Then K is abelian,
G and B; C Cg,(G). By Theorem 1.2, it
is enough to prove that K has order n and the stabilizer in K of every element of N,, is
trivial. To prove the first it is sufficient to show that [K : A] = [G: A]. By Lemma 1.1,
BNZ(G)=0(BNZ(G)) = B1NZ(Cs,(G)). Then [B: BNZ(G)] = [B1: B1N Z(Cs, (Q))]
and [BNZ(G) : BNA| =[Bi1NZ(Cs,(G)): BiNA]. Thus [G: A]=[AB: A]=[B:BNA| =
[B1:B1NA|=[AB; : A] = [K : A], as desired.

Finally, let i € N,, and k € K with k(i) = i. Then k = af for some a € A and § =03 € By
with b € B. Moreover, i = g(ig) for a unique g € G. Therefore g(ig) = i = k(i) = afBg(ip) =

<
since A and Bj are abelian subgroups, A C

aop(¥(g)) = agb(ip), where 9 is the map defined in Lemma 1.1. Thus agb = g, because G is
regular. Set g = a't/, for a’ € A and ¥/ € B. Then d’abb’ = aa’t'b = agb = g = a’b' and hence
ab=1. Thus b"! =a € AN B C Z(G). Using the last part of Lemma 1.1 once more, we have
B =0 =0>0and so af = 1. O

Recall that a group G is metacyclic if it has a cyclic normal subgroup N such that G/N is
cyclic. Sabin and Lomonaco [4] have proved that if C' is a G-code of a split metacyclic group
G (i.e. G is a semidirect product of cyclic groups) then C' is an abelian group code. Using the

previous result this can be extended to arbitrary metacyclic group codes.
Corollary 3.2. If C is a metacyclic group code then C' is an abelian group code.

Theorem 3.1 provides a family of groups G such that every two-sided G group code is also
an abelian group code. We do not know any example of a group code which is not an abelian

group code. For left group codes the situation is completely different.

Proposition 3.3. For every non-abelian group G and every prime p not dividing the order of

G there is a left G-code over some field of characteristic p which is not an abelian group code.

Proof. Assume that p is a prime not dividing |G|. If ¢ is the number of conjugacy classes of G
then the number of ideals of FG is at most 2¢, for every field F of characteristic p. Therefore,
there is a bound on the number of G-codes which is independent of the field. In particular, the
number of abelian group codes of a given length is bounded by a number not depending on the
field used. However, if G is non-abelian, then there is a field K such that a simple factor of KG
is isomorphic to M,,(K) for some m > 2. Then a simple factor of FG is isomorphic to M, (F)
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for every field extension F/K. Since the left ideals of M,,(F) generated by matrices of the form

1 a o ... 0
0 0 ©0

(a € F)
o o o0 ... 0

are all different, F™ has at least |F| different left G-codes. Thus, the number of left G-codes
for the different fields of characteristic p increases with the order of the field and so it is not
limited. O

Example 3.4. Since the proof of Proposition 3.3 is not constructive it is worth to present an
example of a left group code which is not an abelian group code. Let F = F1; be the field with
11 elements. Every 2-dimensional cyclic group code of length 6 over I is permutation equivalent

to one of the following codes:

Cl = {()‘Hu’,u_)\a_)\a_,ua)\_,u)|)\,,UE]F},
Cy = {(\ ==X\ —p—N) | A\ peF},
Cs = {(A A pAp) [ A p € Fh

Then one can easily check that the subspace C of FS generated by u = (2,5, 7,2, —7,5) and
v=(4,-3,—1,—4,1,3) is not an abelian group code. However C'is a left S3-code. Indeed, A =
(1,2,3)(4,5,6) and B = (1,4)(2,6)(3,5) belong to PAut(C), since A(u) = bu + 4v, B(u) = u,
A(v) = 5(v —u) and B(v) = —v. Moreover, (A, B) is a regular subgroup of Sg isomorphic to S3

and the claim follows from Theorem 1.2.

