A CLASSIFICATION OF THE FINITE 2-GENERATOR CYCLIC-BY-ABELIAN
GROUPS OF PRIME-POWER ORDER
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ABSTRACT. We classify the finite 2-generator cyclic-by-abelian groups of prime-power order. We associate
to each such group G a list inv(G) of numerical group invariants which determines the isomorphism type of
G. Then we describe the set formed by all the possible values of inv(G). This allows us to develop practical
algorithms to construct all finite non-abelian 2-generator cyclic-by-abelian groups of a given prime-power
order, to compute the invariants of such a group, and to decide whether two such groups are isomorphic.

1. INTRODUCTION

Classifying groups up to isomorphism is a fundamental problem in Group Theory, already identified in
the seminal work of Cayley on finite groups [Cay78] where he wrote: “The general problem is to find all
the groups of a given order”. Unfortunately, an answer to this question is far from attainable unless one
restricts to particularly well behaved groups such as, for example, abelian finitely generated groups, or finite
metacyclic groups (see e.g. [Hem00, GBR] for the latter case). The special case of groups of prime-power
order is particularly difficult as was observed by P. Hall in [Hal40, page 131]: “To put it crudely, there is
no apparent limit to the complication of a prime-power group. [...] And it seems unlikely that it will be
possible to compass the overwhelming variety of prime-power groups within the bounds of a single finite
system of formulae”. This is illustrated, for example, by the 33 pages that Blackburn required to classify
the finite p-groups with derived subgroup of order p [Bla99]. A different approach aims at a classification of
the p-groups of a given order. This is completed up to p”, for p odd, and up to order 2° [OVL05, EQ99].

Besides the basic interest in classifying, up to isomorphism, the groups of a particular type, such classifi-
cations are often vital in addressing other questions. Our initial motivation was trying to solve the Modular
Isomorphism Problem for finite 2-generator cyclic-by-abelian p-groups: this paper paved the way to find a
negative solution for this problem [GLMR22] for p = 2 and has been essential in obtaining some positive
results for p > 2 [GLdRS22].

A classification of the finite 2-generator cyclic-by-abelian p-groups is available in the literature if p is odd
[Mie75, Sonl3] or if the groups are assumed to be of class 2 [AMM12]. The aim of this paper is to fill this
gap. More precisely we give a complete classification of such groups up to isomorphism, by associating to
such a group G a tuple of integers

3 / /
an(G) = (p)m;nl;n2;0-1’0-2301’02;01,027“'1,’“2)

such that if H is another such group then G = H if and only if inv(G) = inv(H ), and describe the possible
values of inv(G). As the classification is known for p odd, the reader may wonder why we do not restrict
our treatment to the case p = 2. There is no reduction of complexity by considering only the case p = 2,
and hence for completeness we prefer to present the results in the general case. We followed the approach
of Miech because it adapts better to the application we had in mind, namely the Modular Isomorphism
Problem. Along the way we fix mistakes in Miech’s classification (see Remark 3.3). While the Miech and
Song classifications split into various families depending on parameters with no obvious group theoretical
interpretation, we present a unified presentation for the group G in terms of the entries of inv(G) (see
(1.4), (1.1) and (1.3)) and the group theoretical role of each entry of inv(G) is clear from the definition.
This provides a practical algorithm to compute all the groups under consideration and to implement their
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construction in GAP [GAP22]. It also allows us to compute the invariants associated to a given group and
hence to decide if two such groups are isomorphic. We have implemented this and, with the help of the
GAP package ANUPQ [GNOH22|, we have verified that our results agree with the output of the p-group
generation algorithm [O’B90] up to orders 2'2, 311 510 79 118 137 and 238.

To present our main result we fix some notation, and at the same time we outline our strategy. Let G
be a finite non-abelian 2-generator cyclic-by-abelian group of prime-power order. By the Burnside Basis
Theorem [Rob82, 5.3.2], G/G’ is 2-generator and non-cyclic, and the first four invariants p, m, n; and ng of
G are given by

|G/| = pm and G/G/ = Cpnl X Cpng, with ny > Ny.
A basis of G is an ordered pair b = (b1, ba) of elements of G satisfying
G/G = (b1G") x (boG') and |b;G'| =p™ (i =1,2).

Let B denote the set of bases of G. Each basis determines a list of eight integers, and our strategy selects
bases so that the associated lists satisfy an extreme condition with respect to a well order. This provides
the remaining eight entries of inv(G). To define the integers associated to a basis, we first define two maps
0:G—{1l,-1}and o: G — {0,1,...,m — 1} as follows:

—1, ifay =a"' # a for some a € G';
alg) = :
1, otherwise.
) 0, if a9 = a=1! for every a € G;
[0} =
g log, |[9Cc(G")|, otherwise.

So each basis (b1, b2) of G yields four integers o(b;) and o(b;), ¢ = 1,2 and we use this to define the next four
entries of inv(G) by setting

00 = (01,09,01,02) = ffleixn{(ff(bl)aff(bz)vO(bl),o(bﬂ) 2 (b1,b2) € B}

where min denotes the minimum with respect to the lexicographical order. Let r; and re be the unique
ex
integers 1 < r; <14 p™ satisfying

r9 = 02(1 4+ p™°2) mod p™, if 0102 = 0;

rg = 0g(1 + pmor)p

(1.1) r1=01(1+p™ %) mod p™ and .
mod p™, otherwise.

Observe that the classes modulo p™ represented by r; and o; + p™~% generate the same subgroup in the
group of units of Z/p™Z.
Let
B, = {(by,by) € B:a" = a" for every i =1,2 and a € G'}.

In Proposition 2.3, we prove that B, is not empty. From now on, we only use bases in 5, and for each
b= (b1,b2) € B, we denote by t;(b) and t2(b) the unique integers satisfying
(1.2) 1<t;(b) <p™ and B = [by,by]® (i =1,2).
Define o' (b) = (0] (), 05(b)) and u(b) = (uz(b),u1 (b)) by setting

0j(b) = log,(|bs]) —n; and t;(b) = u;(b)p™ .

Observe that |b;| = p™t2®) and hence 0 < o}(b) < m and p t u;(b). We use this to define the next two
entries of inv(G) by setting
(0], 05) = IIllaX{Ol(b) :be B}

ex

Then we define
B.={beB,.:0(b)=(0],05)}.
The two remaining entries of inv(G) are given by
(ug,uy) = I?in{u(b) :be B}

ex

The “unnatural” order on the u’s is not a typo but a convenient technicality. Observe that we abuse notation

since o}, u; and t; sometimes denote functions and sometimes integers related to those functions. This does
not cause confusion because in the former case the functions always appear with arguments.
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Set
(1.3) ti=up™ % (i=1,2).
Now G is isomorphic to Gr, where I is an abbreviation for (p, m,n1,n2,01, 09,01, 02,01, 05, u1, us) and
(1.4) Gr = (bsbe | Do ba]"" =1, (oo, ba]” = oo o], 0 = [ ba], (i =1,2)),

where 7; and t; are as defined in (1.1) and (1.3).

Hence, G is completely determined up to isomorphism by inv(G). Therefore, to obtain our classification
it only remains to give the list of tuples occurring as inv(G).

Main Theorem. The maps [G] — inv(G) and I — [G;] define mutually inverse bijections between the set
of isomorphism classes of finite non-abelian 2-generator cyclic-by-abelian groups of prime-power order and
the set of lists of integers (p,m,ny,ng, 01, 02,01, 02,07, 05, u1,us) satisfying the following conditions.
(1) p is prime and ny > ny > 1.
(2) o0, ==+1,0 < o0; <min(m,n;) and pfu; fori=1,2.
(8) If p=2 and m > 2 then o, <m —1 fori=1,2.
(4) 0 <0, <m—o; fori=1,2 and o} <m — 0.
(5) One of the following conditions holds:
(a) 01 =0.
(b) 0 < o1 =09 and o9 = —1.
(c) 0o =0<o01 and ny < nq.
(d) 0<o09 <01 <03+Mn1—ns.
(6) Suppose that o1 = 1. Then the following conditions hold:
(a) 02 =1 and o3 + 0} < m < njy.
(b) Either o1 + 0 < m < ng or 2m — 01 — 0y = ng < m and ug = 1 mod p™ "2,
(¢) If o1 = 0 then either
(i) o} < ob <0} + 024+ ny —ng and max(p — 2,045,171 —m) >0, or
(ii) p=2, m =nq, o5 =0 and o} = 1.
(d) If oo =0 < 01 then o} +min(0,n1 —ng —o01) < 04 < 0} +n1 —ng and max(p—2,0},n1—m) > 0.
(e) If 0 < 03 < 01 then o] < oh < 0} +ng — na.
(f) 1<y <p™, where

a; = min(0}, 02,02 + N1 — ng + 0} — 0h).
(g) One of the following conditions holds:
(Z) 1 < ug < p*2.
(ii) 0102 0, ny —na+ 0] —0h =0<ay, 1 +p* < uy < 2p?2, and u; = 1 mod p,

where
0, if 01 = 0;
az = ¢ min(o1, 05, 0 — o} + max(0,01 + na —ny)), if oo =0 < o05;
min(o; — 02,04 — 0}), otherwise.

(7) Suppose that o1 = —1. Then the following conditions hold:
(a) p=2,m>2, 0, <1 andu; =1.
(b) If o2 = 1 then ny < ny and the following conditions hold:
(i) If m < ng then oh <1, ug =1 and either o} < 04 or oo =0<ny; —ng < 01
(ii) If m > no then m + 1 = ng + 0h, uz(1+2m 171 = —1mod 2™ "2, 1 < uy < 2m 2L
either oy =1 or o1 +1 # nq1, and at least one of the following conditions holds:
e 0} =0 and either o =0 or o + 1 # ns.
e 0l =1,00=0andny —ny <oy.
° U S 27n—n2.
(c) If oo = —1 then o <1, us = 1 and the following conditions hold:
(i) If 01 < 0y and ny > ng then o}y < 0}.
(i1) If o1 = 02 and ny = ny then o} > o)
11 0o=0<0,=n1—1andny =1 thenoy, =1 oroh=1.
jii) I 0 1 and 1 then o, =1 or o =1
1) oo =0<o01 anany #0171+ 1 ornsg en o7 +min(0,n; —ng — o01) < 05.
w) I 0 d 1 1 then o, + min(0 < d
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(v) If 0109 # 0 and 01 # 02 then o} < 0},.

