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Abstract. It is shown that ring isomorphism between cyclic cyclotomic algebras
over cyclotomic number fields is essentially determined by the list of local Schur
indices at all rational primes. As a consequence, ring isomorphism between simple
components of the rational group algebras of finite metacyclic groups is determined
by the center, the dimension over Q, and the list of local Schur indices at rational
primes. An example is given to show that this does not hold for finite groups in
general.
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Introduction

Let x be an irreducible complex character of the finite group G, and
let S, denote the simple component (minimal two-sided ideal) of the
rational group algebra QG corresponding to x. If x € Irr(G) and ¢ €
Irr(H) are irreducible characters of the finite groups G and H, then we
would like to be able to decide whether or not the simple components
S, and Sy are ring isomorphic. The main motivation for this problem
is that in order to calculate the group of ring automorphisms of QG
modulo its inner automorphisms, one must be able to decide whether
or not distinct simple components of QG are ring isomorphic (See [Her]
and [ORS2)).
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If Sy and Sy are ring isomorphic, then it follows that their centers,
which are isomorphic to the respective fields of character values Q(y)
and Q(¢), correspond to the same extension of Q, that the character
degrees x(1) and (1) are equal, and that the rational Schur indices
m(x) and m(t) are equal. However, the dicyclic group G = C3 x Cy of
order 12 and the quaternion group Qg of order 8 have rational valued
characters of degree 2 for which the simple components are division
algebras of index 2 that are not ring isomorphic. This is because the
local indices of these characters do not agree at the primes 2 and 3.
Ring isomorphism between the simple components of rational group
algebras forces all of the local Schur indices m,(x) and m, () to be
equal for all rational primes p, including the infinite prime. By a result
of Benard [Ben], the local index of a simple component of a rational
group algebra is the same for all primes of its center that lie over a fixed
rational prime. So, by definition, m,(x) is the common Schur index of
the p-local algebra Q(x)py ®q(y) Sy for any prime p of Q(x) lying over
the rational prime p.

The conditions that the centers, dimensions, and local indices of
two simple components S, and Sy of a rational group algebra are all
equal are not enough to force the two simple components to be ring
isomorphic. We give an example of this situation in the next section.
Our goal in this article is to give some conditions on the groups G and
H which imply that the above conditions are enough to force the two
simple components to be ring isomorphic. We will show in Corollary 7
that this is the case as long as both of the groups are metacyclic. This
is an immediate consequence of Theorem 6.

For division algebras whose Brauer classes lie in the Schur subgroup
of a cyclotomic number field, a theorem of Spiegel and Trojan provides
a necessary and sufficient condition for ring isomorphism, which we will
apply several times in this article.

Theorem (Spiegel-Trojan [ST]). Suppose D and A are division alge-
bras of exponent m whose Brauer classes lie in the Schur subgroup of
a cyclotomic number field K. Then D and A are ring isomorphic if
and only if there is an integer s coprime to m for which [D]* = [A] in

Br(K).

An Example

We now give an example of two simple components S, and Sy of a
rational group algebra whose centers, dimensions, and local indices of
two simple components S, and Sy, of a rational group algebra are all
equal, but Sy and Sy are not ring isomorphic.
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The nonabelian groups A = Ci1 X (o and B = (31 x Cys both
have faithful irreducible characters ¢ € Irr(A), 6 € Irr(B) with degree
and Schur index 5. The only nontrivial local indices of these characters
are mi1(¢) = 5 and ms31(0) = 5. Let K = Q(¢,0), D = K ® Sy, and
A =K ®Sy. Since [K : Q(¢)] and [K : Q(0)] are relatively prime to 5,
D and A are K-central division algebras of index 5.

Example 1. Let G = A x A x B x B, where the groups A and B
are defined as above. Note that G is metabelian, but not metacyclic.
Define x, ¢ € Irr(G) by

X=0¢0R1, 020, and ) =9pR¢R15R 46,

where ¢ and 6 are the characters defined above. Then the simple com-
ponents Sy and Sy of KG are central simple K-algebras of the same
dimension whose local indices are equal to 5 at primes of K lying over
11 and 31, and whose local indices are trivial at all other primes of
K. However, the class of S, in the Brauer group Br(K) is the class
[D][A]?, and the class of Sy, is [D]?[A]. These classes are not powers of
one another in Br(K), so by Spiegel and Trojan’s theorem, these two
simple components are not ring isomorphic.