4. CAUCHY CODES

In this section we give some necessary and sufficient conditions for some Cauchy codes to be
left group codes and describe the possible left group code structures on such codes. Our main
tool is a description of the group of permutation automorphisms due to Diir [1] (see also [2])
which we present in a slightly different form.

We first recall the definition of Cauchy codes. For that we need to introduce some notations.
Let F denote the projective line over F. Each element of F is represented either by its homoge-
neous coordinates, denoted [z,y], or by an element of F U {oo} in such a way that x € F and
[z, 1] represent the same element in I, and oo and [1,0] also represent the same element in F.

We use the coordinatization map ¢ : F — F? defined as follows:

(x,1), ifzeT;
p(r) = :
(1,0), ifz = oc.
We evaluate a homogeneous polynomial F' € F[X,Y] on an element z € F by setting F(z) =

F(p(2)). For an element o = (ay,...,a,) € F' we denote the set of entries of & by Lg.

Definition 4.1. Given 1 <k <n, a = (a1,...,ap) € Fn, without repeated entries, and a map

f i Lo — F*, the k-dimensional Cauchy code with location vector o and scaling map f is the
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code
Cr(a, f) ={(f(an)P(a1),..., flan)P(aw,)) : P € FIX,Y], homogeneous of degree k — 1} .

Note that our notation is slightly different from that of [2]. The set L, is called the location
set of Cx(a, f).

Every Cauchy code is MDS and its dual is another Cauchy code (see [2] for details). Moreover,
if o € S,, then o(Cx(av, f)) = C(o(), f) and in particular the class of Cauchy codes is closed
under permutations.

Examples of Cauchy codes are the generalized Reed-Solomon codes which correspond to
Cauchy codes with location set included in F. In particular, the k-dimensional narrow sense
Reed-Solomon codes are those Cauchy codes of the form Ci(a,1) with location vector a =
(1,€,€2,...,6972), for £ a primitive element of F. Furthermore the parity check extension of the
narrow sense Reed-Solomon code Cy(a, 1) is the Cauchy code Cy (@, 1) with @ = (1,£,£2,...,£972,0).
(Here 1 denotes the constant map = +— 1.)

As mentioned at the beginning of this section our aim is to obtain criteria to decide when
a Cauchy code Ci(a, f) is a left G-code. Since a linear code and its dual have the same au-
tomorphism groups, they are (left) G-codes for the same groups G. Furthermore the dual of
a Cauchy code is a Cauchy code too and Ci(a, f) is the one-dimensional code generated by
(f(a1),..., f(an)) (see [2] for details). This shows that the cases k =1 and k = n — 1 reduce to
Proposition 2.1. Thus, in the remainder of this section, we assume that 2 < k <n — 2.

Let I' = PGLy(F), the 2-dimensional projective general linear group. We identify I' with the
group of homographies of F, so that GLy(IF) is considered acting on the left on F by

b
( “ > [z,y] = [ax + by, cx + dy].
c d

For asubset X of Flet Ty = {T €T : T(X) = X}. Fora € F, let [, = ['(qy. For example, I

is formed by the classes represented by upper triangular invertible matrices and

1 b 0
(43) T~ N XxH, WithN:{Ub:<0 1>:bEF} ande{(Z 1>:a€]F*}.

Moreover N is an elementary abelian p-group of order ¢ and H is cyclic of order ¢ — 1.
For every T € GLy(F), let 67 : F — F* be defined by

00 (2) second coordinate of T'(¢(z)), if it is non-zero;
Z) =
4 first coordinate of T'(p(z)), otherwise.

Fix a subset L of F. If T € GLy(F) then we denote the restrictions of T : F — F and
Or : F — F* to L as Ty, and O, respectively. If f,g: L — F* then let f-g: L — F* be given by

(f-9)(2) = f(2)9(2) (= € L)

We say that f and g are equivalent, denoted f = g, if g = Af for some A\ € F*.

The following theorem describes when two Cauchy codes are equal.
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Theorem 4.2. [2, Theorem 2.6] Let 2 < k < n — 2 and consider two k-dimensional Cauchy
codes. C = C(a, f) and C" = Cx(, ') of length n. Then C = C' if and only if there exists
T € PGLy(F) such that o = T(o;) and f' o Ty, = 9;}11& - f.