We now outline the structure of the paper. The goal of Sections 2-5 is to find necessary conditions on
a tuple I = (p,m,nq,ng,01,02,01,02,0},05,u1,u2) to be realizable as inv(G) for some finite non-abelian
2-generator cyclic-by-abelian group G of prime-power order. The proof of the Main Theorem concludes in
Section 6, where it is shown that the set of conditions we obtain — those described in the Main Theorem
— suffices for the realizability of I. To find the necessary conditions we fix a finite non-abelian 2-generator
cyclic-by-abelian p-group G with inv(G) = I. Suppose that b € B. In Lemma 2.2 we find a set of conditions
in terms of p,m,ny,n2,01(b), 02(b), 01(b) and 02(b) equivalent to (o (b1),o(bs),0(b1),0(b2)) = (01,02, 01,02).
These conditions, substituting o;(b) and 0;(b) by o; and o;, are added to the set of necessary conditions
on I. We close Section 2 with some additional conditions on I. Section 3 is a technical preparation for
the next two sections. In Lemmas 4.2, 4.3 and 4.4 we describe, for b € B,., a set of conditions, in terms
only of the first 8 entries of inv(G) and of o} (b) and 04(b), equivalent to (0}, 05) = (0} (b), 05(b)). These
conditions, substituting o}(b) by o}, are added to our set of necessary conditions. The same is done for w;(b)
and u; in Lemmas 5.1 and 5.2. We emphasize that in these lemmas we prove equivalences, and not mere
implications, because it is useful in the subsequent steps. Moreover, their proofs are the base of an algorithm,
implemented in [BCGLAR22], to compute inv(G) in an apparently efficient way. In Section 7 we discuss our
implementation in GAP of our classification and report some experiments which support the correctness of
the Main Theorem. In Appendix A we collect technical number theoretical results used frequently in the
proofs of Sections 2 and 3.

2. FIXING THE 7;’S AND CONSTRAINTS ON THE INVARIANTS

In this section we obtain some restrictions on the invariants of our target groups and we prove the existence
of a basis (b1, b) such that [by,b1]% = [ba, b1]", where r; is defined by (1.1).

We start with some notation. If p is a prime integer and n is a non-zero integer then v,(n) denotes the
largest integer m with p™ | n. We set v,(0) = oco. If m is an integer coprime to n then o,,(n) denotes the
multiplicative order of n modulo m, i.e. the minimum positive integer k such that n* = 1 mod m. We use
<lex to denote the lexicographic order on lists of integers of the same length and minje, and maxje, denote
the minimum and maximum with respect to <jex, respectively.

We use standard group theoretical notation. For example, the cyclic group of order n is denoted C,, and
if G is a group then G’ denotes its derived subgroup. For g,h € G

g" =h""gh, [g,h]=g 'h'gh, |g|= order of g.
If G’ is cyclic and g € G then 7(g) denotes an integer, unique modulo |G’|, such that a9 = a"(9) for every
acG.
Given integers s,t and n with n > 0 we set

n—1

S(s\n):ZSi and T (s,t|n)= Z sl

i=0 0<i<j<n
This notation is motivated by the following lemma whose proof is straightforward. More properties of these
operators are included in Appendix A.

Lemma 2.1. If G is a cyclic-by-abelian group then the following equalities hold:

n m
(21) [xl"'$nay1"'y7rb] :HH[xi’yj]f67‘,+1“'f€nyj+1'“ym (351,---75'3n7y1,---7ym S G)7
i=1j4=1
(2.2) (ga)" = g"a®@IM (geGaecd),
(2.3) (gh)™ = g"h"[h, g]T (7@ ()Im) (9,h € G).

In the remainder of the paper G is a finite non-abelian 2-generator cyclic-by-abelian group of prime-power
order and
inv(G) = (p, m,n1,n2,01,02,01,02,0], 05, Ut, Us).
Observe that

(2.4) o(g)=—-1 ifand only if p=2,m > 2 and r(g) = —1 mod 4.
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As r(g) is coprime to p and uniquely determined modulo p™, we abuse notation by identifying r(g) with an
element of Upm , the group of units of Z/p™Z, and use standard group theoretical notation for the r(g)’s. For
example, |r(g)| = opm(r(g)) and (r(g1),7(g2),--.,7(gx)) denotes the group generated by the r(g;)’s in Upm,
for g1,...,9x € G. Then g — r(g) defines a group homomorphism G — U, with kernel C¢(G’) and image
contained in the Sylow p-subgroup of U,=. In particular

19Ca(G")| = opm (r(9)),
and hence

o, if r(g) = —1 mod p™;
(2.5) o(g) = {logp(opm (r(g))), otherwise.

Therefore, |gCq(G')| = p® with 0 < e < m —1 and if p = 2 and m > 3 then e < m — 2. Furthermore, if
p=2,m=2and e=1 then r(g) = —1 mod 4 and hence o(g) = 0. This implies that

(2.6) 0<o0;<m and ifp=2andm > 2then o, <m — 2.

If p is odd or m < 2 then U, is cyclic and its subgroup of order p® fore <m —11is (1+p™ °). If m > 3
then Usm = (5) x (—1) with 0am(5) = 2™72 and ogm (—1) = 2. Thus, in this case, Usm has exactly three
subgroups of order 2, namely (—1), <1 + 2m’1> and <—1 + 2m’1>, and exactly two cyclic subgroups of order

pfore € {2,...,m—2}, namely (1 +2™7¢) and (=1 + 2™~ ). Hence (r(g)) is determined by o(g) and o(g);
namely,

(2.7) (r(g)) = <0(9)(1 +Pm70(9))> = <0(g) +pm"’(9)>.

Moreover, if g,h € G and o(g) < o(h) then there exists an integer z such that p {2 and
T(gh_$p0(h>7o<g)

with negative sign occurring exactly when p = 2, m > 3 and either o(g) = —1 and o(h) > o(g), or o(h) = o(g)
and o(g) # o(h). We will use this without specific mention.
Another fact that we will use without specific mention is the following: if (b1, b2) € B then

B = {(b{1b5" [ba, b1]?*, b72b5% [b2, b1)7?) : @i, yiy 2; € Z, and p™ "™ | z9, and x1ys # w2y mod p}.

Our first objective is to characterize the elements b of B for which (o (1), o(b2), 0(b1), 0(b2)) achieves the
maximum oo, i.e. the elements of the following set:

B ={beB:co=(o(by),a(b2),0(b1),0(b2))}.
Lemma 2.2. Let b= (b1,b2) € B. Then b € B’ if and only if the following conditions hold:
(1) If o(by) =1 then o(by) = 1.
(2) If ny = na then o(by) = o(bs).
(3) One of the following conditions holds:
(a) o(by) =0.
(b) 0 <o(by) =o(b2) and o(b) = (—1,—1).
(c) 0=o0(b2) < o(by) and ny < ny.
(d) 0 < o(bs) < o(by) < o(b2) + n1 — na2. In particular, no < nq.

) = £1 mod p™,

Proof. Suppose that b € B’. Our usual approach is the following: if one of the conditions does not hold,
then we construct (b1, b2) € B with (a(b1),0(ba),0(b1),0(b2)) >1ex (a(b1), 7 (b2),0(b1), 0(bs)).

If o(by) = 1 and o(by) = —1 then b = (byby, by) € B and —1 = o(b;) < o(b;) contradicting the minimality.
This proves (1).

If Ny = N9 and O'(bl) # J(bQ) then O’(bl) = —1 and O'(bg) = 1. Then 5 = (bl,ble) € B with J(bl) = O'(Bl)
and o(by) = —1 < o(by), contradicting the minimality. This proves (2).

—gp°b2)—o(b1)

Assume first that o(b2) > o(b1). Then r(b1b; ) = +1 mod p™ for some integer x such that p t z,
with negative sign occurring exactly when p = 2, o(b1) = —1 and either o(by) = 1 or o(ba) > 0o(b1). Then
b= (biby" prt2) ety ,by) € B and hence o(b;) = 0. If moreover o(b;) = 1 then o(b;) = o(b;) and hence,

since o(bz) = a(b2), necessarily o(by) = 0. If o(by) = —1, and either o(by) = 1 or o(bz) > o(b1) then also
o(by) = —1s0 o(by) = 0. Thus in this case either (3a) o ( b) holds.
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Now assume that o(b;) > o(bg). This implies that ny < mi, since otherwise both b = (ba,b;) and
b= (b1, b1b2) belong to B, and we obtain a contradiction because if o (by) = o(by) then o(by) = (bg) =o(b)
and o(b;) = o(by) < o(b1), contradicting the minimality, and if o(by) # o(be) then o(b) = ( 1) and
02(3) = —1 < o(b2). Thus, if o(b2) = 0 then condition (3c) holds. Assume otherwise, so o(b2) # 0 and

let z be an integer coprime to p such that r(beb] *? T 2) = +1 mod p™. If o(by) + n1 — na < o(by) then

D(171) o(bg)

b = (bl,b bg) S B, O'(bl) = (bl), (bg) = O'(bg), O(bl) = O(bl), and O(bg) =0< O(bg), a
contradiction. Thus o(b1) < o(b2) + n1 — ne and condition (3d) holds.

Conversely, assume that b satisfies conditions (1)-(3) and let s; = r(b;) for ¢ = 1,2. By minimality,
(01,02,01,02) <lex ((b1),0(ba),0(b1),0(b2)) and we must prove that equality holds. To this end fix b € B,
and take integers z; and y; such that b;G' = b7iby'G’ for i = 1,2. Thus o; = 0;(b), o; = 0;(b) and
r(b;) = s7'sy mod p™.

Of course, if o(b;) = —1 then o(b;) = o;. Otherwise, o(b;) = o(ba) = 1 by condition (1), and hence
oi(b) =1 for i = 1,2. This proves that o(b;) = 0.

If o(bg) # o9 then o(b;) = —1 = 01 and o(b2) = 1. Then p = 2, n; # na by (2), and hence x5 is even and
Y2 is odd, which implies that o(by) = 09, a contradiction. Thus o(b2) = os.

By means of contradiction suppose that 01 < o(by). In particular o(by) # 0, i.e. b does not satisfy

(3a). Suppose that condition (3b) holds. Then o(b1) = o(bs) and o1 = o(by) = o(bs) = —1. Thus
p=2m>2and (s;) = (s5). Therefore s; = s, mod 4 and hence s7' ™' = 574" = r(b;) = —1 mod 4.

Then 27 # y; mod 2 and therefore |b;Cq(G")| = [b1Cq(G")| = 2°t1) #£ 201, Thus, by (2.5), 0, = 0 and
s7tsyt = —1mod 2™. As o(by) = o(b2) > 01 and x; # y; mod 2, it follows that o(by) = o(by) =1, m > 3
and either 2 { 7 and s7 = -1+ 2m=1 mod 2™ or 2 ty1 and s = -1+ 2m=1 mod 2™, In both cases
—1=—1+2""1mod 2™, a contradiction. This proves that o(b2) < o(b1) and ng < ny. Therefore p | 22, so
p 11y and [b1Cq(G")| = opm (s7'sy) = o (51) = p°®1) £ p°1. Again this implies that o; = 0, 0, = —1
and o(b1) = 1, so o(ba) = 0 and —1 = s{'sy" = +s; mod 2™ which is not possible because s; € (—1), as
o(b1) = 1. This proves that 01 = o(by).

Finally if, 02 # 0(b2) then o(by) # 0. Hence b does not satisfy (3c). If o; = 0 then +1 = +s5' mod p™ and
the signs must agree for otherwise p = 2, m > 2 and —1 = s¥' mod 2™ which is only possible if y; is odd and
s2 = —1 mod 2™ contradicting o(b2) # 0, i.e. b does not satlsfy (3a). If 01 = 09 then o(by) = 01 = 02 < 0(b2)
and hence, by assumption, 0o; = 0, which we have just seen is not possible. Thus b does not satisfy (3b)
either. Hence, (3d) holds, i.e. 0 < o(ba) < o(by) < o(by) +ny — na. Thus p°P1)=0C2)+1 | 25 and p 1 ys.
Therefore p°2 < p°®2) = o,m (s9) = opm (572552) = 0pm (7(b2)). Then, by (2.5), p = 2, 02 = 0, o(b2) = 1 and
09 = —1, yielding the following contradiction:

~1=7r(by) = s}?sy> = -1+ 2™ mod 2.