Cyclic Cyclotomic Algebras

Let K be a cyclotomic number field; that is, an abelian Galois extension
of Q, which we will consider as a subfield of C. For any positive integer
n, let ¢, denote a primitive n-th root of unity in C. A cyclic cyclotomic
algebra over K is a cyclic algebra that can be presented in the form
(K(¢n)/K,0,(), for some roots of unity ¢, € C and ¢, € K.

Since a cyclic cyclotomic algebra over K is automatically a cyclo-
tomic algebra over K, the class in the Brauer group of K generated by
a cyclic cyclotomic algebra over K always lies in the Schur subgroup of
K by ([Yam], Corollary 3.11). As mentioned earlier, this implies that
the p-local index of A is the same value m(A) for all primes p of K
lying over the same rational prime p.

Remark 2. There are several additional restrictions on the collection
of local indices of central simple algebras that lie in the Schur subgroup
of a cyclotomic number field. Two of these that we need in particular
are:

a) if p is an odd prime, then p =1 mod my(A); and

b) if p = 2 then m,(A) < 2.

These facts are consequences of results of Witt ([Wit], Satz 10
and 11). These also hold in the more general setting for central sim-
ple algebras over K that have uniformly distributed invariants ([Mol],
Theorem 1.1).
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Lemma 3. Let K be a cyclotomic number field. Let A = (L/K,0,()
and A" = (L/K, o', () be cyclic algebras defined over the same cyclic
extension L/ K, with (; and (p roots of unity in K.

If A and A’ have the same exponent in Br(K) then A is ring iso-
morphic to A’.

Proof. Since Gal(L/K) = (o) = (¢’), there exists some integer r,
coprime with [L : K], such that ¢/ = ¢". If rs = 1 mod [L : K],
then A’ is isomorphic to (L/K, o, (") as an algebra over K by ([Rei],
Theorem 30.4). Thus one may assume without loss of generality that
oc=o.

Let o be a root of unity in K such that ¢, = o™ and ¢y = " for
some positive integers n and n’. Let B = (L/K,0,«). Then [B]" = [A]
and [B]" = [A’]. Hence [A] and [A’] are two elements of the same
order in a cyclic group and therefore they generate the same cyclic
subgroup in Br(K). Thus A and A’ are isomorphic as rings by Spiegel
and Trojan’s Theorem. O

Remark 4. Note that it is not necessary for L/Q to be an abelian
extension in the above lemma.

Lemma 5. Let K be a cyclotomic number field. Let D and D' be two
division algebras with center K whose Brauer classes lie in the Schur
subgroup of K. Suppose

[D] = [A1] ®k -+ @k [An] and [D'] = [A}] @k -+ ®k [A}] in Br(K),
with m(A;) = m(A) = pi* fori=1,...,n.

If A; and A} are ring isomorphic for alli =1,...,n, then D is ring
isomorphic to D’.

Proof. By Spiegel and Trojan’s theorem, for each ¢ = 1,...,n there
is an integer r; coprime to p; such that [A4;]" = [A}]. By the Chinese
remainder theorem, there is an integer r such that r = r; mod p]* for
all 4. Therefore,

n n n

[[A]™ = []14] = [D.

i=1 =1 i=1

S
1
—
=
1

So by Spiegel and Trojan’s theorem again, D and D’ are ring isomor-
phic. ]

Theorem 6. Let A and A’ be two cyclic cyclotomic algebras over a
cyclotomic number field K. Assume that [A] = [D] and [A] = [D'] in
Br(K), for division algebras D and D'. If A and A’ have the same local
Schur indices at every rational prime p (including o), then D and D’
are ring isomorphic.
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Proof. Let B = (K((,)/ K, 0,(s) be a cyclic cyclotomic algebra over K.
If ¢ =p ™. ps™ is the prime factorization of ¢, then in the Brauer
group of K we have

t
[B] = [TI(K(G)/ K. 0, Gpyei)]-
i=1
It is clear that the index of each cyclic algebra B; = (K ((n)/ K, 0, (pai)
divides p;* for each i. Therefore, for each rational prime ¢, the local
index of each B; at the prime ¢ is a power of p;, and so it follows that
mg(B) = mg(B1) - - - mg(By) for all rational primes gq.

