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By Ángel del Ŕıo and Pavel Zalesski

(Received )

Abstract

We classify the finite groups G for which U(ZG), the group of units of the integral

group ring of G, does not contain a direct product of two non-abelian free groups. These

list of groups contains all the groups for which U(ZG) is coherent. This reduces the

problem to classify the finite groups G for which U(ZG) is coherent to decide about

the coherency of a finite list of groups of the form SLn(R), with R an order in a finite

dimensional rational division algebra.

1. Introduction

A group is called coherent if all its finitely generated subgroups are finitely presented.

This notion has been studied within various classes of groups and has a long history.

For instance Scott proved that the fundamental group of any 3-manifold is also coherent

[Sco73]. On the other hand, it has been known for a long time that the direct product of

two non-abelian free groups is not coherent, see [Ger81]. This implies for instance that

SLn(Z) is not coherent if n = 4 whereas the coherence of SL3(Z) is an old open problem

suggested by J.-P. Serre, see [Ser79, page 129]. For other examples of incoherent groups

the reader can consult Wise’s article [Wis11].

The main aim of this paper is looking for a criteria to decide if the group of units

U(ZG) of the integral group ring of a finite group G is coherent. For that we first classify

the finite groups G for which U(ZG) does not contain a direct product of two non-abelian

free groups.

In order to state our main results we need to introduce some notation. All rings and

algebras are suppose to be associative and unital. If R is a ring then U(R) denotes the

group of units of R. If moreover G is a group then RG denotes the group ring of G with

coefficients in R. If n is a positive integer then Mn(R) denotes the ring of n×n matrices

with entries in R and GLn(R) = U(Mn(R)). If R is a subring of finite dimensional

division rational algebra then SLn(R) denotes the subgroup of GLn(R) formed by the

elements of reduced norm 1. If F is a field and a, b ∈ U(F ) then
(
a,b
F

)
denotes the

quaternion algebra F [i, j|i2 = a, j2 = b, ji = −ij]. If R is a subring of F containing a
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and b then
(
a,b
R

)
= R[i, j]. The standard quaternion algebra is H(F ) =

(−1,−1
F

)
and

H(R) =
(−1,−1

R

)
. and H(R) =

(−1,−1
R

)
. A quaternion algebra

(
a,b
F

)
is said to be totally

definite if F is a totally real number field and a, b are totally negative, i.e. for every

embedding σ of F in the complex numbers, σ(F ) ⊆ R and σ(a), σ(b) < 0.

We use the standard notation for conjugation gh = h−1gh and commutators (g, h) =

g−1h−1gh. We also use ζn to denote a complex primitive n-th root of unity.

A cyclic group of order n is usually denoted by Cn. To emphasise that a is a generator

of Cn, we write Cn either as 〈a〉 or 〈a〉n. Recall that a group G is metabelian if G has

an abelian normal subgroup N such that A = G/N is abelian. We simply denote this

information as G = N : A. To give a concrete presentation of G we will write N and A as

direct products of cyclic groups and give the necessary extra information on the relations

between the generators. By x we denote the coset xN . For example, the dihedral group

of order 2n and the quaternion group of order 4n can be described as

D2n = 〈a〉n : 〈b〉2, b2 = 1, ab = a−1.

Q4n = 〈a〉2n : 〈b〉2, ab = a−1, b2 = an.

If N has a complement in G then A can be identified with this complement and we write

G = N o A. For example, the dihedral group also can be given by D2n = 〈a〉n o 〈b〉2
with ab = a−1. Some other groups that are going to have a role in the paper are:

D±2n+2 = 〈a〉2n+1 o 〈b〉2, ab = a2
n±1.

G32 = (〈a1〉4 × 〈a2〉4) : 〈b〉2, ab1 = a−11 a22, (b, a2) = 1, b2 = a21.

H2n+2 = (〈a1〉2 × 〈a2〉2n) o 〈b〉2, ab1 = a1a
2n−1

2 , ab2 = a2 (n ≥ 2).

K3n+2 = (〈z〉3 × 〈a〉3n) o 〈b〉3, z central, ab = za.

L3n+2 = 〈a〉3n o 〈b〉9, ab = ab3.

Observe that D±2n+2 represent two groups: D+
2n+2 , with ab2 = a2

n−1+1
2 , and the quasidihe-

dral group D−2n+2 , with ab2 = a2
n−1−1

2 .

When we write N oK we are implicitly assuming that the action of K on N is not

trivial. If the action is trivial we simply write N × K. In some cases there is only one

non-trivial action or all the non-trivial actions define isomorphic groups. For example, if

q is either 4 or a power of an odd prime then the only possible action on Cq o C2 is the

action by inversion. Another example with unique non-trivial action is C4 o C4. On the

other hand, if q is a prime power and p is prime divisor of q − 1 then Cq o Cp can be

given by p− 1 possible non-trivial actions, but all of them define isomorphic groups. In

this cases we simply omit the action.

If G and H are groups with isomorphic centre then GYH denotes the central product

of G and H.

We are ready to state our main results:

Theorem 1.1. The following conditions are equivalent for a finite group G.
(i) U(ZG) does not contain a direct product of two non-abelian free groups.

(ii) G is either abelian or isomorphic to one of the following groups:

(a) D8, Q16, C4 o C4, D8Y Q8, A4, C9 o C3, G32;

(b) Q8 × Cn2 with n ≥ 0;

(c) D+
2n+2 or H2n+2 with n ≥ 2;

(d) K3n+2 or L3n+2 , with n ≥ 1;

(e) D2p, Q4p, Q8 × Cp or Cp o C3 with p an odd prime.
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Corollary 1.2. Let G be a finite non-abelian group.

(i) If U(ZG) is coherent then G is isomorphic to one of the groups listed in Theo-

rem 1.1.(ii).

(ii) If G is D8, Q16, C4 o C4, G32, D−16, H16, H32, D6, Q12, Q8 × C3 or Q8 × Cn2
with n ≥ 0 then U(ZG) is coherent:

(iii) U(Z(D8Y Q8)) is coherent if and only if SL2(H(Z)) is coherent.

(iv) U(ZA4) is coherent if and only if SL3(Z) is coherent.

(v) U(Z(C9 o C3)) is coherent if and only if SL3(Z[ζ3]) is coherent.

(vi) if n ≥ 4 then U(ZD+
2n+1) is coherent if and only if U(ZH2n+2) is coherent if and

only if SL2(Z[ζ2n−1 ]) is coherent.

(vii) U(ZK3n+2) is coherent if and only if U(ZL3n+2) is coherent if and only if SL3(Z[ζ3n ])

is coherent.

(viii) If p is prime and p ≥ 5 then

• U(ZD2p) is coherent if and only if U(ZQ4p) is coherent if and only if

SL2(Z[ζp + ζ−1p ]) is coherent;

• U(Z(Q8 × Cp)) is coherent if and only if SL1(H(Z[ζp])) is coherent; and

• if p ≡ 1 mod 3, F is a subfield of index 3 in Q(ζp) and Op is an order in

F then U(Z(Cp o C3)) is coherent if and only if SL3(Op) is coherent.

Hence to obtain a complete classification of the finite groups G for which U(ZG) is

coherent one has to answer the question of which of the following groups is coherent:

SL1(H(Z[ζp]),SL2(H(Z)),SL2(Z[ζ2n+2 ]),SL2(Z[ζp + ζ−1p ]),SL3(Z),SL3(Z[ζ3n ]),SL3(Op),

with n ≥ 1, p prime with p ≥ 5 and Op an order in a field of index 3 in Q(ζp), if p ≡ 1

mod 3.

2. Preliminaries and technical results

We start introducing the basic notation. Let R be a ring and G a group. If X = R or

G then the centre of X is denoted Z(X). If, moreover, Y, Z ⊆ X then CY (Z) denotes

the centraliser of Z in Y . The derived subgroup of G is denoted G′ and c.d.(G) stands

for the set of the degrees of the irreducible characters of G.