In particular, C and C' are permutation equivalent if and only if there exists T € PGLy(F)
such that T(Ly) = Lo and f o Ty, = 9]73721& - f.

Note that the equivalence f’ o Ty, = 0:]}_;& - f, in Theorem 4.2 does not depend on the
representative of 7' in GLo(IF) used to calculate 67, because O\ = \0p, for every A € F*.
Given f: L — F* with |L| = n we denote

Fk,f = {TGFL : fOTLEQI,}’_Ll f}
Proposition 4.3. If C is a k-dimensional Cauchy code of length n with 2 < k < n —2 and
scaling map f : L — F* then the map T — Ty, is a group isomorphism I'y, ; — PAut(C).

Proof. Let C' = Ci(av, f) with L = L,. If 0 € S, then o(C) = Cx(o(a), f). Using this and
Theorem 4.2 and identifying S,, with the permutations of L one has

(4.4) PAut(C’) = {TL T e PLJ} .

The map T +— T, is injective because |L| =n > k > 2 and an element of PGLg(K) is uniquely

determined by its action on three different elements of F. O
Now it is clear that we have the following consequence of Theorem 1.2.

Corollary 4.4. Let L C F withn = |L| and 2 < k < n — 2. Let C be a Cauchy code with
scaling map f: L — F*. Then C is a left G-code if and only if G is isomorphic to a subgroup
H of order n of I'y s whose action by homographies on L is transitive (equivalently, h(z) # x,
for everyx € L and 1 # h € H).

As an application of Corollary 4.4 we characterize when some Cauchy codes with large location

set are group codes.

Lemma 4.5. Let L and L' be subsets of F with |L| = |L'| > q¢ — 2. Then every Cauchy code

with location set L is equal to a Cauchy code with location set L.

Proof. By assumption |F\ L| = |F\ L’| < 3. Since the action of T" on F is triply transitive there
is T € GLo(F) such that T(F\ L) =F \ L' and so T(L) = L. Therefore, by Theorem 4.2, if C
is a Cauchy code with scaling map f : L — F* then C' is also a Cauchy code with scaling map
05, f)oTy': L' —F. O

It is well known that the parity check extension of a narrow sense Reed-Solomon codes is a
g-ary Cauchy G-code of length ¢, for G the p-elementary abelian group of order ¢ (see e.g. [3]).
Next theorem shows that this is the only possible structure of G-code on a g-ary Cauchy code

of length gq.

Theorem 4.6. Let C be a q-ary Cauchy code of length q and dimension 2 < k < q— 2 and let
G be a group of order q. Then C is a left G-code if and only if it is permutation equivalent to

the parity check extended narrow sense Reed-Solomon code and G is p-elementary abelian.
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Proof. One implication was proved by Landrock and Manz [3]. Conversely, let C' be a g-ary
Cauchy code of length ¢ with scaling map f : L. — F*. By Lemma 4.5, one may assume, without
loss of generality, that L = F. Then I'r = I'oo = N x H, with N and H as in (4.3). Thus N is
a normal Sylow elementary abelian p-subgroup of I'r and hence it is the only subgroup of order
q of I'r. Therefore, if C'is a G-code then G ~ N. Moreover, N should be contained in I'y y and
this implies that f o U, = f, for every b € F, because 6y, (z) = 1 for every b € F and z € F.
Thus, there is A € F* with fo U, = Af. So, f(0) = f(pb) = (f o Up)((p — 1)b) = Af((p — 1)b) =
-+ = Nf(0) and hence \? = 1. Then A = 1, since |F*| = ¢ — 1 is relatively prime with p.
Hence f(b) = (f o Up)(0) = f(0), for every b € F, i.e. f is constant. Therefore C' is permutation

equivalent to the parity check extended narrow sense Reed-Solomon code. U

Now we turn our attention to Reed-Solomon like Cauchy codes. It is well known that the

g-ary Reed-Solomon codes are cyclic of length ¢ — 1.