Hence 02 = o(b2). O

Proposition 2.3. Let p be a prime integer and let G be a non-abelian group with G' = Cpm and G/G' =
Cpn1 X Cpnz with ng < nq. Let 0o = (01, 02,01,02) and let r1 and ro be given as in (1.1).

(1) If p # 2 then o1 = 1.
(2) [fO'l =1 then 09 = 1.
(3) Ifn1 = N2 then g1 = 03.
(4) One of the following conditions holds:
(a) 01 =0.
(b)) 0 < o1 =09 and o1 = o9 = —1.
(c) 0 =02 <01 and ny < nq.
(d) 0 < 0y <01 <o03+n1—ng. In particular, na < nq.
(5) B contains an element (by,bs) such that a® = a™ for every a € G' and i = 1,2.

Proof. (1) is a direct consequence of (2.4). Statements (2), (3) and (4) follow directly from Lemma 2.2. Fix
(b1,b2) € B'. Using (2.7) it easily follows that r; and r(b;) generate the same multiplicative group in U,m.
Thus there are integers x and y with p{ zy and 7; = r(b;)%. Then (by,bg) = (b%,b4) € B and 7(b;) = 7, i.e.
a’ = a" for every a € G'. Therefore (by,by) € B,. O
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In Proposition 2.3 we obtained some restrictions on co. We now obtain some restrictions on the o}’s and
u;’s. To this end, we fix b = (b1, bs2) € B,.. Recall that |b;| = p”i+°;(b) and hence

(2.8) 0 < 0i(b) =m —vy(t:(b)) <m, 1<wu(b) <p® and ptuib) (i=12).
From (1.2) and (2.2) it follows that:

(2.9) rfﬂi = 1 modp™,

(2.10) t;(b)yr; = t;(b) mod p™,

(2.11) S(ri|p™) = tu(b)(1 —r2) mod p™,

(2.12) S(ra|p™) = ta(b)(r1 — 1) mod p™.

Lemma 2.4. The following statements hold for every b € B,.:
(1) 0(b) <m —o; and if o; = —1 then 0;(b) <1 and u;(b) =1, for each i € {1,2}.
(2) o0; < mny, for eachi € {1,2}.
(3) If o1 = 1 then the following conditions hold:
(a) 02+ 0y (b) <m < ny and if m = ny then 0102 = 0.
(b) Either o1 + 05(b) < m < mngy, or 2m — o1 — 04(b) = ny < m and uz(b) = 1 mod p™~"2.
(4) If o1 # o9 then one of the following conditions hold:
(a) m < ng and 0h(b) < 1.
(b)) m —oh(b) +1=ny <m, ug(b)(1+2m"2171) = —1 mod 2™~ "2 and 1 < uy(b) < 2m "n2tl,

Proof. For the proof of (1) we fix i € {1,2}. Suppose first that o; = —1. Then p =2, m > 2 and r; =
—1mod 4, by (2.4). Then ve(r;—1) = 2 and from (2.8) and (2.10) it follows that m—1 < vy(t;(b)) = m—o}(b),
50 0}(b) <1 and o; + 05(b) < m —1, by (2.6). The former implies that u;(b) = 1. Suppose that o; = 1. Then
vp(r; — 1) = m — o; and (2.8) and (2.10) imply that m < v,(¢;(b)) + vy(r; — 1) = 2m — (0; + 0}(b)). This
proves (1).

For the proofs of (2), (3) and (4) we consider separately the different values of o1 and o5.

Suppose that o1 = 1. Then o9 = 1, by Proposition 2.3 (2). Hence v,(r; — 1) = m — o; and either p is odd
or r1 = rp = 1 mod 4. Thus opm(r;) = p% and v,(S (3 | p™)) = n;, by Lemma A.2 (1). Then o; < n;, by
(2.9), and combining this with (2.8), (2.11) and (2.12) we deduce that

02+ 01 (b) <m <nyorng=2m—o0s—0y(b) <m
and

01+ 04(b) <m < ny or ng = 2m — 01 — 04(b) < m.
As ny < ngq, if n; < m then we obtain a contradiction because

2m > ny + ny = 4m — (02 + 01 (b) + 01 + 05(b)) > 2m,
by (1). Thus o3 + 0} (b) < m < ny and hence 01 < m < nj. If 03 > ny then ny < m and hence
m > 09 + 04(b) > ng + 04(b) = 2m — 01 > m,
a contradiction. This proves (2) in this case. Moreover, if ny < m then by (2.12) and Lemma A.1 (3)
up()p™ = ug (b)p* 2001 = 1, (B)(ry — 1) = S (ro | p"?) = p™ mod 2™,
and hence us(b) = 1 mod p™~"2. Finally assume that m = ny. If no = ny then o; = 0, by Proposition 2.3 (4).
Otherwise ny < n; = m and hence ny = 2m — 07 — 04(b). Then, by (1),
ny—ng =m—ng =—m+ o1 + 0y(h) < 01 — 03.

Therefore 03 = 0, by Proposition 2.3 (4). This proves (3).

Suppose that o = —1. Then o; = —1, by Proposition 2.3 (2). Hence p =2, m > 2, r;, = —1 mod 4
and ve(r; +1) = m — o; for i = 1,2. Moreover, v,(t;(b)) = m — 0;(b) > m — 1, by (1) and therefore
S(r; | 2™) =0mod 2™ by (2.11) and (2.12). By Lemma A.2 (2)

m<vy(S(r; |2™)) =va(r; + 1)+ —1=m—o0; +n; — 1,

that is 0; < n; — 1, proving (2) in this case.
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Finally, suppose that 01 = —1 and 02 = 1. Then p =2, m > 2, r; = —1 mod 4 and r, = 1 mod 4. By
(1), 01 (b) <1 and hence vy (t1(b)) = m — 0} (b) > m — 1. Thus t1(b)(r2 — 1) = 0 mod 2™ and, by (2.11) and
Lemma A.2 (2),

m<v(S(r1]2™)=n14+uva(r1+1)—1=n;+m—o0y — 1,
ie. 01 < ny — 1. Moreover, as 72 = 1 mod 4, by Lemma A.2 (1), vo(S (r2 | 2"2)) = ng and hence (2.12)
implies that either m < ng and m < vy (t2(b)) + vo(r1 — 1) =m — 05(b) + 1, or m > ny = m — 04(b) + 1. In
the former case 02 < m < ng and 04(b) < 1. In the latter case, by (2.12) and Lemma A.2 (3),

un()272 (=1 — 2m7 1) = gy (b)27"2 71 (=2 — 2™ 791) = ty(b)(r1 — 1) = S (r2 | p™) = 2"2 mod 2.

Thus 03 < m — 04(b) < ng, which completes the proof of (2), and ug(b)(—1—2"7°1) = 1 mod 2™ "2, which
proves (4). O

Combining (2.6) and Lemma 2.4 we obtain the following:

Corollary 2.5. Let G be a finite non-abelian 2-generator cyclic-by-abelian group of prime-power order with
inv(G) = (p,m,n1,n2,01, 02,01, 02,07, 05,u1,us). Then the following statements hold:
(1) o) <m —o;, 0y <m —oz and if o; = —1 then o} <1 and u; = 1.
(2) 0; <min(m,n;) — 1 and if p=2 and m > 2 then o, < m — 2.
(3) If m > ny then o1 = —1.
(4) If o1 =1 and m = ny then o109 = 0.
(5) Suppose that o1 # 0.
(a) If m < ng then oy < 1.
(b) If m > ngy then oy =m +1—ng, ua(1+ 2" 271 = —1mod 22 and 1 < up < 2m "2t

3. CHANGING BASES WITHIN B3,

_In the previous section we proved that B, # (. In this section b = (by,bs) € B, and b = (b, by) with
b; = bbY [ba, b1]*, where z;,y; and z; are integers, for i = 1,2.
The next lemma characterizes when b belongs to B,.

Lemma 3.1. b € B, if and only if the following conditions hold:

(1) p™~"2 | zo and x1y2 Z x2y1 mod p.

(2) If o9 = —1 then x1 # y1 mod 2 and x9 Z yo mod 2.

(8) (a) If o1 =0 then y1 = y2 — 1 = 0 mod p°2.
(b) If 0 < 01 = 02 then x1 + y1 = x2 + y2 = 1 mod p°*.
(c) If oo =0 < 01 then 1 — 1 = x5 = 0 mod p°*.
(d) If 0 < 09 < 01 then x1 + y1p°*7°2 = 1 mod p°* and xop®2~°! + yo = 1 mod p°2. (Observe that

Zop®2 70t € Z because 01 — 09 < my — ng, by Proposition 2.3 (4).)

Proof. Condition (1) is equivalent to b € B, so we can take it for granted. Under this assumption, b € B, if
and only if r; = r{'ry" mod ", for i = 1,2. Write R; = o;r;. Observe that if 0; = —1 then p =2, m > 2
and R; =1 mod 4. Therefore b € B, if and only if

(3.1) o oY =026 =1 and R™'RY = RTRYP ' =1mod p™.

By statements (2) and (3) of Proposition 2.3, the equalities on the left side of (3.1) are equivalent to (2).
Moreover, o,m(R;) = p® and if 0102 # 0 then o2 < 01 and Ry = R’fqiuz mod p™, by Proposition 2.3 (4)
and (1.1). Hence the congruences on the right side of (3.1) are equivalent to the conditions in (3). O

In the remainder of the section we assume that b € B,. We will describe the connection between the

0}(b)’s and w;(b)’s with the o}(b)’s and w;(b)’s. We first obtain a general description and then specialize to
three cases depending on the values of o1 and o5.

Lemma 3.2. Ifb € B, then

(32) t1(
(3.3) ta(

~—~

a = x1t1(b) + y1p™ " "%t2(b) + S mod p™,

b
b 2ot (b)p™2 ™" + yata(b) 4+ f2 mod p™,

«

~—
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where
(3.4) a = S(ri|z)S(ra|y2)ry =S (ri|x2)S(r2 | y1) ry?,
(35) Bi = SO lz)S(rs|w)SEE il |p™) (=12

Proof. Let a = [by, by] and @ = [by, by]. Observe that the hypothesis implies that

r(b;) = r(b;) =r; = r{ry mod p™.

Therefore, by (2.1), for every v,w € Z

(3.6) (¥, b¥] = gv(ri'=1)
and
(3.7) by, bY] = aSrlv)S(ra|w)
By (2.1), (3.6) and (3.7)
a=a""",
where v = z9(r1 — 1) 4+ 21(1 — r2); by (2.2) and (2.3)
(3.8) B = " ™ itz S(rilp™)

and as p™ "2 | xg

a1 ®t) — gh®) B _ gm0 T a0 aSm) g

atz(g)(a-l-“/) — ah(g) _ Epnz — awztl(b)P"27"1+y2t2(b)+ﬂ2+223(7“2\17n2)
= =b, = .