The crossed product with action α : G → Aut(R) and twisting τ : G × G → U(R)

is the ring R ∗ατ G =
⊕

g∈GRug with multiplication determined by the following rules:

uga = αg(a)ug and uguh = τ(g, h)ugh, for a ∈ R and g, h ∈ G (see [Pas89, Lemma 1.1]

for necessary and sufficient conditions for this to define a ring). Recall that a classical

crossed product is a crossed product L ∗ατ G, where L/F is a finite Galois extension,

G = Gal(L/F ) is the Galois group of L/F and α is the natural action of G on L. The

classical crossed product L ∗ατ G is denoted by (L/F, τ). If L/F is a cyclic extension

of degree n, Gal(L/F ) is generated by g, and a = ung ∈ F , then the classical crossed

product (L/F, τ) is completely determined by a and g. Namely (L/F, τ) is isomorphic

to the algebra given by the presentation L[ug : ung = a, u−1g xug = g(x), for x ∈ L]. This

algebra is then denoted by (L/F, g, a), or simply (L/F, a). For example, if a ∈ F \ F 2

and b ∈ F then the quaternion algebra
(
a,b
F

)
is the cyclic algebra (F (

√
a)/F, b). The

cyclic algebra (L/F, a) is split (i.e. isomorphic to a matrix algebra over F ) if and only if

a belongs to the image of the Galois norm of L over F [Rei75, Theorem 30.4].

We adopt the notation of [Pie82] for central simple algebras. For example, if A is a
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central simple algebra over F then DEG(A) and IND(A) denote the degree and index of

A. Then A = Mn(D) for D a division ring and n = DEG(A)
IND(A) is called the reduced degree

of A [Pie82, Sections 13.1 and 13.4]. If moreover F is a number field and v is a place

in F then INVv(A) is the invariant of A at v and INV(A) is the list of invariants of A

[Pie82, Chapter 18].

Assume that A is a finite dimensional semisimple rational algebra. An order in A is

a subring of A containing a basis of A over Q and whose underlying additive group is

finitely generated. It is well known that if O1 and O2 are two orders in A then U(O1∩O2)

has finite index in U(O1) and in U(O2). This implies that U(O1) contains a direct product

of two non-abelian free groups if and only if so does U(O2). Similarly U(O1) is coherent if

and only if so is U(O2). Our first aim is to classify the finite dimensional simple algebras

A over Q such that the group of units of an order in A does not contain a direct product

of non-abelian free groups. For that aim the following result will be of great use.

Theorem 2.1. [Kle00] The following conditions are equivalent for an order O in a

finite dimensional simple algebra A over Q.
(i) U(O) has an abelian subgroup of finite index.

(ii) U(O) does not contain a non-abelian free group.

(iii) A is either a field or a totally definite quaternion algebra.

The following two propositions gives respectively some necessary conditions and some

sufficient conditions for the units of an order in a finite dimensional simple algebra to

not contain a direct product of two non-abelian free groups. See Remark 2.4 for the gap

between the necessary and sufficient conditions.

Proposition 2.2. Let D be a finite dimensional division rational algebra and k a

positive integer. Assume that GLk(O) does not contain a direct product of two non-

abelian free-groups for some (any) order O in D. Then one of the following conditions

holds:
(i) k ≤ 3 and D is a field or a totally definite quaternion algebra over Q.

(ii) k = 1 and either the degree of D is a prime power or D = D1 ⊗D2 where D1 is

a totally definite quaternion algebra and the degree of D2 is an odd prime power.

Proof. As GL2(O) contains a non-abelian free group and, if n ≥ 4 then GLn(O)

contains GL2(O) × GL2(O) we deduce that k < 4. Moreover, if k > 1 and D is neither

a field nor a totally definite quaternion algebra then, by Theorem 2.1, U(O) contains a

non-abelian free group and hence, in such case, GL2(O) and GL3(O) contains a direct

product of free groups. Therefore, if k = 2 or 3 then D is either a field or a totally definite

quaternion algebra.
To complete the proof in case k 6= 1 we have to prove that if D is a totally definite

quaternion algebra over a field F 6= Q then GL2(O) contains a direct product of non-

abelian free groups. Let v1, . . . , vn be the Archimedean places of D and let w1, . . . , wm
be the non-Archimedean places of F at which D ramifies. Then INVvi = INVwi = 1

2 for

every i and n+m is even, by [Pie82, Theorem 18.5]. By assumption, n ≥ 2. If m = 0 then

let w1 be an arbitrary non-Archimedean place of F . We construct two division algebras

D1 and D2 satisfying the following conditions for v any place of F , where if m = 0 then

we let w1 denote an arbitrary non-Archimedean place of F .

INVv(D1) =

{
1
2 , if v ∈ {v1, w1};
0, otherwise.
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If m ≥ 1 then

INVv(D2) =

{
1
2 , if v ∈ {v2, . . . , vn, w2, . . . , wm};
0, otherwise.

If m = 0 then

INVv(D2) =

{
1
2 , if v ∈ {v2, . . . , vn, w1};
0, otherwise.

The existence of D1 and D2 is a consequence of [Pie82, Theorem 18.5]. Moreover

INV(D) = INV(D1) + INV(D2) and DEG(M2(D)) = 4 = DEG(D1 ⊗ D2). Therefore

M2(D) ∼= D1 ⊗D2. On the other hand D1 are not totally definite because INVv2(D1) =

INVv1(D2) = 0 and hence if Oi is an order in Di then GL1(Oi) contains a non-abelian

free group. Thus GL2(O) contains a direct product of free groups.

It remains to consider the case when k = 1. Let DEG(D) = m1 · · ·mn with m1, . . . ,mn

relatively coprime prime powers. Then D = D1 ⊗ · · · ⊗Dn with Di an algebra of degree

mi. Each Di which is not a totally definite quaternion algebra has an order Oi such that

GL1(Oi) contains a free group. Thus, the assumption implies that either n = 1, or, n = 2

and up to a permutation, D1 is a totally definite quaternion algebra. Thus condition (2)

holds.

Proposition 2.3. Let D be a finite dimensional division algebra over Q, let O be

an order D and let k be a positive integer. If one of the following conditions holds then

GLk(O) does not contain a direct product of two non-abelian free groups.

(i) k ≤ 3 and D is a either a field or a totally definite quaternion algebra over Q.

(ii) k = 1 and either DEG(D) is prime or D = D1⊗D2 where D1 is a totally definite

quaternion algebra over Q and DEG(D2) is prime.

Proof. (1) We can suppose that k = 3. First suppose that D is a field. In this case

it is enough to show that GL3(C) does not contain a direct product of two non-abelian

free groups. Indeed, let F be a non-abelian free subgroup of GL3(C) and let A be the

complex algebra generated by F . Then the semisimple part of A is not commutative. This

implies that A contains a non-commutative simple complex subalgebra B. By the Double

Centralizer Theorem, dimC(B) is a prime power which divides 9 and hence B = M3(C).

Thus CM3(C)(F ) = C and therefore GL3(C) does not contain a direct product of two

non-abelian free groups.

Assume that D is a totally definite quaternion algebra over Q. Let F be a non-abelian

free subgroup of GL3(O) and let A be the Q-algebra generated by F and B = CM3(D)(A).

By Theorem 2.1, it is enough to prove that B is either commutative or a totally definite

quaternion algebra over Q. As in the previous paragraph A contains a non-commutative

simple algebra A1. So assume that B is non-commutative. Let A2 = CM3(D)(A1). Then

4 ≤ dimQ(B) ≤ dimQ(A1). By [Pie82, Theorem 12.7], if d = DEG(A1) and E = Z(A1)

then dimQ(A1) = [E : Q]d2 and [E : Q]d2 dimQ(A2) = dimQ(M3(D)) = 36. As A1 is

non-commutative d = 2, 3 or 6 and hence M3(D) = A ⊗Q B and A and B are central

simple rational algebras of degrees 2 and 3 (or viceversa). Moreover 2 = IND(D) =

lcm(IND(A), IND(B)). Therefore, the algebra, A or B, of degree 3 is split and hence the

other is Brauer equivalent to D, i.e. a totally definite quaternion algebra. As A contains

a free group, it is not a totally definite quaternion algebra. Thus B is a totally definite

quaternion algebra.
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(2) Follows by similar arguments.

Remark 2.4. It is not clear to us whether U(O) contains a direct product of two

non-abelian free group if O is an order in a division algebra satisfying condition (ii) of

Proposition 2.2 but not condition (ii) of Proposition 2.3.