Theorem 4.7. Let F =y, the field of q elements, and let & be a primitive element of F. Let C
be a k-dimensional q-ary Cauchy code with scaling map f : L — F* and assume that |L| = q¢—1
and 2 <k <qg-3.
Then C is a left group code if and only one of the following conditions hold for some (for all)
T € PGLy(F) with T(L) = F*:
(1) there is an integer m such that (651}‘; . f> o TL_1 is equivalent to the map fp, : F* — F*
given by fm(z) = 2™ for every z € F*.
(2) q is odd and there are integers m and m' such that 4m 4+ 2(k — 1) =2m' + k-1 =
0 mod (¢ —1) and <0§TL1 . f) o TL_1 is equivalent to the map fp, y : F* — F* given by

S (E2047) = 2’ = for every t € Z and r = 0 or 1.

Moreover, if G is a group of order ¢ — 1 then C is a left G-code if and only if either G is
cyclic and condition (1) holds or G is a dihedral group and condition (2) holds.

Proof. By Lemma 4.5 (and Theorem 4.2), it is enough to prove that if L = F* and f(1) =1
then C is a left G-code if and only if either G is cyclic and f = f,,, for some m, or ¢ — 1 is
even, G is the dihedral group of order ¢ — 1 and f = f, s, for some m and m’ satisfying the

conditions of (2).
So assume that L = F* and f(1) = 1. Let D = T'p« = I'{g oo} 2 'y y. Then D = (A, B) with

A:<§ 0) and B:<0 1).
0 1 1 0

So, D is a dihedral group of order 2(q — 1). If ¢ is even then the only subgroup of D of order
g —1is (A). Otherwise, that is if ¢ is odd then, the only subgroups of D of order ¢ — 1 are (A),
(A% B) and (A%, AB). By Corollary 4.4, C is a left G-code if and only if G is isomorphic to a
subgroup H of order ¢ — 1 of I'y, y which acts transitively on F*. However B(1) = 1, and this
excludes the possibility H = (A%, B). Thus C is a left G-code if and only if either G is cyclic
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and A € I'y ¢, or ¢ is odd, G is the dihedral group of order ¢ — 1 and A? and M = AB belong
to L'y, ¢

Notice that 84(z) =1 for every z € F and (fy, 0 A)(2) = fin(€2) = ™ fin(2) = ™ (04 - fi)(2)
for every z € F. Thus A € I'; 7, and hence if f = f,,, then C is a cyclic group code. Conversely,
if C' is a cyclic group code then A € I'y, ¢, that is f o Ap- = f. Hence thereis m =0,1,...,¢—2
such that f(£z) = ™ f(z) for every z. This implies, together with the assumption f(1) = 1,
that f(£%) = & and so f = fi.

Secondly assume that ¢ is odd and let G be the dihedral group of order ¢ — 1. On the one
hand, arguing as in the previous paragraph one deduces that A% ¢ Iy, if and only if there is
an integer 0 < my < ¢ — 1 such that f(£2+7) = ¢ f(€)", for every t € Z and r = 0 or 1.
Moreover m; is even because 1 = f(1) = f 52%> = fq;;ml. Set m1; = 2m. On the other
hand, M(z) = £/z and Op(2) = z, for every z € F*. Hence M € I'y ¢ if and only if there is
an integer 0 < m/ < ¢ — 1 such that f(£/z) = €™ 251 f(z), for every z € F*. So, if C' is a left

G-code then there are integers m and m’ such that

g (=) 2tm f(eyr = g6 (k=) f(g204T) = f (§2t£+r> = F(E2D+0-0)y
ff2tmf(€)lfr
for every t € Z and every r = 0, 1, or equivalently

gm'+(2t+r)(k—1)+4tm _ f(£)1—2r.