By (2.10), (2.11) and (2.12) it is clear that v¢;(b) = 2;S (r; | p™) mod p™ for i = 1,2, so the statement
follows. O

Remark 3.3. An analogue of Lemma 3.2 was stated in the proof of [Mie75, Theorem 9]. Unfortunately, there
is a mistake which leads to an incorrect version of condition (3.3). Namely, in our notation, the exponent of
a in (3.8) for i = 2 appears as 2 + z2(r2 — 1)T (r1,7r2 | p"2) in [Mie75], rather than 83 + 228 (r2 | p"2). As
a consequence some groups are missing in [Mie75]. A minimal example is provided by the groups G with
inv(G@) = (3,3,3,2,1,1,2,0,1,2,1,u) for u € {1,4,7}. Only the group with u = 1 appears in [Mie75].

Lemma 3.4. Ifbc€ B, and o1 = 1 then

(3.9) (@192 — 22y )ur (0)p™ =) = 21us (D)™ P + yrug(b)p™ =T 4 By mod p™

and

(3.10) A+ (2192 — 22y1)ua (B)p™ 2 ®) = zouy (b)p™ O FM27m 4oy (b)p™ %2 ®) 4 By mod p™,

where

= (1 — Dy — 2291)2™7 L, if p=2and 0 < m —ny = 01 — 09;
0, otherwise;

and fori=1,2

B — T2 if p=2 and m = ny;
L 0, otherwise.

Proof. By Lemma 3.2, it is enough to prove the following;:

(3.11) t1()a = t1(b)(z1y2 — x2y1) mod p™,
(3.12) ta(b)ax A+ to(b) (z1y2 — 22y1) mod p™,
(3.13) B; Bimod p™ (i =1,2).

By Corollary 2.5 (3) and Lemma A.2 (1), v,(S (r1 | p™)) = n1 > m, so using (2.10) and (2.11), it follows
that

N

t1(b
b

(b)(z1y2 — T2y1) mod p™,
ta( b

aEt1
a=t2(b)(S(r1 | z1) y2 — S (r1 [ 22) y1) mod p™.

)
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This proves (3.11) and reduces the proof of (3.12) to the following:

- ta(b —1)2"2~t mod 2™, if p=2and 0 — Ny = 01 — 03;
a(B)S (ry | ay) = { 20 F (0 D2 mod 2, =2 and 0.<m e = o1 0
to(b)x1 mod p™, otherwise;
- ta(b 2121 mod 2™, if p =2 and 0 e = 01 — O
ta(D)S (11 | 2) = 2(7)952 + x9 N mo , ifp : and 0 < m — no = 01 — 09;
to(b)xe mod p™, otherwise.

By Lemma 2.4 (3), if m < nay then vy, (t2(b))+v,(r1 —1) = 2m—o01 —04(b) > m, and hence t2(b)r; = r; mod p™
and t2(b)S (r; | 2;) = ta(b)z; mod p™. Otherwise 2m — o1 — 0h(b) = ny < m, and since 04(b) < m, it follows
that 01 # 0. By Lemmas 2.4 (1) and 3.1 (3),

m —ng = 04(b) + 01 —m < 01 — 09 < min(vy(z1 — 1), v,(22)).
Applying Lemma A.2 (3) we derive that, for i = 1,2,

z; 4+ 20201 mod 202®) if p=2,m —ny = 01 — 02 and x; Z 1 mod 2m"2F1;
x; mod poé(b), otherwise.

S(r1|xi):{

As 04 (b) = m — vy(ta2(b)),

- to(b)z; + 2™ T mod 2™, if p=2,m —ng =01 — 09 and x; Z 0 mod 2 "2 t1;
ta(0)S (11 | z5) = {tz(b) 2 =01 — 02 =

(b)x; mod p™, otherwise.

Since 0 < m — ng < min(v,(x2), vy(x1 — 1)) we deduce that

YZo + 222"t mod 2, if p =2 and m — ny = 01 — 03;

)xe mod p™, otherwise;

Yz1 + (21 — 1)2"2" L mod 2™, if p =2 and m — ny = 01 — 09;
)

r1 mod p, otherwise;

and (3.12) follows.
By Lemma A.3

5, = S(ri|x1)S(r2 | y1)2mt mod 2™, ifp=2;
"7 10 mod ", otherwise.

This proves (3.13) for ¢ = 1 when p # 2 or m # ny. Otherwise, by Lemma A.1 (1),

ﬁl = $1y12n1_1 = Bz mod 2m7
as desired. Finally, for the proof of (3.13) for i = 2, recall that p™* ~™2 | x5, and hence, by Lemma A.2 (1),
p™ "2 | §(r1 | x2). Moreover, by Lemma A.3, if p > 2 then p"2 | T (r{2, 75> | p™2), so B2 = 0 = By mod p™.
Assume p = 2. Then by the same lemma 7 (ry?,ry? | 2"2) = 2"2~! mod 2"2. Thus

S(ry | ao) T (r¥2,r¥? | p™) = S (r1 | 29) 2727 mod 2.

As vy(x2) > ny —na, if ny > m then clearly this expression vanishes modulo 2" and hence S = Bz mod 2™.
Otherwise, m = n; and

S (ry | 22) 2" = 252" mod 2™.

Thus B2 = 12Y22"2 71 = By mod 2™. This proves (3.13). O

Lemma 3.5. Ifb€ B,, 01 = —1 and 05 =1 then
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ti(b)a = t1(b)(x1y2 — T2y1) mod 2™;
B to(b)(z1y2 — T2y1) mod 2™, if ng > m;
ta(b)r = Cta(b)ys + ((x1 — D)yo — 2oy1)2m 2" mod 2™, if 0o +1 = ny < m and o1 > 0;
t2(b)y2 mod 2™, otherwise;
Br = 112" ! mod 2™,
_ x22™m ™™ mod 2™, ifny =01+ 1, 0o =0< 01, and ne =1,
b = {0 mod 2™, otherwise.

Proof. Since o1 = —1 and o9 = 1, it follows that p = 2, n; > na, 0}(b) < 1 and u;(b) = 1 by Proposition 2.3
and Lemma 2.4 (1). Moreover, 27" | x5 and 2 { x1y2 by Lemma 3.1, and #;(b)r; = t;(b) mod 2™,
by (2.10). By (2.11), t;(b)(r2 — 1) = S(r1 | 2™) mod 2™ and, by Lemma A.2 (2) and Lemma 2.4 (2),
va(S (r1 | 2")) =ny +m — o1 — 1 > m. So the first congruence follows.

Moreover to(b)a = ta(b)(S (11 | 21) y2—S (71 | £2) y1) mod 2™. If ny > m then, by (2.12) and Lemma A.2 (1),

(5)(7‘1 —1)=S8(r2|2™) =0 mod 2™,
o

to(b)a = ta(b)(21y2 — 2y1) mod 2.
Otherwise, m > ny = m — 04(b) + 1, by Lemma 2.4 (4). If 0; = 0 then r; = —1 mod 2™, s0 S (11 | 1) =
1 mod 2™ and S (1 | z2) = 0 mod 2™, since 2 t 1 and 2 | z5. Hence to(b)a = to(b)ys mod 2™. Assume that
01 # 0. Then o1 > 09 by Proposition 2.3 (4), and 1 — 1 = x5 = 0 mod 2°1~°2 by Lemma 3.1. So

Vo (t2(D)S (11 | 22)) = m—0bh(b)+va(r14+1)—14va(x2) = 2m—04(b)—01—1+va(x2) > 2m—0h(b)—02—1 > m—1,
by Lemma 2.4 (1). Moreover, vs(to(b)S (r1 | #2)) = m — 1 if and only if v2(22) = 01 — 02 and m — 0y = o (b)
if and only if ve(z2) = 01 — 02 and ng = 05 + 1 (because m — 04(b) + 1 = ng). Therefore, if 01 # 0 then
ta(D)S (r1 | a2) = {? s et ftlolfar:zils: e
Similar arguments yield
7 m+o0s—01—1 mo s _ .
ta(b)S (11 | 1) = to(b)+ta(b)r1S (r1 | 21 — 1) = { EZi mizlz; 1)2mtoz=o1=1 yd 2m, ftﬁzr_;ils; ng < m;
This proves the second congruence.
As 1 — 1 is even, by Lemma A.2 (2), Lemma A.3 and Lemma 2.4 (2)
vo(S(ri | — )T (r{,ry |2™) =va(z1 —1)+m—01—1+n1—1>m—o01 —1+n; >m.
By Lemma A.1, y1 + (ro — 1)7 (r2,1 ] y1) = S (r2 | y1), and by Lemma A.3,
vo((re — )T (r{*,rd* | 2"))=m—o02a4+n1—1>m—03+ny—1>m.
Thus, using Lemma A.1 (4) and Lemma A.4 we conclude that
Br=8(ri|@)S(r2 y) T (r1",r3" [2™)
=1 +nS (e —1)S(r2 [y1) T (r{", 13" [ 27)
=S(r2 | y) T (13 [ 2™)
= (1 + (r2 = DT (r2, 1 [ y))T (r{*, 05" [ 2™)
=T (i3 [ 2™)
= 4;2" ! mod 2™,

This proves the third congruence.
Lemma A.1 and Lemma 2.4 (2) yield

v2(B2) = va(S (r1 | @2) S (ro | y2) T (r12,ry? | 22)) = va(r141)—1+va(z2)+n2—1 > m—oy—14n1—1 > m—1.
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Therefore va(82) = m—1 if and only if ny = 01 + 1 and va(x3) = n1 —ne. In that case o > 0, since ny > no;
and 02 + 11 —ng = 02 + 01 — na + 1 < 01, by Lemma 2.4 (2). Using Proposition 2.3 (4), we deduce that if
v2(B2) = m —1 then 0o = 0 < 01, and so 2°! | x5, by Lemma 3.1. Then o1 +1—ng = ny —ny = ve(x2) > 01,
which implies no = 1. This yields the last congruence. |

Lemma 3.6. Suppose thatb € B,, 01 = —1 and o9 = 1.
(1) If m < ng then

o 01 (b) =01 (b) < 1, 05(b) <1, 0h(b) <1, and

e 04(b) # 05(b) if and only if va(xz2) = n1 — n2 and o} (b) = 1.
(2) If m > ng then

o 0y(b) <1, 04(b) <1,

e 0} (b) # 0 (b) if and only if 24 y; and ny =01+ 1, and
e the following congruence holds:

(3.14) (ua (D) — ua(b))272 1 + A = g2 o1 Fn2—m 4 B pod 2™

where

A= ((x1 = D)ya — oy1)2m = T2~ if 0y + 1 =ny and 01 > 0;
0, otherwise;

and

B_ x2m™ ™M dfny=01+1, o =0<o01, andny = 1;
B 0, otherwise.

Proof. By Proposition 2.3, p = 2, n; > ns and hence, by Lemma 3.1 (1), 2 | 2 and 2 { z1y2. Moreover,
by Lemma 2.4 (1), each of o} (b) and o} (b) is at most 1 and uy(b) = uy(b) = 1, so t1(b) = 2721 ) and
t1(b) = 2m—1(0),

(1) Suppose first that m < ng. Then ny > ny > m > o1, and hence, by Lemma 3.5, 81 = 82 = 0 mod 2™.