For the sake of our objectives we are only interested in Schur algebras, i.e. simple

algebras generated by finite groups over its centre. The Benard-Schacher Theorem states

that if such an algebra has index n then its centre has a primitive n-th root of unit

[BS72]. In particular, if D is a central division F -algebra of the form D = D1 ⊗F D2

with D1 a totally definite quaternion algebra and D2 of degree a power of an odd prime

then D is not a Schur algebra.

We now recall the main ingredients of a method to calculate the Wedderburn decom-

position of some rational group algebras introduced in [OdRS04].

For a subgroup H of G, let Ĥ = 1
|H|
∑
h∈H h. Clearly, Ĥ is an idempotent of QG which

is central if and only if H is normal in G. If K CH ≤ G then let

ε(H,K) =
∏

M/K∈M(H/K)

(K̂ − M̂) = K̂
∏

M/K∈M(H/K)

(1− M̂),

whereM(H/K) denotes the set of all minimal normal subgroups of H/K. We extend this

notation by setting ε(H,H) = Ĥ. Let e(G,H,K) be the sum of the distinct G-conjugates

of ε(H,K), that is, if T is a right transversal of CG(ε(H,K)) in G, then

e(G,H,K) =
∑
t∈T

ε(H,K)t.

Clearly, ε(H,K) is an idempotent of the group algebra QH, e(G,H,K) is a central

element of QG and if the G-conjugates of ε(H,K) are orthogonal, then e(G,H,K) is a

central idempotent of QG.

A strong Shoda pair of G is a pair (H,K) of subgroups of G with the following prop-

erties: K ≤ H E NG(K), H/K is cyclic and a maximal abelian subgroup of NG(K)/K

and the different conjugates of ε(H,K) are orthogonal.

The following proposition collects the main properties that we need from strong Shoda

pairs (see [OdRS04] and [OdRS06]). All throughout ζn denotes a complex primitive

n-th root of unity.

Proposition 2.5. Let G be a finite group.

(i) Let (H,K) be a strong Shoda pair of G. Then

(a) e(G,H,K) is a primitive central idempotent of QG.

(b) Let k = [H : K], N = NG(K), n = [G : N ], yK a generator of H/K and

φ : N/H → N/K a left inverse of the canonical projection N/K → N/H.

Then QGe(G,H,K) is isomorphic to Mn(Q(ζk) ∗ατ N/H) and the action and

twisting are given by

αnH(ζk) = ζik, if yKφ(nH) = yiK,

τ(nH, n′H) = ζjk, if φ(nn′H)−1φ(nH)φ(n′H) = yjK,

for nH, n′H ∈ N/H and integers i and j.

(ii) If (H1,K1) and (H2,K2) are strong Shoda pairs then e(G,H1,K1) = e(G,H2,K2)

if and only if Hg
1 ∩K2 = K1 ∩Hg

2 for some g ∈ G.
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(iii) Suppose that G is metabelian and let W be a maximal abelian subgroup of G

containing G′. Then

(a) Every pair (H,K) of subgroups of G such that W ⊆ H ⊆ NG(K) and H/K

is cyclic and maximal abelian in NG(K)/K is a strong Shoda pair of G.

(b) Every primitive central idempotent of G is of the form e(G,H,K) with H and

K satisfying the conditions of (iii)(a).

Note that the action α of the crossed product Q(ζk) ∗ατ N/H in Proposition 2.5 is

faithful. Therefore the crossed product Q(ζk) ∗ατ N/H can be described as a classical

crossed product (Q(ζk)/F, τ), where F is the centre of the algebra, which is determined

by the action of N/H on Q(ζn).

The Wedderburn decomposition of QG for all the group in Theorem 1.1.(ii) can be

calculated using Proposition 2.5, because all these groups are metabelian. This is done

in the following proposition:

Proposition 2.6. Let G be one of the groups in Theorem 1.1.(ii). Then QG = A×B
where B is a direct product of fields and totally definite quaternion algebras and A is as

given in the following table:

G A Comment

D8, Q16, C4 o C4 M2(Q)

D8Y Q8 M2(H(Q))

A4 M3(Q)

C9 o C3 M3(Q(ζ3))

G32 M2(Q(i))

Q8 × Cn2 H(Q) n ≥ 0

D+
2n+2 M2(Q(ζ2n)) n ≥ 2

H2n+2 M2(Q(ζ2n−1)) n ≥ 2

K3n+2 , L3n+2 M3(Q(ζ3n)) n ≥ 1

D2p, Q4p M2(Q(ζp + ζ−1p )) p odd prime

Q8 × Cp H(Q(ζp)) p odd prime

Cp o C3 M3(F ) p odd prime, p ≡ 1 mod 3,

F subfield of index 3 in Q(ζp)

(2.1)

Proof. We have to show that one of the non-commutative simple component of QG is

the algebra given in the table and all the other are totally definite quaternion algebras.

In all the cases G has an abelian normal subgroup W with G/W abelian and hence we

can use Proposition 2.5 to calculate the non-commutative simple components of QG.

For example, in D8, W is the only cyclic subgroup of order 4 of D8 and the only non-

commutative simple component of QD8 is QD8e(D8,W, 1) ∼= M2(Q).

If G = Q16 = 〈a〉8 : 〈b〉2, then 〈a〉 is maximal abelian subgroup of G and G′ =

〈a2〉. Thus QG has two non-commutative simple components, namely QGe(G,W, 1) =

(Q(ζ8)/Q(ζ8 + ζ−18 ),−1) and QGe(G,W, 〈a2〉) ∼= (Q(i)/Q, 1). The first one is isomorphic

to
(
−2,−1
Q(
√
2)

)
, because (ζ8 + ζ−18 )2 = 2 and (ζ8 − ζ−18 )2 = −2, and the second one is

isomorphic to M2(Q).

SupposeG = 〈a〉4o〈b〉4. ThenW = 〈a〉4×〈b2〉2 is a maximal abelian subgroup ofG and

G′ = 〈a2〉. Hence the non-commutative simple components of QG are QGe(G,W, 〈b2〉) ∼=
(Q(i)/Q, 1) ∼= M2(Q) and QGe(G,W, 〈b2a2〉) ∼= (Q(i)/Q,−1) ∼= H(Q).

Let now G = D8Y Q8, with D8 = 〈a〉4 o 〈b〉2 and Q8 = 〈x〉4 : 〈y〉2. Then G has a
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maximal abelian subgroup W = 〈a, x〉 = 〈a, x|a4 = a2x2 = 1, (a, x) = 1〉 of index 2 and

G′ = 〈a2 = x2〉. Then (W,K = 〈ax〉) is a strong Shoda pair of G and NG(K) = 〈W, by〉.
Hence B = QGe(G,W,K) ∼= M2(QNe(N,W,K)) and QNe(N,W,K) ∼= (Q(i)/Q,−1) ∼=
H(Q). Thus B ∼= M2(H(Q)) is one of the simple components of QG(1 − Ĝ′) and it

has dimension 16 = |G| − [G : G′] = dimQG − dimQGĜ′. Therefore B is the only

non-commutative simple component of QG.

The unique non-commutative simple component of QA4 is QGe(A4,W, 1) ∼= M3(Q),

with W the 2-Sylow subgroup of A4.

IfG = C9oC3 then the only non-commutative simple component ofG is QGe(G,C9, 1) ∼=
M2(Q(ζ3)).

If W is a cyclic subgroup of order 4 of Q8 then the only non-commutative simple

component of QQ8 is QQ8e(Q8,W, 1) ∼= H(Q). Therefore every non-commutative simple

component of Q(Q8 × Cn2 ) ∼= QQ8 ⊗Q QCn2 is isomorphic to H(Q).

Let G = G32 or G = H2n+2 . Then W = 〈a1, a2〉 is a maximal abelian subgroup of

G. Let S = {K ≤ W : W/K is cyclic and G′ 6⊆ K}. If G = G32 then G′ = 〈a21a22〉 and

S = {K = 〈a1〉,Kg = 〈a1a22〉,K1 = 〈a2〉,K2 = 〈a21a2〉}. As K1 and K2 are normal in G,

QG has three non-commutative simple components, namely QG(G,W,K) ∼= M2(Q(i)),

QGe(G,W,K1) and QGe(G,W,K2) and the last two are isomorphic to (Q(i)/Q,−1) ∼=
H(Q). If G = H2n+2 then G′ = 〈a2n−1

2 〉 and S = {K = 〈a1〉,Kg = 〈a1a2
n−1

2 〉}. Then the

only non-commutative simple component of QG is QGe(G,W,K) ∼= M2(Q(ζ2n−1)).