Considering the two values 7 = 0 and r = 1 we deduce that f(£) = £™', hence f = fm,m, and
2(k—=1)+4m =2m'+k—1=0 mod g—1. Conversely, if m and m’ satisfy the above conditions
and f = fp, n then, reversing the arguments, we deduce that A2 M € PGLy(F)j, s and so C is
a left G-code. g

Remarks 4.8. Let 2 < k < ¢ — 3 and let E,, and £, ,, denote k-dimensional Cauchy codes
with scaling maps f,, and f, ,, respectively. By Theorem 4.7, every k-dimensional left group
Cauchy code of length ¢ — 1 is permutation equivalent to either E,,, for some m, or E,, p,, for
m and m/, satisfying the conditions in statement (2) of Theorem 4.7. Using Theorem 4.2 one

can decide when two of these codes are permutation equivalent:

(1) On the one hand, by Theorem 4.2, E,, and E,, are permutation equivalent if and only
if foy = fm o Tf- for some T' € (A, B) (see the first part of the proof of Theorem 4.7).
On the other hand, f,, 0 A = f,, and f,;, o B = f_,,. This proves that E,, and E,, are
permutation equivalent if and only if m’ = +m mod (¢ — 1).

(2) On the other hand, in the second case of Theorem 4.7, k is necessarily odd and f,
is determined by the values of 2m and m’ modulo ¢ — 1. The equation 2X +k—1=0
mod (¢ — 1) has a unique solution modulo q;21’ namely %

(a) If g = —1 mod 4 then the equation 4X+2(k—1) =0 mod (¢—1) has also a unique
solution modulo ;1, namely 5% and hence, in this case, 2m =1 — k mod ¢ — 1.
Thus fp,m is either f1 k 12k f1 k OF f1 Eask = fq k. We conclude that if

g = —1 mod 4 then every left group Cauchy code is a cychc group code.
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(b) Otherwise, that is for ¢ =1 mod 4, the equation 4X+2(k—1) =0 mod (¢g—1) hasa
unique solution modulo %, namely % Therefore there are four possible dihedral

group Cauchy codes of this form namely Fi-x 1-x = Fi-x, Fi-kx -t = Fq_,
2 2 2

2 7 2 2

Fiig2t 1-x and Eiiq-2r ¢-x. The last two are not cyclic group codes. To see
2 ’ 2 2 > 2

this it is enough to show that if f,, ;v = fm, then 2m = 2m; mod (¢ — 1) and

m’ =my; mod (¢ — 1). This follows by straightforward calculations. This provides

more examples of left group codes which are not abelian group codes.

Example 4.9. Let C = Ci(«, 1) be a Cauchy code over F = [, with location set L. We have
seen in Theorems 4.6 and 4.7 that if L = F or F* then C is an abelian group code. More
generally, if K is a subfield of F and L = K then C is a (K, +)-code and if L = K* then C is a
(K*,-)-code. This can be shown as in the proofs of Theorems 4.6 and 4.7.

We claim that the assumption & < n — 2 implies that if C' is a left group code then |L|
divides ¢(¢ — 1). Assume that C is a left G-code. Then G is isomorphic to a subgroup of I'y ;.
ItT = Z Z represents an element of I'y , with ¢ # 0 then there is A € F* such that
(cz+d)F1 = 9]5;;1(2) = Ar for every z € L\ {co, —4}. Thus the polynomial (cz + d)*~! — Ap
has at least n — 2 > k roots, a contradiction. This proves that I'y ; C I'sc and hence |L| = |G|
divides |I'o| = q(¢—1), as wanted. This argument, together with the description of I'no = N x H
given in (4.3), shows that if |L| is coprime with ¢ — 1 then G is an elementary abelian p-group

and if |L| is coprime with ¢ then G is cyclic.

Example 4.10. Theorems 4.6 and 4.7 describes the left group Cauchy codes over F, of dimen-
sion 2 < k <n —2 and length n = q or ¢ — 1. Assume now that C' is a Cauchy code of length
q — 2 and dimension 2 < k < q¢—4. If f: L — F* is the scaling map of C then every element of
Iy, permutes the three elements of F\ L. Since every element of I is determined by its action
on three elements, we deduce that I'j s is isomorphic to a subgroup of S3 and hence, if L is a
left G-code then G is isomorphic to a subgroup of S3. Therefore ¢ — 2 = |L| = |G| divides 6.
Since, by assumption 2 <n — 2 = ¢ — 4, we have ¢ > 6. We then deduce that ¢ = 8 and L is a
left S3-code.
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