By (2.12) and Lemma A.1 (1) also t2(b)(r1 — 1) = S (r2 | p™2) = 0 mod p™, therefore
m < va(ta(b)) +va(ry — 1) = m — oh(b) + 1,

and consequently o) (B) < 1, to(b) = p™=22® and t5(b)2" "2 = 0 mod 2™. Then Lemmas 3.2 and 3.5 imply

o} (b) = 0} (b) and

2m—0’2(g) = x22m—0’1(b)+n2—n1 + 2m—0’2(b) mod 2.

As both 0(b) and 04 (b) are at most 1 and 271772 | x, it follows that o (b) # o4 (b) if and only if vo(xs) =
ny —ng + 07 (b) — 1 if and only if ve(z2) = ny — ne and 0} (b) = 1.

(2) Suppose now that m > ny. Then 04(b) = 04(b) = m —na+1 > 1, by Lemma 2.4 (4). Thus Lemma 3.5
yields that (3.3) takes the form of (3.14).

We claim that

gm—1 da2m, if = 1:
(3.15) Y1t (b)2m N2 Ly2ml = {yl mo , itny=o01+1;

0 mod 2™, otherwise.

Indeed,

Y1ta(0)2" "2 4 412" = 12" (ug(b) + 1) mod 2™
and, by Lemma 2.4 (4), uz(b)(—1 4 2m~°1=1) mod 2™~"2. Thus ve(uz(b) + 1) > min(m — na,m — 07 — 1).
Moreover ny; > no, and therefore ny — 14+ m —no > mand ny — 1 +m —o0; — 1 > m — 1. Hence, from
Lemma 2.4 (2), it follows that ny — 1 + va(u2(b) + 1) = m — 1 if and only if ny = 01 + 1. Therefore (3.15)

follows.
By (3.2) and Lemma 3.5, and recalling that each of o} (b) and 0} (b) is at most 1 and 2 { 21y» and 2 | z2, we

deduce that the left-hand side of (3.15) is congruent modulo 2™ to 2m~°1(}) —2m—01 (%) Hence, o/ (b) # 0} (b)
if and only if n; = 01 + 1 and 21 y;, as desired. a
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Lemma 3.7. Ifb € B, and 02 = —1 then

(3.16) gm=il) = g gm=oh®) 4y gmes(Bitm=na yod 9,
(3.17) gm=02(b) = gygm—oi®)tna=m 4y om=03(b) 4 B mod 2™,
where B is as in Lemma 3.6.

Proof. Since o2 = —1, by Proposition 2.3, Lemma 2.4 (1) and Lemma 3.1, p = 2, 07 = —1, 1 = y2 mod 2,

x1 # x2 mod 2, 3 = y; mod 2, and, for i € {1,2}, u;(b) = u;(b) = 1 and each of 0}(b) and o}(b) is at most
1. Then
ti(b)(r; — 1) = t1(b)(ra — 1) = t2(b)(r1 — 1) = 0 mod 2™,
o ~ _
ti(b)a = (z1y2 — x2y1)2m_0;(b) = om=0i(0) ypd 2™
and t;(b) = 9m—oi(b) Thus, by Lemma 3.2 it suffices to prove that 8; = 0 mod 2™ and 8> = B mod 2™.
By Lemma A.2 (2) and Lemma A.3

va(rg +1) +va(y1) +m1 —2=m — oo +va(y1) + n1 — 2> m+va(y1) — 1, otherwise.

In both cases v2(81) > m, so 81 = 0 mod 2™.
Arguing similarly, in combination with Lemma 3.1, we obtain

; (B)_{vg(rl—l—l)—l—vg(xl)—l—nl—2:m—01—|—v2(3:1)—|—n1—22m+v2(x1)—1, if 2| xq;
2 pr—

(52) m—o01+va(z2)+ne—2>m—o01+n; —2>m-—1, if 2|z
v =
22 m—o02+va(y2) +n2 —2>m+uve(y2) — 1 >m, otherwise.

Thus either B2 = 0 mod 2™ or 2 = 2™ mod 2™, va(z2) = ny —ne > 0 and ny; = o1 + 1. In the latter case
09 < 09+ m1 —ngy =03+ 01 +1—ny < o1, by Corollary 2.5 (2). Hence 0, = 0 < o1, by Proposition 2.3 (4),
and 01 + 1 —ny = ny — ng = va(w3) > 01, by Lemma 3.1, so ng = 1. Thus 32 = 2™ mod 2™ if and only if
ny =01+ 1, 00 =0 < 07 =va(x2) and ny = 1. This proves that 83 = B mod 2™. O

4. DESCRIPTION OF B/, AND CONDITIONS ON 0} AND 0}

Recall that B, is formed by the basis b = (b1,b2) € B, such that o'(b) = (0},05,), or equivalently
(1611, [b2]) >1ex (|b1], |b2|) for every b € B,.. In this section b = (by,bs) is a fixed element of B, and the
goal is to obtain necessary and sufficient conditions for b € B! in terms of conditions on the entries of
o' (b) = (0} (b), 05(b)). The arguments in the proof of Lemma 4.2, 4.3 and 4.4 are repetitive, so with the aim
of avoiding repetitions we explain now the structure of the proofs. In all cases we must prove that b € B, if
and only if o/ (b) satisfies certain conditions. We have a generic element b = (b7'by" [b2, b1]*1, bT2by? [ba, b1]*2)
in B, and we compare o'(b) and o' (b) using the results of the previous section. For the direct implication
we assume that b € B. and select several b € B, to deduce the conditions on o/(b) from the inequality
0'(b) >1ex o' (b). For the reverse implication we assume that b & B.. and b € B.. and deduce from o' (b) < o’ (b)
that o’(b) does not satisfy the given conditions. In both cases it is important to recall Lemma 3.1 because it
establishes when b belongs to B,. Moreover, A, B and the B;’s are as in Lemmas 3.4, 3.6 or 3.7, depending
on the case considered, and always relative to the b used in each case.

The following straightforward observation is often used.

Remark 4.1. Let X, Y, Z, W and T be integers.
(1) fvp(X),v,(Y) <mand Y = XW + Z mod p™ then
vp(X) <wv,(Y) if and only if v,(X) < v,(2)
(2) If vo(X),v2(Y)<mand Y = XW + Z + T2™ ! mod 2™ then
2| T and vo(X) < va(2);
v2(X) <wvo(Y) if and only if one of the following holds: { 24T, v2(X) < m — 1 and v2(X) < v2(Z);
24T, vo(X)=m and vo(Z) =m — 1.
Lemma 4.2. Suppose that o1 =1 and b € B,.. Then b € B.. if and only if the following conditions hold:
(1) If 01 = 0 then either
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(a) 04 (b) < 0h(b) < 01 (b) + 02 + n1 — ny and max(p — 2, 05(b),ny —m) >0, or
(b) p=2, m=nq, oh(b) =0 and o} (b) = 1.
(2) If oo = 0 < 01 then max(p — 2,07(b),n1 —m) > 0 and

07 (b) + min(0,n1 — ny — 01) < 04(b) < 0 (b) + ny — na.
(3) If 0102 # 0 then o} (b) < 04(b) < 0} (b) +n1 — na.
Proof. By Proposition 2.3 (2) o2 = 1, and by Lemma 3.4 the congruences (3.9) and (3.10) hold for each

b € B,. We will use this without explicit mention. We consider separately three cases.
Case (i). Suppose that if p = 2 then m # n; and either m < ny or m — ny # 07 — 02. Then
A = By = By = 0. We now apply Remark 4.1 (1) to (3.9), with
Y = (2132 — 2oy)us O)p P, X = ug (0P and Z = yrug(b)pm TP Fme,
and to (3.10), with

Y = (z1y2 — $2y1)UQ(B)pm70;(5), X = uQ(b)pmf";(b) and Z = xgul(b)pmf",l(bp’"z_"l.

It follows that o' (b) <jex 0'(b) if and only if

(4.1) 05(b) < va(y1) +n1 —ng + 07 ()
and
(4.2) if 0] (b) = 0} (b) then 0} (b) < va(w2) + no — ny + 05(b).

Suppose that b € B. and consider several b € B,.. If o = 0 then we take b = (blbgoz,bz) € B, so
(4.1) takes the form oh(b) < 03 + ny — ny + 0}(b) and then we take b = (b}7b€n17n2 ba) € B, so (4.2)
yields of(b) < 04(b). Thus condition (1) holds. If o2 = 0 < 07 then we take b = (b1b2,b2) € B,, so (4.1)

max(ni—mng,01)

yields 0y (b) < ny — ng + 0} (b), and then we take b = (by, b} by) € B, which using (4.2) yields
01 (b) < max(0,01 —n1+mns)+05(b). Thus condition (2) holds. Finally, if 0102 # 0 then 0 < 01 < 02+n1 —n2
by Proposition 2.3 (4). In this case we take b = (b%*poli02 ba, b2) € B, and (4.1) yields 05(b) < ny —na+0}(b),
and then we take b = (by, b0 bé_pm*mioﬁ%) € B, so (4.2) implies 0/ (b) < 04(b). Hence condition (3)
holds.

Conversely assume b ¢ B, and suppose that our generic element b belongs to B.., so o/(b) < o'(b). Thus
either (4.1) or (4.2) fails. If (4.1) fails then

05(b) > va(y1) +n1 — ng + 0 (b) > ny — ng + 0} (b)

and hence b satisfies neither the consequent of (2) nor the consequent of (3). Thus we may assume that
o1 = 0. By Lemma 3.1, 2°2 | yq, s0 05(b) > 02 + n1 — na + 04 (b), and hence b does not satisfy (la). As
p > 2 or m # ny, it follows that b does not satisfy (1b) either. Thus, b does not satisfy (1). Suppose
otherwise that (4.1) holds but (4.2) does not. Thus o} (b) = 0} (b) and 0} (b) > vo(x2) + ny — ny + 0h(b).
By Lemma 3.1, va(x2) > n1 — ng and hence 0} (b) > va(x2) + na — ny + 05(b) > 045(b). In particular, as
we are assuming that if p = 2 then m # nq, necessarily b satisfies neither the consequent of (1) nor the
consequent of (3). Thus we may assume that oy = 0 < o;. Then 2m2X("1=72.01) | 2, by Lemma 3.1, so
0} (b) > max(0, 01 + n2 — ny) + 04(b). Hence b does not satisfy (2).

Case (ii). Suppose that p = 2 and 0 < m — ny = 01 — 02. In particular, o1 # 0. By Lemma 2.4 (3),
0h(b) = 0h(b) = 2m —ny — 0y = m — 0y > 0}(b) for every b € B,. Therefore the first inequality in (3)
holds and if 02 = 0 then 0; = m — n2 < ny — ng and hence 0} (b) + min(0, 71 — n2 — 01) < 05(b). Moreover,
o'(b) > o' (b) if and only if o (b) > o} (b).

Assume ny > m, so B; = 0. In this case we must prove that b € B, if and only if 05(b) < o/ (
Indeed, applying Remark 4.1 to (3.9), with suitable X,Y and Z, we deduce that o} (b) > o} (b

if (4.1) holds. If b € B, then, taking b = (b} """ ~bs,by) € By, we deduce that 0j(b) < 0} (b) + n1 — no.
Conversely if b ¢ B]. and b € B]. then o} (b) > 0} (b) and hence

05(b) > va(y1) + n1 — ng + 0 (b) > ny — na + 0} (b),

b) +n1 — na.
) if and only

>
<

as desired.
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If ny < m then n; = m, by Lemma 2.4 (3). In particular oo = 0, by Corollary 2.5 (4). Moreover, applying

Remark 4.1 to (3.9), 0} (b) < 0 (b) if and only if

2 | zy1 and 05(b) < wa(y1) +n1 — ng + 04 (b);
(4.3) one of the following conditions holds 21 z1y1, 1 <0}(b) and 04(b) < ny —na + 0 (b);
2t xz1y1, 01(b) =0 and 14 ny — ng = 04(b).