Suppose G = K3k+2 . Then G′ = 〈z〉 and W = 〈z, a〉 is maximal abelian in G. Therefore,

the non-commutative simple components of QG are of the form QGe(G,W,K) with K

a subgroup of W such that W/K is cyclic and G′ 6⊆ K. There are three such subgroups,

namely 〈a〉, 〈za〉 and 〈z2a〉. Moreover they are conjugate in G. Thus QGe(G,W, 〈a〉) is

the unique non-abelian simple component of QG and it is isomorphic to M3(Q(ζpk)).

The same argument is valid for L3k+2 with b3 playing the role of z.

Let p be an odd prime. Assume that G = Q4p = 〈a〉2p : 〈b〉2 with p and odd prime.

Then 〈a〉 is a maximal abelian subgroup of G and G′ = 〈a2〉p. Thus, the only non-

commutative simple components of QG are QGe(G, 〈a〉, 1) ∼= (Q(ζp),Q(ζp + ζ−1p ),−1) =

H(Q(ζp + ζ−1p )), a totally definite quaternion algebra over Q, and QGe(G, 〈a〉, ap) =

(Q(ζp)/Q(ζp + ζ−1p ), 1) ∼= M2(Q(ζp + ζ−1p )). Similarly, the only non-commutative simple

component of D2p = 〈a〉p o 〈b〉2 is QD2pe(D2p, 〈a〉, 1) ∼= M2(Q(ζp + ζ−1p )).

If G = Q8×Cp with p odd then QG ∼= QQ8⊗Q QCp has two simple components. One

isomorphic to H(Q) and another isomorphic to H(Q(ζp)).

Finally, suppose that G = Cp o C3, with p an odd prime (and p ≡ 1 mod 3 for the

action not to be trivial). Then the only non-commutative simple component of QG is

QGe(G,Cp, 1) ∼= (Q(ζp)/F, 1) ∼= M3(F ), where F is the only subfield of Q(ζp) of index

3.

We shall need the following technical

Lemma 2.7. Let G be a finite 2-group having an abelian subgroup W of index 2 satis-

fying the following conditions:

(i) W has a direct factor which is not normal in G.

(ii) The set T = {K ≤W : W/K is cyclic and K is not normal in G} is a conjugacy

class of G.

Then W = 〈a1〉 × 〈a2〉 with ab1 = ar1a
y
2, where b ∈ G \W , and ay2 has order 2.
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Proof. Let T be the set of subgroups K of W with W/K cyclic and K not normal in G.

Writing W as a direct product 〈a1〉 × · · · × 〈ak〉 of cyclic groups we may assume without

loss of generality that 〈a1〉 is not normal in G. For each j = 1, . . . , k let Kj =
∏
i6=j〈ai〉.

As 〈a1〉 = ∩kj=2Kj , Kj is not normal in G for some j 6= 1. So we may assume that K2 is

not normal in G and hence T = {K2,K
b
2}, with b ∈ G\W . This implies that abi 6∈ K2 for

some i 6= 2. In particular, abi 6∈ 〈ai〉 and reordering the ai’s we may assume that ab1 6∈ K2.

As b2 is central in G, we deduce that a1 6∈ Kb
2 and hence Kb

2 6= Ki for every i ≥ 2. Hence

K3, . . . ,Kk are normal in G and hence so is ∩ki=rKi = 〈a1, a2〉. In particular ab1 ∈ 〈a1, a2〉.
Write ab1 = ar11 a

y
2. As ab1 6∈ K2 we have ay2 6= 1. We claim that k = 2 and |ay2| = 2. Indeed,

let |ay2| = 2m and assume that k ≥ 3 or m 6= 1. Then K = 〈a1, a2
m−1y

2 a3, a4, . . . , ak〉 is a

subgroup of W different from K2 and Kb
2 because a3 ∈ K2 \K and ay2 6∈ K and hence

ab1 = ar11 a
y
2 ∈ Kb

2 \ K. Moreover K ∈ T , i.e. W/K is cyclic, but ab1 6∈ K, contradicting

the uniqueness of K2, Kb
2 above. Therefore k = |ay2| = 2, as desired.

3. Proof of the main results

Theorem 1.1 is an obvious consequence of the following theorem.

Theorem 3.1. The following conditions are equivalent for a finite group G.
(i) U(ZG) does not contain a direct product of two non-abelian free groups.

(ii) QG ∼= A×B where B is a product of fields and totally definite quaternion algebras

and either A is a division algebra or A = Mk(D) with k = 1, 2 and D is either a

field or a totally definite quaternion algebra over Q.

(iii) QG ∼= A×B where B is a product of fields and totally definite quaternion algebras

and either A is quaternion division algebra or A = Mk(D) with k = 1, 2 and D is

either a field or a totally definite quaternion algebra over Q.

(iv) G is either abelian or isomorphic to one of the following groups:

(a) D8, Q16, C4 o C4, D8Y Q8, G32, C9 o C3, A4;

(b) Q8 × Cn2 with n ≥ 0;

(c) D+
2n+2 or H2n+2 with n ≥ 2;

(d) K3n+2 or L3n+2 , with n ≥ 1;

(e) D2p, Q4p, Cp o C3 or Q8 × Cp, with p an odd prime.

Proof. Let QG = A1 × · · · × An be the Wedderburn decomposition of QG. Let Oi
denote an order of Ai for every i = 1, . . . , n. Then ZG and O = O1× · · · ×On are orders

in QG and hence U(ZG ∩ O) has finite index in U(ZG) and U(O).

(iii) implies (ii) is obvious and (iv) implies (iii) is a consequence of Proposition 2.6.

(i) implies (ii). Suppose that U(ZG) does not contain a direct product of two non-

abelian free groups. Thus U(O) does not contain a direct product of two non-abelian free

groups. By Theorem 2.1, if Ai’s is neither a field nor a totally definite quaternion algebras

then U(Oi) contains a non-abelian free group. Therefore after reordering the Ai’s we may

assume that each Ai, with i ≥ 2, is either a field or a totally definite quaternion algebra.

If A1 is not a division algebra, then by Proposition 2.2, A = Mk(D) with k = 2 or 3 and

D is either a field or a totally definite quaternion algebra over Q.

(ii) implies (i). Suppose that QG = A×B with A and B as in (ii). Let O1 be an order

in A and O2 an order in B. By Proposition 2.1, U(O2) has an abelian subgroup U of

finite index. By means of contradiction, suppose that U(ZG) contains a direct product

of two non-abelian free groups. Then so does U(O1) × U , i.e. F1 × F2 ⊆ U(O) × U

for F1 and F2 non-abelian free groups. Then (F1 × F2) ∩ U is a central subgroup of
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F1×F2 and hence it is trivial. This implies that U(O1), contains a subgroup isomorphic

to F1×F2. By Proposition 2.3, A is a division algebra which is not a quaternion algebra.

By Roquette Theorem [Roq58], G is not nilpotent. However QG is a direct product of

division algebras and hence every idempotent of QG is central. This implies that G is

Dedekind (i.e. every subgroup of G is normal). This yields a contradiction, because every

Dedekind group is nilpotent.

(ii) implies (iv). Suppose that G is non-abelian and U(ZG) satisfy (ii). Since we have

already proved that (i) and (ii) are equivalent and the class of finite groups G satisfying (i)

is closed under subgroups and epimorphic images, every subgroup and every epimorphic

image of G satisfies (ii).

Suppose first that G is Hamiltonian (i.e. Dedekind but non-abelian). Hence G = Q8×
Cn2 × W with n ≥ 0 and W is an abelian group of odd order. We claim that either

n = 0 or W = 1. Otherwise G contains H = Q8 × C2 × Cp for p an odd prime and

QH has two simple components isomorphic to H(Q(ζp)) and this is neither a field nor

a totally definite quaternion algebra, yielding a contradiction. If W = 1 then G is as

in (iv)(b). Assume that n = 0. If W is not a cyclic p-group for some prime p then G

contains H = Q8×Cp×Cq for some primes p and q, possibly equal. Again QH contains

two copies of H(Q(ζp)), contradicting the hypothesis. Hence W is a cyclic p-group for

some prime p. If W is not of order p then G contains H = Q8 × Cp2 and then QH has

one simple component isomorphic to H(Q(ζp)) and another component isomorphic to

H(Q(ζp2)), again a contradiction. Thus W has order p and we conclude that G is of the

last group of (iv)(e).