Applying this to A and A’ and using Lemma 5, we may assume that
A= (K(()/K,o,a) and A" = (K((y)/K,0',a’) are cyclic cyclotomic
algebras such that the common index of A and A’, say m, is a power
of a single prime p and a and o' are powers of a p®th root of unity
(pe € K, where m|p®. Since the local indices determine elements of
the Schur subgroup of K that are of exponent at most 2, we may
assume m > 2. By Remark 2, the fact that both A and A’ lie in the
Schur subgroup of K implies that there is an odd prime r for which
m = m,(A) = m,(A") > 2. Since (,, € K, it follows that [K () : K]
is a power of p, for every positive integer b.

For every subextension E of K((,)/K, let E, denote the maximal
subextension of F/K of degree a power of p. Let E and E’ be two subex-
tensions of K(¢,)/K. We claim that (EE'), = E,E},. The inclusion
EyE;, C (EE'"), is clear because

[EpE, : K] = [EyE], : E)||E,: K| = [E,: E,NEJ][E, : K|

and [E), : E, N E}] divides [E, : K]. On the other hand, [E,E" : E,E]]
divides [E’ : E}] and so [E,E' : E,E}] is coprime to p. Similarly, [EE), :
E,E,] is coprime to p. Therefore

[EE": EpE;/)] = [(EEI’J)(EPE’) : EpE;/)]

is coprime to p. Thus (EE"), C E,E, and the claim follows.

Furthermore, either £, C E}, or £}, C E,, since K((,)/K is cyclic.
In particular, if k¥ and £k’ are two coprime divisors of n, then K ((pr)p
equals either K ((x), or K((xr)p. Therefore, there exists a prime ¢ and a
power d = ¢" of q that divides n for which K((,), = K ((4)p- Moreover,
if ¢ # p then K((4), = K((;)p so in this case one may assume that
d=q.

It follows from ([Rei], Theorem (30.10)) that there exists an integer
w coprime to p such that

[A] = [(K(¢)/ K, 0, )] = [(K(Ca)/ K 7, ).
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So one may assume that n = d. In a similar fashion for the algebra A’
one may assume that n’ = d' = ¢ " for some prime ¢ and, if ¢ # p
then ' = 1. If K({4) = K({z) then it is immediate from Lemma 3
that D and D’ are ring isomorphic.

Suppose K ((q) # K ((z). Let r be arational prime for which m,(A4) =
my(A’) > 2. The two facts pointed out in Remark 2 imply that r must
be an odd prime that is not equal to p. By ([Rei], Theorem (14.1)
and Theorem (30.4)), both of the extensions K ((y)/K and K((z)/K
must ramify at any prime of K lying above r. However, the only finite
rational prime that ramifies in the extension Q((,»)/Q is ¢. By ([Rei],
p.67, Exercise 16), it follows that 7 = ¢. In a similar manner, we can
show that » = ¢’. But then d = d’, a contradiction. O

Corollary 7. Let G and H be finite metacyclic groups. Let x € Irr(G)
and ¢ € Irr(H), and let Sy and Sy, be the simple components of QG
and QH corresponding to x and v, respectively.

Suppose Q(x) = Q). (1) = ¥(1), and my(Sy) = my(Sy) for all
rational primes p (including oo ).

Then Sy and Sy are ring isomorphic.

Proof. Let K := Q(x) = Q(%). Since x(1) = 9(1), Sy and S, have
the same dimension over K, so it suffices to show that their division
algebra parts D, and Dy, are ring isomorphic. Since G is metacyclic,
the character x is induced from a maximal abelian normal subgroup
A/ker(x) of G/ker(x), and G/A is cyclic. Suppose that a maximal cyclic
subgroup of A/ker(y) has order n and that there is an element g € G
of order ¢ for which [(gA)| = |G/A|. Then K C Q(¢,) and S, can be
naturally identified with the cyclic cyclotomic algebra (K ((,)/ K, o, ().
(For a more precise explanation, see [ORS1].) In a similar fashion, we
can show that Sy can also be expressed as a cyclic cyclotomic algebra.
The corollary then follows because Theorem 6 can be applied. 0
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