However, the assumption n; = m > ng implies that 2t z; by Lemma 3.1, and 2 < m — 0; = ny — m+ 0, by
Lemma 2.4 (2) and since p = 2. Thus the last case of (4.3) does not hold and 2 | z1y; if and only if 2 | ;.

Assume b € B... Then, taking b = (bibg,by) € B,, condition (4.3) implies that 1 < 0/ (b) and o0y(b) <
n1 — ng + 0y (b). Thus condition (2) holds. Conversely, if b ¢ B.. and b € B.. then 0} (b) > 0} (b) so (4.3) does
not hold. If 2 | y; then

05(b) > va(y1) +n1 — na + 05 (b) > 1 +ny — ng + 0} (b),

o (2) does not hold. Similarly, if 2 1 y; and 1 < 0 (b) then 05(b) > n1 — n2 + 07 (b), so again (2) does not
hold.

Case (iii). Finally suppose that p = 2 and m = ny and either m < ng or m — ns # 01 — 02. Then for
every b € B, A =0 and by Lemma 2.4 (3), 0;05 = 0.

Assume first that ny > m. Then ny = m = ny, so o1 = 0 by Proposition 2.3 (4), and B; = x;5;,2™ ! for
every b € B,. By Lemma 3.1, y; = y» — 1 = 0 mod p°?, and Remark 4.1 yields o(b) <jex 0(b) if and only if
one of the conditions in (4.3) holds and

2 | w2y and 0} (b) < va(z2) + 05(b);
(4.4)  if o} (b) = 0} (b) then one of the following holds 24 xay2, 1 < 0h(b) and o} (b) < 0h(b);
2t 2aya, 04(b) =0 and 1 = 0/ (b).

We must prove that b € B if and only if condition (1) holds. Suppose b € B... If 05 = 0 then we can take
b= (by,b1) € By, s0 (4.3) implies 04 (b) < 0} (b) +0g; and if 0y > 0 then, taking (b163°,by) € By, (4.3) implies
0h(b) < 0} (b) + 02. Moreover taking b = (b1,b1b2) € B, and using (4.4) we obtain that either 1 < 04(b)
and 0} (b) < 04(b) or 05(b) = 0 and 07 (b) = 1. Thus condition (1) holds. Conversely, suppose b ¢ B, and
take b € B. such that o/(b) > o/(b). Thus one of (4.3) or (4.4) does not hold. Suppose that (4.3) does not
hold. If 2 | zyy; then 04(b) > va(y1) + 0} (b) > 04 (b) + 02 + n1 — ng, so (1) does not hold. If 2 4 z1y; then
either 04(b) > 0} (b), or 0} (b) =0 and 1+ ny —n2 # 05(b). In any case condition (1) does not hold. Suppose
that (4.4) does not hold. Therefore o} (b) = 0} (b) and the three conditions on the right part of (4.4) fail. If
2t x2ys then o(b) # (0,1) and hence (1b) fails; and moreover o5(b) = 0 or 0} (b) > 05(b), so (1a) fails too.
Suppose that 2 | zay2. Then 0} (b) > va(x2) + 05(b) > 05(b) and hence (1a) fails. If moreover 2 | x5 then
0} (b) > va(x2)+05(b) > 04(b) > 0, so (1b) fails too. So we assume that 2 { 22 and hence 2 | yo. Then 2 t y; by
Lemma 3.1. If (1b) holds then (3.9) yields the following contradiction 2™~ = z;(1 + y1)2™~! = 0 mod 2™.
This completes the case m < ns.

Finally suppose that m > ny. By assumption 0 < m — ng # 01 — 0. In particular 0o; > 01 + 05, — m =
m —ng > 0, thus 0o, = 0. So we must prove that b € B.. if and only if condition (2) holds. Moreover, by
Lemma 2.4 (3), 04(b) = 2m — ny — oy for each b € B,.. Then

ny—ng—0p =m—ng — 01 = 0s(b) —m <0

and hence
07 (b) + min(0,n1 — ny — 01) = 0} (b) + 04(b) — m < 04(b).

As in the previous case, the third condition of (4.3) does not hold. Therefore o' (b) <jex 0'(b) if and only
if 0} (b) < 0/ (b) if and only if one of the first two conditions in (4.3) holds. Suppose b € B.. Then taking
b = (biby,by) € Bl from (4.3) we obtain that condition (2) holds. Conversely, if b ¢ B and b € B.
then o) (b) > 0} (b) and consequently none of the conditions in (4.3) hold. If 2 | z;y; then 2 | y; and
0h(b) > 1+ n3 — ng + 0 (b), so condition (2) fails. Otherwise either o (b) = 0 or 04 > n; — na + o}. In all

cases condition (2) fails. O

Lemma 4.3. Suppose 01 = —1, 0o = 1 and let b € B,.. Then b € B.. if and only if the following conditions
hold:
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(1) If m < ng then 0} (b) < 045(b) or o2 =0<ny —ng < o1.
(2) If m > ng then o) (b) =1 or o1 + 1 # ny.

Proof. By Proposition 2.3, p = 2 and n; > ng, and by Lemma 2.4 each of o} (b) and 0} (b) is at most 1.

(1) Assume that m < ny. By Lemma 3.6, 0} (b) = 0} (b), 0h(b) < and 04(b) < 1. Moreover o) (b) # 0b(b)
if and only if va(z2) = n1 — n2 and 0} (b) = 1. This implies that if o} (b) < 04(b) then b € B.. because if
0y (b) = 1 then 04(b) = 1 and otherwise 04 (b) = 04(b) for every b € B,.. It also implies, in combination with
Lemma 3.1, that if o, = 0 and n; — ny < 01 then 0y(b) = 04 (b), so again b € B.. Suppose otherwise that
05(b) < 0}(b) and either 0p # 0 or 01 < ny —ng. Then 0}(b) = 1, 05(b) = 0, b= (by,b2"" "*by) € B, and
0h(b) > 04 (b). Thus b & BL..

(2) Assume that m > ny. Then 04 (b) = 04(b) = m — na + 1 by Lemma 2.4 (4). Moreover, by Lemma 3.6,
0y (b) # 0y (b) if and only if 2 {y; and n; = oy + 1. This implies that if 0o} () = 1 then b € B.. If 0y + 1 # ny
then o} (b) = 0 (b) and as 04(b) = 04(b), in this case B, = B, and in particular b € B.. Finally, if 0} (b) # 1
and 01 + 1 = ny then, taking b = (b12" by, by) € B,, we obtain that o} (b) > o} (b) = 0. Therefore
b B. O

Lemma 4.4. Suppose that oo = —1 and let b € B,.. Then b € B.. if and only if the following conditions hold:
(1) If 01 < 02 and nq > ng then o} (b) < 05(b).
(2) If 01 = 03 and ny = ng then o} (b) > 04(b).
(3) If oo =0 < 01 =n1 — 1 and ng =1 then o} (b) =1 or o4(b) = 1.
(4) If o2 =0 < o1 and either ny # o1 + 1 or na # 1, then 0} (b) + min(0,n1 — ng — 01) < 0h(b).
(5) If 0102 # 0 and 01 # 09 then o} (b) < 04(D).

Proof. By Proposition 2.3 and Lemma 2.4 (1), p =2, 07 = —1 and for i = 1,2 each of 0/(b) and 0/(b) is at
most 1. Moreover, (3.16) and (3.17) hold. We consider separately two cases.

Case (i). Suppose that oy +1 = ny, o2 = 0 < 01 and ny = 1. Then the summand B in (3.17) is
292™m™ ™ = T2™m ! with T = x92™2~™ € Z. Applying Remark 4.1 to the congruences (3.16) and (3.17), and
recalling that o/ (b) < 1, we obtain that o' (b) <jex o'(b) if and only if

(4.5) 05(b) < wa(yr) + 11 —na + 0y (b);
and
(4.6) if 0 (b) = 0} (b) and vy(x2) = n1 — ny then o} (b) = 1 or oh(b) = 1.

Observe that (4.5) always holds because
va(y2) + n1 — n2 + 0’1(b) >ni—ng=o0;>1> o’Q(b).

H

o' (b) <1ex o'(b) if and only if (4.6) holds. Moreover, by the assumptions, none of the antecedents in
1), (2), (4) and (5) holds, while the antecedent of (3) holds. So we must prove that b € B.. if and only if
1(b) =1 or o’z(b) = 1. Indeed, if b € B then taking b = (b1,b?""by) € B, we obtain that o} (b) = 1 or
04 (b) = 1 by (4.6). Conversely, if b & B.. and b € B.. then (4.6) fails, so 0} (b) = 05(b) = 0 and hence condition
(3) fails. This proves the lemma in Case (i).
Case (ii). Assume that at least one of the following conditions holds: 01 + 1 # ny, 02 # 0, 0 = 0 or

N2 75 1. —
Then the summand B in (3.17) is 0 and by Remark 4.1, o/(b) <jex o' (b) if and only if (4.5) holds and

(4.7 if 0 (b) = 0/ (b) then 0] (b) < va(x2) + n2 — n1 + 05(b).
By hypothesis, the antecedent of (3) does not hold in this case. So we must prove that b € B.. if and only if
the conditions (1), (2), (4) and (5) hold.

Suppose that b € B... Assume 0; < 02 and ny > ng. Then either o; = 0 or 0 < 03 = 02 by Proposi-
tion 2.3 (4). In the first case take b = (by, b2 "*by) € B,., and in the second take b = (by, b2 172" ") €
B.. In both cases 0}(b) < 04(b) by (4.7). Thus condition (1) hold. If 0 = 09 and n; = ng then,
taking b = (ba,b1), (4.5) yields o} (b) > o0h(b). Hence condition (2) holds. If o = 0 < o; then, tak-
ing b = (bl,b%max(nl_nz‘ol)bg) € By, (4.7) yields 0}(b) + min(0,n1 — n2 — 01) < 05(b). Thus condition
(4) holds. If 0102 # 0 and 01 # 02 then 0o < 01 < 02 + n1 — ng, by Proposition 2.3 (4). Taking
b= (b, b2 "Bl ) € B, (4.7) ields o (b) < ob(b).

hus

—~

Q
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Conversely, suppose that b satisfies (1), (2), (4) and (5) and b & B.. Take b € B.. Then either (4.5) or

(4.7) fails. If (4.5) fails then
1 > 05(b) > va(y1) +n1 — n2 + 01 (b),
so necessarily 05(b) = 1 and va(y1) = 07(b) = n1 —n2 = 0. Then either 07 = 0 or 07 = 02 > 0 by
Proposition 2.3 (4). If o7 = 0 then 03 < wa(y1) = 0 by Lemma 3.1. Hence in both cases 0; = 0y and
condition (2) yields the contradiction 0 = 0} (b) > 04(b) = 1. Suppose that (4.7) does not hold. Then
0y (b) = 0y (b) and
1 > 0} (b) > va(z2) + na — ny + 04(b) > 0.