In the remainder of the proof we assume that G is not Hamiltonian. Then QG =

Mq(D)×D1×· · ·×Dm with q = 2 or 3 and D and each Di is a field or a totally definite

quaternion algebra. Thus the list of reduced degrees of QG only contains 1 and q. This

implies that G = N o P for P a Sylow q-subgroup of G, by [GH87, Theorem 3.6 (b)].

Moreover, by [GH87, Theorem 1.5 (b)], all the reduced degrees of QN are 1 and hence

N is Dedekind. Moreover G is metabelian by [GH88, Theorem 4.1]. Let W be a maximal

normal abelian subgroup of G containing G′. Let

S =

{
(H,K) :

W ≤ H < G,K ≤ H ≤ NG(K), H/K cyclic and

H/K maximal abelian in NG(K)/K

}
.

Then (H,K) 7→ QGe(G,H,K) defines a surjective map from S to the set of non-

commutative simple components of QG. Furthermore, by Proposition 2.5.(iii)(b), if (H1,K1)

and (H2,K2) are elements of S then QGe(G,H1,K1) = QGe(G,H2,K2) if and only if

H1 ∩ K2 = H2 ∩ Kg
1 , for some g ∈ G. In particular, if H1 = H2 then e(G,H1,K1) =

e(G,H1,K2) if and only if K1 and K2 are conjugate in G.

To complete the proof we prove the following statements for G a non-Dedekind group

satisfying (ii):

(A) If G is a 3-group then G is isomorphic to either C9 oC3, Kn+2
3 or Ln+2

3 for some

n ≥ 1.

(B) Assume that G is a 2-group.

(B1) If G has a cyclic subgroup of index 2 then G is isomorphic to either D8,

Q16 or D+
2n+2 with n ≥ 2.

(B2) If G has not a cyclic subgroup of index 2 but it has an abelian subgroup of

index 2 then G is isomorphic to either C4 o C4, G32 or H2n+2 with n ≥ 2.
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(B3) If G does not have an abelian subgroup of index 2 then G ∼= D8Y Q8.

(C) If G nilpotent then G is either a 2-group or a 3-group.

(D) If G is not nilpotent then is isomorphic to A4 or one of the first three groups of

(iv)(e).

(A) Suppose that G is a 3-group. Then, by Roquette Theorem [Roq58], D and each

Di are number fields and hence c.d.(G) = {1, 3}. Let H be a normal subgroup of G

contained in G′. If H 6= G′ then QGĤ ∼= Q(G/H) contains the unique non-commutative

simple component of QG and contains QGĜ′. This implies that H = 1. Therefore the

only normal subgroups of G contained in G′ are 1 and G′. Hence G′ ∩ Z(G) = G′, i.e.

G′ ⊆ Z(G) and G′ has order 3.

If G has a cyclic subgroup W of index 3 then G = C9oC3 because the derived subgroup

of C3k o C3 with non-trivial action has order 3k−1.

Suppose that G has an abelian non-cyclic subgroup W of index 3. Then T = {K ≤
W : (W,K) ∈ S} = {K ≤ W : G′ 6⊆ K ≤ W,W/K cyclic} and this set has a unique

G-conjugacy class. As W is not cyclic and G′ has order 3, T has cardinality greater than

1 and hence it has exactly 3 elements and W/G′ is cyclic. Therefore W = 〈a〉 × 〈z〉 with

G′ = 〈z〉 and then ab = az, for some b ∈ G \W . Moreover b3 ∈ Z(G), i.e. b3 = a3xzy

for some integers x and y. Then (a−xb)3 = zy and hence, we may assume that b3 = 〈z〉.
Suppose that |a| = 3n. If b3 = 1 then G ∼= K3n+2 and otherwise G ∼= L3n+2 .

Finally suppose that G does not have an abelian subgroup of index 3. Then, by [Isa76,

Theorem 12.11], [G : Z(G)] = 27. Moreover, the exponent of G/Z(G) is 3 for otherwise

G has an element a of order 9 modulo Z(G) and hence W = 〈Z(G), a〉 is abelian of

index 3 in G. Thus, if a ∈ G \Z(G), then W = 〈Z(G), a〉 is a maximal abelian subgroup

of G and G/W ∼= C3 × C3. If (W,K) ∈ S for some K ≤ W then QGe(G,W,K) is a

simple component of QG of degree 9 in contradiction with the hypothesis. Thus for every

K ≤ W such that W/K is cyclic there is W < B such that B′ ⊆ K. Thus, as |G′| = 3,

if G′ 6⊆ K we have that B is abelian, in contradiction with the hypothesis. This implies

that W is cyclic, say of order 3k. However G/W is a non-cyclic group isomorphic to a

subgroup of Aut(W ), while this group is cyclic. This yields a contradiction and finishes

the proof of (A).

(B) Suppose that G is a 2-group, and remember that G is not Hamiltonian and satisfies

(ii).

(B1) We assume first that G contains a cyclic subgroup W = 〈a〉2k of index 2. This

implies that c.d.(G) = {1, 2} and in particular, D is a field. Fix b ∈ G \W . Then ab = ai

with i ∈ {−1,−1 + 2k−1, 1 − 2k−1} and b2 ∈ Z(G). If k ≥ 3 and i = 1 − 2k−1 then

G ∼= D+
2k+1 . Otherwise, i ≡ −1 mod 2k−1, b2 ∈ Z(G) = 〈a2〉 and G/〈a2〉 ∼= D2k . As

QD2k has at most one simple component which is not a division algebra, necessarily

k ≤ 3. Thus, in this case, G ∼= D8, Q8, D
−
16 or Q16. However, G 6∼= Q8 because we are

assuming that G is not Hamiltonian and it is not isomorphic to D−16 because QD−16 has

one simple component isomorphic to M2(Q) and another isomorphic to M2(Q(i)). This

finishes the proof of (B1).

(B2) Suppose that G has no cyclic subgroups of index 2 but has an abelian subgroup

W of index 2. Let S = {(W,K) : W/K is cyclic and G′ 6⊆ K}. Let T = {K ≤ W :
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(W,K) ∈ S} and T1 = {K ∈ T : K is not normal in G}. All the elements of T1 are

conjugate because if K ∈ T1 then QGe(G,H,K) is the unique non-division algebra in

the Wedderburn component of QG. This implies that T1 is either empty or it has 2

elements and they are conjugate in G. In the latter case QGe(G,W,K) is a division

algebra for every K ∈ T \ T1.
Write

W = 〈a1〉2k1 × · · · × 〈an〉2kn ,

let b ∈ G \W and suppose

b2 = as11 . . . asnn with − 2ki−1 < si ≤ 2ki−1.

Moreover, if 〈ai〉 is normal in G then, we write abi = arii .
We consider two cases separately.
(B2.1) Suppose that every direct factor of W is normal in G. Let

Ki =
∏
j 6=i

〈ai〉.

By (B1), G/Kj is either abelian or isomorphic to Q8, D8, Q16 or D+
2kn+1 and hence one

of the following conditions hold (maybe after a change of b):

(i) ri = 1;

(ii) ki = 2, ri = ±1 and si ∈ {0, 2};
(iii) ki = 3, ri = −1 and si = 4; or

(iv) ki ≥ 3, ri = 1− 2ki−1 and si = 0.
Each Ki with ri 6= 1 belongs to T . Moreover, if si = 0 then QGe(G,W,Ki) is not a

division algebra. Furthermore, if ri 6= 1 and ki ≥ 3 then K = 〈Ki, a
2ki−1

i 〉 is an element

of T such that QGe(G,W,K) is not a division algebra. This implies that

X = {i : either ri 6= 1 and si = 0, or ri 6= 1 and ki ≥ 3}

has at most one element, since K1, . . . ,Kn and K are pairwise non-conjugate in G. Let

Y = {i : ri 6= 1 and i 6∈ X}.

If Y has two different elements then G contains a group isomorphic to H = 〈a1, a2, b|a4i =

(a1, a2) = 1, b2 = a21a
2
2, a

b
i = a−1i 〉. Let B = 〈a1, a2〉, K1 = 〈a1a2〉 and K2 = 〈a1a−12 〉.

Then (B,K1) and (B,K2) are strong Shoda pairs of H such that QHe(H,B,K1) and

QHe(H,B,K2) are two different simple components of QH isomorphic to M2(Q), in con-

tradiction with the hypothesis. Thus |Y | ≤ 1. Suppose that both X and Y are not empty

and let X = {i} and Y = {j}. Then Kj and K = 〈Ki ∩ Kj , aia
2k−1

j 〉 belong to S and

both QGe(G,W,Kj) and QGe(G,W,K) are not division algebras, yielding a contradic-

tion. Thus either X or Y is empty. Therefore we may assume that a2, . . . , an ∈ Z(G) and

〈a1, b〉 is isomorphic to either Q8, D8 or D+
2k1+1 . If si = 0 for some i ≥ 2 then G = H×C2

for some subgroup H of G and hence in the Wedderburn decomposition of QG, every

simple component of QG appears an even number of times (up to isomorphisms). This

yields a contradiction. Thus si 6= 0 for every i ≥ 2.
Suppose G/Kj

∼= Q8 or D8. Using that 〈a1ai〉 is a direct factor of W , by assumption

it is normal in G. Hence we deduce that ki = 1 for every i 6= 1. Hence b2 = a21a2 · · · an, if

G ∼= Q8 and otherwise b2 = a2 . . . an. Then, if n ≥ 3 then G = 〈a1, a2, . . . , an−2, b〉×〈an〉,
yielding again a contradiction as in the previous case. Thus n = 2 and an easy argument

shows that G ∼= C4 o C4.
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Assume otherwise that 〈a1, b〉 ∼= D+
2k1+1 with k1 ≥ 3. If si is even for some 2 ≤ i ≤ k

then an epimorphic image of a subgroup of G is isomorphic to D2k1+1 × C2 and the

rational group algebra of this group has two components which are not division rings.

This implies that we may assume that si = 1 for every i 6= 1. Arguing as in the previous

paragraph we deduce that n = 2. Hence G = 〈a〉2k1 o 〈b〉2k2+1 with ab = a1−2
k−1

. Then

G has an epimorphic image isomorphic to H = 〈a〉8 o 〈b〉4 with ab = a5. If B = 〈a, b〉,
K1 = 〈b2〉 and K2 = 〈a4b2〉. Then (W,K1) and (W,K2) are strong Shoda pairs of H

such that QHe(H,B,Ki) ∼= M2(Q(
√

2)) for each i = 1, 2. This yields a contradiction

and finishes the case when every direct factor of W is normal in G.

(B2.2) Suppose that some direct factor of W is not normal in G. Then, by Lemma

2.7, W = 〈a1〉2k1 × 〈a2〉2k2 with ba1b
−1 = ar11 a

y
2, where b ∈ G \W and ay2 has order

2. Then T1 = {〈a1〉, 〈ab1〉}. If ar11 = 1 then 〈ab1〉 is a direct factor of W included in 〈a2〉
and hence it is equal to 〈a2〉. Then |a1| = |a2| = 2 and b2 ∈ W ∩ Z(G) = 〈a1a2〉. Hence

G ∼= D8, contradicting the assumption that G does not have a cyclic subgroup of index

2. Thus ar11 6= 1. In particular, a2 does not belong to any element of T1 and therefore

〈a2〉 is normal in G. Write ab2 = ar22 . Hence G′ = 〈ar1−11 a2, a
r2−1
2 〉. By (B1), both G/〈a2〉

is either abelian or isomorphic to either Q8, D8, Q16 or D−
2k+2 with k ≥ 2. If G/〈a2〉

is one of the last three groups then T contains an element K containing 〈a2〉 such that

QGe(G,W,K) is a matrix algebra. Then K ∈ T1, and this yields a contradiction because

no element of T1 contains a2. Thus G/〈a2〉 is either abelian or isomorphic to Q8. In other

words, either r1 = 1 or k1 = 2, r1 = −1 and b2a21 ∈ 〈a2〉. We have to split the proof again

in subcases:

(B2.2.a) Suppose that k2 = 1. We claim that k1 ≤ 2. If not then K = 〈a41a2〉 ∈ T \T1,

because a41a2 6∈ 〈a1〉∪〈a
r1
1 a2〉. Moreover, QGe(G,W,K) ∼= M2(Q(i)) becauseG/K ∼= D+

16.

This yields a contradiction. If k1 = 1 then G ∼= D8. If k1 = 2 then G is given by a

presentation of one of the following two forms:

〈a1, a2, b | a41 = a21 = (a2, b) = (a1, a2) = 1, ab1 = a1a2, b
2 ∈ 〈a21, a2〉〉,

〈a1, a2, b | a41 = a21 = (a2, b) = (a1, a2) = 1, ab1 = a−11 a2, b
2 ∈ {a21, a21a2}〉

Replacing, b by a1b, if necessarily, one may assume that in the first case b2 ∈ 〈a2〉 and

in the second case b2 = a21. If, in the first case, b2 = 1 then K = 〈a21a2〉 ∈ T \ T1 and

QGe(G,W,K) ∼= M2(Q), yielding a contradiction. Thus, in the first case b2 = a2 and

ba1 = b−1 and hence G = 〈b〉 o 〈a1〉 ∼= C4 o C4. In the second case, (a1b)
2 = a21a2 and

(a1b)
a1 = (a1b)

−1 and hence G = 〈a1b〉o 〈a1〉 ∼= C4 o C4.

(B2.2.b) Assume k2 ≥ 2 and r1 = 1. Then G′ = 〈ar2−12 , a2
k2−1

2 〉.
(B2.2.b.1) Suppose that r2 ≡ 1 mod 2k2−1. Then G′ = 〈a2k2−1

2 〉, a subgroup of order

2. Therefore T = {K ≤ W : W/K is cyclic and a2
k2−1 6∈ K}. An obvious calculation

shows that

T = {〈a1a2
ix

2 〉 : max{0, k2 − k1} ≤ i ≤ k2, 2 - x, 1 ≤ x < 2k2−i} ∪
{〈a2

ix
1 a2〉 : 1 ≤ i ≤ k1 − k2, 2 - x, 1 ≤ x ≤ 2k1−i}

and T1 = {〈a1〉, 〈a1a2
k2−1

2 〉}. Hence, if K ∈ T \ T1, then QGe(G,W,K) is a totally

definite quaternion algebra, K is normal in G and hence (G,K) ⊆ K ∩ G′ = 1, i.e.,

K ⊆ Z(G). Therefore, if max{0, k2 − k1} ≤ i ≤ k2 and x is odd then 1 = (a1a
2ix
2 , b) =

a
2k2−1+2ix(r2−1)
2 . This implies that r2 6= 1 and i = 0. This shows that either, k1 = 1,

or k2 = 1 or k1 = k2 = 2 and r2 = −1. On the other hand, if 1 ≤ i ≤ k1 − k2
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and x is odd then 1 = (a2
ix

1 a2, b) = ar2−12 . Thus, if k1 > k2 then r2 = k2 = 1. In

this case, K = 〈a2k1−1

1 a2〉 ∈ T and QGe(G,W,K) ∼= M2(Q(ζ2k1 + ζ−1
2k1

)). This yields

a contradiction. Therefore k1 ≤ k2 and hence either k1 = 1 < k2 or k1 = k2 = 2

and r2 = −1. However, in the second case 〈a1a2〉 is a non-normal subgroup of G in

T \ {〈a1〉, 〈a1a22〉}, yielding a contradiction. Thus k1 = 1 < k2 and b2 ∈ Z(G) ⊆ 〈a2〉. If

r2 6= 1 then r2 = 1 − 2k2−1. Then replacing a2 by a1a2 we may assume that r2 = 1. As

we are assuming that G has not a cyclic subgroup of index 2 then b2 ∈ 〈a22〉. If b2 = a2i2
then replacing b by ba−i2 , we may assume that b2 = 1. Then G ∼= H+

2k2+2 .
(B2.2.b.2) Suppose now that r2 6≡ 1 mod 2k2−1 (and still r1 = 1). Then k3 ≥ 3 and

r2 ∈ {−1,−1 + 2k2−1}. We claim that k1 = 1. Otherwise r2 ≡ −1 mod 4. Moreover

〈a1a2〉 E G and hence there is an integer x such that ax1a
x
2 = (a1a2)b = a1a

2k2−1+r2
2 .