Therefore 0} (b) = 1, 05(b) = 0 and va(x2) = ny —ng. If 01 < 09 then ny = na by condition (1), hence 2 t z2y1
and 2 | 21,y by Lemma 3.1 (2), therefore Lemma 3.7 yields the contradiction 0 = o4 (b) = 0 (b) = 0/ (b) = 1.
Thus 02 < 01. By condition (5), 0100 = 0, so necessarily oo = 0 < 07. Then n; — ny = va(x2) > 01 by
Lemma 3.1, and consequently min(0,ny — na — o1) + 0} (b) = 0} (b) > 05(b) contradicting condition (4). O

5. CONDITIONS ON u; AND ug: THE SET B,

In this section, the roles of B, and B.. from Section 4 are now played respectively by B.. and
Brt = {b S B;, : u(b) = (UQ,’LLl)}.

Let b = (b1,bs) be a fixed element of B].. The goal is to obtain necessary and sufficient conditions for b € B,
in terms of conditions on the entries of u(b) = (u2(b), u1(b)). Observe that if b = (by,bs) € B then b € B, if
and only if

[bg, b1)% = [by,b1]™ and B = [by, by])", forie {1,2}.

We consider separately the cases 03 = 1 and 07 = —1 and use the following notation from the Main
Theorem:

: / / /

a1 = min(0},02,02 + 11 — N2 + 0] — 05),
0, if o1 = 0;

— 3 / / / 3 — .

as = min(o1, 05, 05 — 0] + max(0,01 + na —nq)), if 02 =0 < oy;

min(o; — 09,05 — o)), otherwise.

Lemma 5.1. Assume o1 = 1 and let b € Bl.. Then b € B, if and only if ui(b) < p™ and one of the
following holds:

(1) ua(b) < p*2;

(2) 0102 #0, ng —ng + 0] —0h =0 <as, 1+p® <us(b) <2p*2, and u1(b) = 1 mod p.

Proof. By Lemma 2.4 (3), 02 + 0] < m < nj and if m = ny then o702 = 0. Moreover, either 01 + 05(b) <
m < ng or 2m — o1 — 0h(b) = ny < m for every b € B,. We will use this without specific mention. Let B,
denote the set of the elements in B, which satisfy u1(b) < p and either (1) or (2).

It suffices to prove the following:

(i) By # 0.

(ii) If b € B,y and b € B. and u(b) <jex u(b) then u(b) = u(b).

Proof of (i). Start with b = (by,b2) € B.. We construct another element b = (b]'by", b7?b%?) with
1, %2,y1 and yo selected as in the Tables 1, 2 or 3, depending on the values of 0; and 0,. The reader may
verify that the conditions of Lemma 3.1 hold, so b € B,.. Using congruences (3.9) and (3.10) we verify that
in all cases o}(b) = 0!, which guarantees that b € B., and that u1(b) < p® and u(b) satisfies either (1) or (2)
in each case, i.e. b € Bm.

(a) Suppose first that o; = 0. Write u;(b) = p+ gp® with 1 < p < p®. Observe that p 1t p, since p { uy(b)
and if a; = 0 then p = 1. Let p’ be an integer with pp’ = 1 mod p™. We take x1, =2, y1 and ys as in Table 1.

We verify now that o (b) = o, uy(b) = p and uy(b) = 1, which imply that b € B, as desired. Indeed, in
all cases p 1 y2. Moreover (3.10) takes the form

)y 0s(®)

Yauz(b)uz(b)p

hence 04 (b) = 0, and ug(b) = 1. Now we use (3.9). If of = a; then

Uz (b)uy (b)p™ ®) = s (b)ug (b)p™° mod p™

= ygug(b)pm7°’2 mod p"*,
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01 =0 T U1 T2 Y2
a1 = 0} uz(b) 0 0 1
a; = 09 us(b) 0 0 pu(db)
a; = 09 +n1 —n9 + 0/1 — 0/2 < 02 UQ(b) —qp°? 0 1

TABLE 1. Values of z; and y; such that b = (b¥'b%", b72b4*) € B,;, when o = 0

and hence o} (b) = 0} and uy (b) = uy(b) < p°t = p™, s0 uy (b) = p. Suppose that a; = 0. Then
ua(b)p'u (B)ur (B)p™ =) = us(b)us (b)p™ = mod p™.

Thus 0 (b) = 0o} and u1(b) = p mod p°1. Since 1 < p < p° and 1 < uy(b) < p°t, we deduce that uy(b) = p.
Finally, assume that a1 = 03 +ny — ng + 0] — 05 < 02. Then 0}, > 0] + n; — ny and hence o # 0, by
Lemma 4.2 (1). So p | y1 and thus By = 0 mod p™. Hence

us (D)ur (B)p™ =P =y (b)uy ()™ — qua(b)p™ O toxtmne

= up(b)p™ % (ur (b) — gp™)

= uy(b)p™ % pmod p™.

Therefore 0] (b) = 0} and, arguing as in the previous case, we deduce again that u;
(b) Suppose now that o2 = 0 < 01. In this case we write us(b) = p + ¢p** with 1
and we choose an integer p’ with pp’ = 1 mod p™. Moreover let

b) = p.
<p<p®. Againpfp

5— 1, ifp=2and m—ny =o;
B 0, otherwise.

Then we take z1, 22,31 and ya as in Table 2. We verify now that o'(b) = o, uy(b) = 1 and ua(b) = p, so
again b € Byy.

0o =0< 0 T Y1 T2 Y2

as = 0f 1 0 0 u1(b)
ag = oh — o) + max(0,01 + ny —ny) < 01 1 0 —gpmax(mi=nz201) g (b)
as = 01 p'us(b) +6¢2m~t 0 0 u1(b)

TABLE 2. Values of z; and y; such that b= (b{'b3', b72b52) € B,t, when 0o = 0 < o0;

By (2.6), m —1 > 07 > 0 and therefore in all cases 1 = 1 mod p°*, so the conditions in Lemma 3.1 hold.
By (3.9),
xlul(b)ul(g)pm’o/l(g) = 210, (b)p™°t mod p™",
so o) = 0/ (b) and u;(b) = 1. Next we use (3.10). If ay = o}, then
ur (B)us (B)p™ %) = uy (b)us(b)p™ " mod p™,

50 05(b) = 05 and ua(b) = ua(b) = p. If az = o — 0} +max(0, 01 +na —n1) < 01 then ny > m, since otherwise
m=nj >ng =2m — o1 — 0, SO

01 <m—0] =0y—0]+01+ny—n; =az <o;.
Thus By = 0 and hence
ul(b)UQ(g)pmioé@) = 7qpmax(0,ol+ngfn1)u1(b)pmfo'l +U1(b)U2(b)pm70/2

w1 (b)(—qp™® + ua(b))p™
w1 (b)pp™ =% mod p™,
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so once more 0y(b) = o, and uz(b) = p. Now assume as = o0;. If p =2 and m — ny = 0; then, recalling that
1 < wa(r1—1) = m—oy = ny, we deduce that A = ¢2™ ! mod 2™. Moreover, o) = 04(b) = 2m—ny—0; = m.
Thus

uz (D) p ug (b)ur (b) = 2™ + uz () (p'uz(b) + ¢2™ Muy (b) = u1(b)ua(b) mod 2.
Otherwise 6 = A = 0 and again

P/ (b)ur (B)us (B)p™ =2 = uy (b)us(b)p™ = mod p™.

In both cases 05(b) = 0 and ug(b) = p, as desired.
(¢) Suppose that 0102 # 0 and let

ay = n1 —ns — max(o; — 02,05 — 0}).

Then m < ny, by Lemma 2.4 (3); ny < ny, by Proposition 2.3 (4); a; = min(0}, 02), by Lemma 4.2 (3); and
0 < min(a}, az) by the combination of Proposition 2.3 (4) and Lemma 4.2 (3). Moreover, a} = 0 if and only
if ny —ng = 0y — 0} and, in that case, as = 01 — 02 > 0. Similarly, as = 0 if and only if 0, = 0] and, in that
case, aj =nj1 —ng — 01 + 02 > 0.

Let p and ¢ be integers such that

1<p<p® and wus(b) =p+ qp*.

Define
(p+p=2,q—1), ifu(b)= gp® mod p and 0 < ay;

(R2,q2) = {

0,4), otherwise;

and
R =uy(b) — g2p™.
Finally, let Ry and ¢; be integers such that

1< R <p™ and R=R;+qp*.

As in the previous cases p 1 p.
Claim: p{ R; for i = 1,2 and if p | R then o} = 0] = 0.
Indeed, as p 1 up(b), if p | R then a} = 0 and hence u;(b) = g2 mod p. Then a; = 0 by the definition of
g2 and thus of = 0. This proves the last statement of the claim. If p | Ry then a; > 0 and hence p | R,
so also af = 0, and therefore u1(b) = g2 mod p, contradicting the definition of ¢o. Finally, if p | Ry then
up(b) = gp® mod p, a1 > 0 and ay = 0, so aj > 0 and hence p | u;(b), yielding a contradiction. This proves
the claim.
Therefore there are integers R}, R, with R;R, = 1 mod p™, for ¢« = 1,2 and if a] # 0 or of # 0 then
there is another integer R’ such that RR' = 1mod p™. Observe that us(b) = Ry + ¢op® and hence
Lug(b) = 1+ Rhgep® mod p™.
We take x1,z9,y1 and ys as in Table 3 with

5 1, ifp=2and m—ny =01 — 09;
N 0, otherwise.

In all cases it is straightforward that the conditions of Lemma 3.1 hold and that p { yo. We will prove that
o'(b) = o' and u;(b) = R; for i = 1,2. It is then straightforward to verify that b € B, because if Ry > p®2
then wuy(b) = @ modp, 0 < ar, ¢ =q—1and 1+ p® < Ry = p+p® < 2p®. Hence ay =0, so
u1(b) = ¢ mod p, and therefore Ry = u1(b) — (¢ — 1) = 1 mod p.

0102 # 0 X Y1 T2 Y2
as = 0y — 0}, a; = 0y 1 0 —Rigop™ ™ Riuq(b)
az = 05 — 0h, a1 =0} 1 0 —R'gp™ ™" R'ui(b)
as # oh — 0}, a1 = oy Suo(b) + 5qp202~1 —Rhqo — 5202101 F02 0 R/R
ag # 0y — 0, a1 = 0 | Rhua(b) + 6q22°2~1  —Rlgy — §qu2°2—1-01F02 0 1

TABLE 3. Values of 2; and y; such that b = (b{"b3',b72b?) € B,+, when 0105 # 0
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Observe that By = By = 0 because m < n;.