Then x ≡ 1 mod 4 and x ≡ 2k2−1 + r2 mod 2k2 . Therefore r2 ≡ 1 mod 4, yielding a

contradiction. Hence k1 = 1 and so b2 ∈ Z(G) ⊆ 〈a2〉. In particular, 〈a2, b〉 has a cyclic

subgroup of index 2. Since r2 6≡ 1 mod 2k2−1, by B1, we deduce that 〈a2, b〉 ∼= Q16.

Therefore 〈a2, a1b〉 ∼= D16, contradicting (B1).
(B2.2.c) Now suppose that k2 ≥ 2 and r1 6= −1 (so that k1 = 2 and b2a21 ∈ 〈a2〉). Then

a21 ∈ Z(G) and the projection of W on G = G/〈a21〉 is 〈a1〉2 × 〈a2〉2k2 , with 〈a1〉 not

normal in G. So, G satisfies the conditions of (B2.2.b), with k2 6= 1. Thus it satis-

fies the conditions of (B2.2.b.1). Applying the arguments of (B2.2.b.1) to G we deduce

that we may assume (after a change of generators) that r2 = 1 and b2 ∈ 〈a21〉. Then

G′ = 〈a21a2
k2−1

2 〉. If k2 > 2 then 〈a1a2〉 ∈ T \ T1 and hence this group is normal in G.

Therefore ax1a
x
2 = (a1a2)b = a−11 a2

k2−1+1
2 for some integer x. Then x ≡ −1 mod 4 and

x ≡ 2k2−1 + 1 mod 2k2 . The latter implies x ≡ 1 mod 4, a contradiction. Therefore

k2 = 2. If b2 = 1 then G/〈a22〉 ∼= D8 × C2, a contradiction because Q(D8 × C2) has

two simple components isomorphic to M2(Q). Therefore b2 = a21 and we conclude that

G ∼= G32.

(B3) Now assume that G has no abelian subgroups of index 2. We claim that [G :

Z(G)] 6= 8. Otherwise, G/Z(G) is elementary abelian, for if not G has an element

g of order 4 modulo Z(G) and hence 〈Z(G), g〉 is abelian of index 2 in G. Hence

G = 〈Z(G), b1, b2, b3〉 with b2i ∈ Z(G) and zij = (bi, bj) ∈ Z(G). Moreover, G′ =

〈z12, z13, z23〉 ∼= C3
2 and Hij = G/〈zij〉 is non-abelian and has an abelian subgroup

of index 2, namely 〈Z(G), bi, bj〉/〈zij〉, and H ′ij
∼= C2 × C2. By (B2), Hij is either a

Hamiltonian 2-group or it is isomorphic to either D8, Q16, D+
2n+2 , C4oC4, G32 or H2n+2 .

However all these groups have a cyclic commutator while Hij does not. This proves the

claim.
Thus G has no abelian subgroups of index 2 and [G : Z(G)] 6= 8. Then, by [Isa76,

Theorem 12.11], c.d.(G) 6= {1, 2}. This implies that D is not a field and hence it is a

totally definite quaternion algebra over Q. By [EKVG15] D = H1 = H(Q) and the

identification of the projection of G in M2(D) in the GAP library is one of the following

(see [EKVG15, Table 2]):

[32,8], [32,44], [32,50], [64,37], [64,137], [128,937]

However the last three have more than one component isomorphic to M2(H1), as it is

displayed in [EKVG15, Table 2]. The group with GAP identification [32, 8] is given by

the following presentation

H = 〈a, b, c|a8 = c2 = (b, c) = 1, a4 = b2, ab = ac, ac = a5〉
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Then H/〈a4, a2c〉 ∼= D8 and therefore QH has a simple component isomorphic to M2(Q).

As it also has a simple component isomorphic to M2(H1), this option should be excluded.

The group with GAP identification [32, 44] is given by the following presentation

H = (〈a, b〉Q8 × 〈c〉2) o 〈x〉2

with cx = a2c, ax = b and bx = a. Then H/〈a2, c〉 ∼= D8 and again this option should be

excluded. Therefore the projection of G on the only simple component of QG which is

not a division algebra is the group with GAP identification [32,50] which is the central

product D8Y Q8. Thus G/N ∼= D8Y Q8 for some normal subgroup N of G. We claim that

N = 1. Otherwise, N has a subgroup H of index 2 which is normal in G. Hence G/H is

a group of order 64 having D8Y Q8 as an epimorphic image and such that M2(H1) is the

only non-commutative simple component of QG which is not a totally definite quaternion

algebra. In particular, M2(Q) is not a simple component of Q(G/H) and hence D8 is

not an epimorphic image of G and G has exactly one irreducible character of degree

4. A computer search using GAP shows that there are only three groups G of order

64 up to isomorphism satisfying the following conditions: G has an epimorphic image

isomorphic to D8Y Q8, G has exactly one irreducible character of degree 4 and D8 is not

an epimorphic image of G. They are the groups number 233, 237 and 238 in the GAP

list of groups of order 64. Computing the Wedderburn decomposition of QG for these

groups we observe that all of them have a simple component isomorphic to M2(Q(i)), a

contradiction. This finishes this case, concluding that G is as in (4(a)). The proof of (B)

is concluded.

(C) Suppose that G is nilpotent but it is not a q-group. Then G = N × P with P a

q-group, for q = 2 or 3 and N a Dedekind q′-group with N 6= 1. By assumption G is not

Dedekind and hence P is not Dedekind. This implies that QP has a simple component

of the form Mk(D), with k 6= 1. Then N contains Q8 or Cp for some odd prime and we

may assume without loss of generality that N is one of these groups. In this case either

QN has two simple factors isomorphic to Q or QN = Q ⊗ Q(ζp). Then QG has either

two simple components isomorphic to Mk(D) or one component isomorphic to Mk(D)

and a direct factor isomorphic to Q(ζp)⊗Mk(D) ∼= Mk(Q(ζp)⊗D). As the former is not

a product of division algebras, QG has more than one simple component which is not a

division algebra, contradicting the hypothesis. This proves (C).

(D). Suppose that G is not nilpotent. Then, by [GH88, Lemma 5.1], G = N o P

with P a q-group, for q = 2 or 3 and N a Dedekind q′-group with N 6= 1. If N is a

p-group then, as NoP is not Hamiltonian, then QG has a 2×2 matrix algebra as simple

component. If N is not a p-group and P act trivially on a Sylow subgroup of N then

QG has more than one simple component which is not a division algebra. Thus P acts

non-trivially on every Sylow subgroup of N .

We claim that if N is abelian then a Sylow subgroup of N is either cyclic or C2 ×C2.

To prove this, we may assume without loss of generality that N is a p-group of the

form Zm1
× · · · × Zmk

for prime p 6= q, P is cyclic of order q and the action of P on

N is non-trivial. The action of P on N induces an action on N = N/Np. By [Hup67,

Satz III.3.18] this action of P on N is non-trivial too. Hence we may assume that N is

an elementary abelian p-group, so that we can consider N as a ZpCq-module.

By Maschke Theorem ZpCq is semisimple. Assume moreover that p ≡ 1 mod q. Then

ZpCq is split. Therefore, we may assume without loss of generality that N = 〈a1〉 ×
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· · · × 〈an〉 and each 〈ai〉 is invariant under the action of P and reordering the factors we

may assume that the action of P on 〈a1〉 is non-trivial. In particular a1 ∈ G′. For very

subgroup K of index p in N , such that N/K is cyclic and G′ 6⊆ K, (N,K) is a Shoda

pair and QGe(G,N,K) ∼= M2(Q(ζp + ζ−1p )). If K1 is another subgroup with the same

property then QGe(G,N,K) = QGe(G,N,K1) if and only if K and K1 are conjugate in

G. If n > 1 there are more than two conjugacy classes of such subgroups (at least 〈a2〉 and

〈a1a2〉 are not conjugate because the first is normal and different from the second). Thus

QG has more than one simple component which is not a division algebra, contradicting

the hypothesis.

Suppose that p 6≡ 1 mod q. Then q = 3, p ≡ −1 mod q, and ZpC3 has two simple

modules up to isomorphisms. One of them is the trivial module. As the action of P on

N is non-trivial, N = M × K, as ZpCq-module, with M the non-trivial simple ZpC3-

module. Hence M = 〈a1〉 × 〈a2〉 = Cp × Cp and the action of P = 〈b〉3 on N is given by

ab1 = a2 and ab2 = a−11 a−12 . As in the previous case every subgroup K of M of order p

is not normal in G and parametrizes a simple component QGe(G,N,K) isomorphic to

M3(Q(ζp)). There are in total p + 1 such subgroups dividing in p+1
3 conjugacy classes.

Thus this group algebra have p+1
3 simple components which are not division algebras. If

p ≥ 5, then p+1
3 ≥ 2 and this yields a contradiction. Otherwise p = 2 and 〈M,P 〉 ∼= A4.

If M 6= N then G contains a subgroup H isomorphic to either C2 o A4 or isomorphic

to (M1 ×M2) ∼= C3 with each Mi the non-trivial simple Z2C3-module. In both cases

we find more than one simple component in QH which is not a division algebra. Hence

N = C2 × C2. This finishes the proof that if N is abelian then it is cyclic or C2 × C2.

We claim that N is abelian. As N is Dedekind, to prove this one may assume without

loss of generality that N = Q8×W with W an elementary abelian 2-group and P = C3.

If W = 1 then G = SL(2, 3) = Q8 o C3, which is not possible because this group is

not metabelian. Thus W 6= 1 and the centre of G is non-cyclic. Then by the previous

paragraph, the action on W is trivial, for otherwise Z(N) contains a subgroup K such

that 〈K,P 〉 = A4. As N ′ ⊆ Z(G), we deduce that G contains a subgroup isomorphic to

C2×A4, which is not possible because Q(C2×A4) has two simple components isomorphic

to M3(Q). Hence the action of P on N induces an action on N/W ∼= Q8. By the first

part of this paragraph this action is trivial. Thus, if x ∈ Q8 then xb = xa with a ∈ W .

Then xb
2

= xa2 = x. As b has order 3 we deduce that the action of P on N is trivial,

contradicting the hypothesis.

We now prove that if N is cyclic then |N | is prime. Suppose N is cyclic, say generated

by a. Let b ∈ P . We claim that (a, bq) = 1 for every b ∈ P . As the kernel of the

natural homomorphism Aut(〈a〉) → Aut(〈a〉/〈ap〉) is a p-group, to prove the claim we

may assume that a is of order p. Thus, if the claim fails then H = 〈a, b〉/C〈b〉(a) ∼=
Cp o Cqk with faithful action and k ≥ 2. Then (Cp, 1) is a strong Shoda pair of H

and QHe(H,Cp, 1) ∼= (Q(ζp)/F, 1) ∼= Mqk(F ) for some field F . This contradicts the

hypothesis, and hence proves the claim. By [Hup67, Satz III.3.18] if b ∈ P acts non-

trivially on the p-Sylow subgroup Np of N then it induces a non-trivial action on Np/N
p
p .

Let p′ be another prime dividing the order N and let H = 〈Np, Np′ , b〉. If b acts trivially

on Np′ then H = Np′ × (Np o 〈b〉). As Np o 〈b〉 is not Dedekind, one of the simple

components of Npo〈b〉 is not a division algebra and hence QH has two simple components

which are not division algebras. Otherwise H has an epimorphic image isomorphic to

(Cp × Cp′) o Cq = (〈a1〉p × 〈a2〉p′) o 〈b〉q, with non-trivial action on Cp and Cp′ . Then

(〈a1, a2〉, 〈a1〉) and (〈a1, a2〉, 〈a2〉) are two strong Shoda pairs of G parametrizing two
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simple components which are not division algebras. This proves that N is a p-group. If

p2 divides the order of N then an epimorphic image of a subgroup of G is isomorphic to

H = 〈a〉p2 o 〈a〉q and (H, 1) and (H, 〈a2〉) are two strong Shoda pairs of H parametrizing

two simple components of QH which are not division algebras. This shows that N is of

order p.

We now prove that if N is cyclic then the order of every element of P acting non-

trivially on N is either 2, 4 or 3. If P has an element b of order qk acting non-trivially

on N with k ≥ 3 and 〈a, b〉 has an epimorphic image isomorphic to H = 〈a〉p o 〈b〉q3 .

Then (W, 〈bq〉) and (W = 〈a, bq〉, 1) are strong Shoda pair of H and QHe(H,W, 〈bq〉) ∼=
Mq(Q(ζpq2)) and QG(H,W, 1) = (Q(ζpq2)/Q(ζq2), ζq2). This yields a contradiction be-

cause the second algebra is not a totally definite quaternion algebra. This shows that if

b ∈ Q acts non-trivially on N then bq
2

= 1. Furthermore, if q = 3 and b is a element

of Q of order 9 then (W, 〈b3〉) is a strong Shoda pair of H such that QGe(W,H, 1) ∼=
(Q(ζ3p)/Q(ζ3), ζ3) which is not a totally definite quaternion algebra too. Thus if q = 3

and b ∈ P acts non-trivially on N then |b| = 3.

If N is cyclic and P is abelian then after a change of generators we may assume that

P = 〈b〉 × Q with (N, b) 6= 1 and (N,Q) = 1. Then G = Q × (N o 〈b〉). As N o 〈b〉
is not Hamiltonian we deduce that Q = 1, i.e. P is cyclic of order 2, 4 or 3. Then G is

isomorphic to either D2p, Q4p or Cp o C3.

We claim that if N is cyclic then P is abelian. Otherwise P is one of the q-groups

in (iv). For all these group P/P ′ is not cyclic. As P ′ is contained in the kernel of the

action of P on N we deduce that G/P ′ ∼= CpoW with W abelian non-cyclic and acting

non-trivially on Cp. This contradicts the previous paragraph and finishes the proof for

the case when N is cyclic.

Finally, suppose that N is non-cyclic. Then the Sylow 2-subgroup of G is isomorphic

to C2 × C2 and the Sylow 2′-subgroups are cyclic. If N is not a 2-group then G has a

quotient isomorphic to (C2 × C2 × Cp) o P , with P a 3-group and it is easy to prove

that the rational group algebra of this group has two simple components which are not

division algebras, in contradiction with the hypothesis. Thus N = C2 × C2. We claim

that G ∼= A4. If P an element of order 9 acting non-trivially on N then G contains

a group isomorphic to H = (〈a1〉2 × 〈a2〉2) o 〈b〉9. Then (H = 〈a1, a2, b3〉,K1 = 〈a1〉)
and (H,K2 = 〈a1, b3〉) are strong Shoda pair of G with K1 and K2 non-normal and

non-conjugate in G. Then QGe(G,H,Ki) is not a division algebra. This shows that if

b ∈ P acts non-trivially on G then b3 = 1. If P is not cyclic then it contains a subgroup

Q ∼= C3 × C3 such that 〈N,Q〉 ∼= A4 o C3. As the rational group algebra of this group

has two simple components which are not division rings, we deduce that P is cyclic of

order 3. Thus G ∼= A4. This finishes the proof of the theorem.

We finish with the

Proof of Corollary 1.2 (i) is a direct consequence of Theorem 1.1 and the well known

fact that a direct product of two non-abelian free groups is not coherent.

To prove statement (ii) we use Proposition 2.6. For any of the groups G considered

QG = A × B with B a direct product of fields and division rings and A the algebra

displayed (2.1). Let O be an order in A and O1 an order in G. As ZG and O × O1 are

orders in QG, their groups of units are commensurable (see e.g. [Seh93, Lemma 4.5]).

By Theorem 2.1, U(O1) has an abelian subgroup of finite index. Moreover, U(O) is

commensurable with SL1(O)×Z(O1). Therefore U(ZG) is commensurable with SL1(O)×
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U , for an abelian group U . This implies that U(ZG) is coherent if and only if so is SL1(O).

Then the result is a consequence of Proposition 2.6 and the fact that if d is a non-negative

integer then SL2(Z[−d]) is coherent by [Sco73], since it is a 3-manifold group.
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