Assume that ay = 0y, — o). Then af = ny —ng + 03 — 01 > 0. Hence u1(b) # gop® mod p, so Ry = p
and ¢a = ¢. Then yo = Rjuy(b) mod p°L. By (3.9), ygul(E)pm_O/l(b) = ul(b)pm_oll mod p™, thus o} (b) = o}
and Rlul(b)ul(b) = u1(b) mod p°1. This implies that Ry = u1(b) mod p°t. Hence, as 1 < Ry < p° and
1 < up(b) < p°, we deduce that ul( ) = R;. Moreover, by (3.10),

Y2z (0)p™ =) = wyuy (b)p™ 2T 4 gy (b)p™ % mod p™.
Substituting x2 and y» by their values in Table 3, and multiplying both sides by R; if a; = 02 and by R if
a; = o), we obtain that

ul(b)uQ(B)2m*"/2@) = —qgul(b)pm*"/l + uQ(b)ul(b)pm*O/2 mod p™
that is, -

ug(g)pm*";(b) = (—qap™ + uQ(b))pm*O/2 = Rop™ % mod p™
Therefore 0 (b) = 0 and uy(b) = Rs.
Otherwise 0 < ag = 01 — 02 < 04, — 0} and a)j = ny — na + 0] — 05. In particular, ay < 0}, and 0} < of — 1.

Thus §2m°1+t°2~1 = 0 mod p™. We consider separately the two options for §.
Suppose that § = 0. Then A = 0 and by (3.10)

Yo Rhua (b)us (5)p™2®) = yayus(b)p™ % mod p™

Hence 0y(b) = 04 and uz(b) = Ry mod p®2. Moreover 1 < Ry < 2p® < p® and 1 < uy(b) < p°2, so
uz(b) = Ry. Furthermore, by (3.9),
Rlyus (b)y2u (B)p™ v ® = Ryus (b)uy (b)p™ " — Rhgous (b)p™ %2 +™ "2 mod p™
hence
(5.1) Youq (B)pm_"ll(b) = (uy1(b) — quall )pm_",1 = Rpm_",1 mod p™
If @y = 0y then 0] > 02 > 0, so pt R, by the Claim. Then (5.1) takes the form
R Ruy (b)p™~ o1(®) = Rp™m=°1 mod p™.
If ay = o} then R= Ry + qlpo,l, so (5.1) takes the form
Uy (E)pm_oll(g) = Rlpm_oll mod p™.
In either case 01(b) = o} and uy(b) = Ry mod p°1; thus, as Ry < p™ < p°t and uy(b) < p°, we conclude
that u;(b) = Ry. _
Finally assume § = 1, i.e., p = 2 and m — na = 01 — 02. Then ny = 2m — 01 — o, = 2m — 01 — 04(b), by

Lemma 2.4 (3), so 0 = 04(b) = m — 0. Since 0 < 01 — 0z < 0 — 0}, m — 0} + 0y — 1 > m. Furthermore, by
Proposition 2.3 (4), m — 1 — 01 + 03 + n1 — ng > m. Thus congruence (3.9) implies

Rhyus (b)yauy (b)2m 1) Rlyus (b)uy (b)2™ % — Rhqaus(b)2m 02 +m—n2
= Rhus(b)2" " (ug (b) — q22)
= R,Ruy(b)2™° mod 2.

Hence ygyl(5)2m_oé@ = R2™° mod 2™ and arguing as in the previous paragraph we obtain again that
oy = 0j(b) and ui(b) = Ry. On the other hand as + ne — 1 = m — 1 and, as p = 2 and m > 2, by
Corollary 2.5 (2), n2 + 04, —2 =2m — 01 — 2 > m. Thus

A = (Rhua(b) + q22°/2’1 — 1)yp2m2~1
= (Rhga2"2 + qo2% V)yp2me !
= y2R/2q22a2+n271 4 y2q22n2+o'272
= 2™ 1 mod 2™
Moreover 458¢22%2 =129 = ¢,2"~1 mod 2. Hence, by (3.10),
Rhyuz(b)youa ()2 = 3221 + 212u2(5)2" ) = yous(b)2™° mod 2.
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So arguing as in the previous case one obtains that uz(b) = Ry. This proves (i).

Proof of (ii). Take b € By, and b € B.. such that u(b) < u(b). Then 0}(b) = o}(b) and b; = b¥bY [by, by]*
for some integers z;,y;,2; satisfying the conditions in Lemma 3.1 and congruences (3.9) and (3.10), for

i =1,2. We will prove that u(b) = u(b) by considering three cases. ~
(1) Suppose first that o7 = 0. Then ay = 0 and w;(b) < p*. Thus 1 = ug(b) = uz(b) and 1 <

up(b) < up(b) < p*. If ag = 0 then 1 = wuy(b) = uy(b). Assume otherwise. As a1 < 0y, Lemma 3.1
yields y1 = yo — 1 = 0 mod p*, so By = 0 mod p@tm—1 TIn particular, B; = 0 mod p™, and hence (3.9)
implies u1(b)x1 = x1u1(b) mod p**, while 1 = x1y2 — x2y1 Z 0 mod p, so u1(b) = u;(b) mod p*. Therefore

(2) Assume now that oo = 0 < 0;. Then a1 = 0 and ny < n; by Proposition 2.3 (4). Moreover,

(uz(b), u1(b)) <iex (u2(b),u1(d)), ua(b) < p*? and wui(b) = 1. Hence it suffices to prove that us(b) = ua(b).
Moreover p™ax(er,n1=n2) | ., We assert that A = By = 0 mod p™ or ay < 0. Otherwise, p = 2 and, by
the definition of ag, we conclude that o < o;. If A # 0 mod 2™ then 0 < 0 = m —ng = —m + 01 + 0,
by Lemma 2.4 (3), so 01 < m = 0}, < o1, a contradiction. If By Z 0 mod 2™ then m = ny and 0 < 07 <
va(22) < ny —ng, by Lemma 3.1. Thus, again by Lemma 2.4 (3), 01 < m —ny = —m + 01 + 0}, yielding the
contradiction m < o5 < 0; < m. This proves the assertion. If A = By = 0 mod p™ then dividing by pm_",2 in
(3.10), with the help of Lemmas 3.1 and 4.2, the reader may verify that us(b)ys = yousa(b) mod p°2 and hence

also uz(b)y2 = yaua(b) mod p2. Otherwise, p = 2 and 0 < ag < 04 and hence m — oh, < min(va(A), v2(B2)).

Thgs the same argument shows tha‘g us(b)y2 = youa(b) mod p*2. Since yo = x1y2 — x2y1 Z 0 mod p,

uz(b) = ua(b) mod p®2, so usz(b) = ua(b) as desired.
(3) Assume that 0109 # 0. By Lemma 3.1,

01—02 !, ni—ng
) )

ry=142)p Ty = THp y1 = -] —yp®,  yp=1—mpp™ RO L yipo2,

for some integers x/, x4, y] and y5. By Proposition 2.3 (4),
0 < min(02,01 — 02,11 — N2 + 02 — 01),

so clearly p f x1y2 and, by Lemma 4.2 (3), a3 = min(0},02). Moreover, by Corollary 2.5 (4), m < nq, so
By = B2 = 0. Thus (3.9) and (3.10) take the forms

ur (B) (1(1 + 4p™) + whp™ "2 7002 (1 p? — 1)) = myus (b) — (2] + yip™ Jua(b)p™ "% mod p*
Apolfm + ua (D) (yg + 2 p> % (1 + y5p°?) + x'zyipm*"’””) = ul(b)fzz’ﬂv"'f"l1 + uz(b)y2 mod p"'?.

The congruences imply respectively that

= wup(b) mod p

min(a,a})
b

u1(b)
Ap®2™™ 4 yyuy (b) = youz(b) mod p*.

Suppose that us(b) # uz(b) mod p®. Then p®* + Ap®2~™ and hence p = 2 and m — ny = 01 — 0y > 0. Thus
2m — 01 — 04 = na, by Lemma 2.4 (3), so 02 + 0, = m and hence

ag <01 —03<m—1—o0y =04 —1.

As 2™~ | A, it follows that 292 | A2°2=™  a contradiction. Therefore, us(b) = us(b) mod p®2. If a; < a)
then ny —ng + 0} — 0h # 0 or a; = 0 and hence 1 < u;(b) < p%. Therefore ua(b) = ua(b) and uy (b) = uy(b),
and we are done.

So we can assume aj < a;. Fix integers A\; and A such that u;(b) = wuy(b) + A1 p® and uz(b) =

uz(b) + Aap®2. So the congruences above can be rewritten as
wr (B) (™ 7ot ™ — 1) g™ ) = = (i ()™ mod i,
and

ApPT T ug(B) (#p™ T (1 yhp™) Hahyp™ T = g (D)ahp™ T 4 yadg mod p 7O
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Note that o] —a} < 04 — ag, since a} — ag = Ny —ng + 03 — 01 + 0] — 05 > 0 — 0},. This, together with
a} < a; = min(og,0}), 01 —as > 09 and ny —ng — ag = ny —ny —min(o; — 0g, 05 — 0}) > a} > 0 implies that

b ! ’ / ’ ’
_ul(b)zépn17n2701+o2fa1 = (1 + xflpmfoz)/\l _ x/lu2(b)pnlfn2+olfo2fal mod p™ 91,
7 ’ ’ ,
u2(b):€'1p017027a2 = ul(b)xép%*m*az + (1 o Iép”1*”2+02*01)>\2 mod pal*‘h.
If ag = 01 — 02, then aj = ny — nz + 0} — 03, and

—ug (B)whp® = = (14 2{p” )\ — 2 ua(b) mod p» 4,

up (b)), = uy (b)alp®2 1 —01H02 4 (1 — ghp™ "2 F02=01) X, mod p™ %1,

By subtracting the second congruence from the first and simplifying, we obtain that
0= (A — Ao)(1 + 2 p”—92 — ghp™ "2~ 01H02) od p™ 1,

Similarly, if as = 05, — 0} then a] =ny —n2 + 03 — 01, so

—ur(B)zh = (1+pP o)A — 2up (B)p™ 4% mod p %,

ws (B)ach p? ~ 5 = g (B + (1 — ahp™ ) Ag mod p* 7%,

and consequently once again

0= (A1 — A2)(1 + & p =% — ghp™ "2~ o1+02) mod p™ %,

In either case A\{ = A3 mod p“l_all. Fix an integer ¢ such that Ay = Ay + qlpal_“ll.

Moreover 1 < us(b) < us(b) < 2p®2 and, as ug(b) = ua(b) + Agp®? it follows that Ao € {0,1}. We claim

that Ao = 0. Otherwise 1 + p®2 < uy(b) < 2p®2, 1 < ug(b) < p*2, Ay = 1 and u1(b) = 1 mod p. Therefore
condition (2) holds, and hence wu;(b) = u1(b) + Ao + q1p® = u1(b) + 1 mod p. Therefore u;(b) = 0 mod p,
contradicting p t u1(b). Therefore Ay = 0, s0 ua(b) = uz(b), p™~* | A and uy(b) = uy(b) mod p*, which

implies that u;(b) = u1(b) because 1 < uq(b) < uq(b) < p*. O

Lemma 5.2. Suppose that o1 = —1 and let b € B... Then b € B, if and only if at least one of the following
conditions holds:

(1) oo =—1 or m < ns.

(2) o) =0 and either oy =0 or oo + 1 # na.

(8) 0y =1, 00 =0 and ny —ny < 01.

(4) ua(b) <2m7.

Proof. By Proposition 2.3 (1) and Lemma 2.4 (4), of < 1 and uy(b) = 1 for each b € B.. Also by
Lemma 2.4 (4), if 0o = —1 or m < ng then o5 < 1 and ua(b) = 1 for each b € B].. In that case
B! = B4, so we shall assume otherwise, i.e., 0o = 1 and ny < m. Then, once more by Lemma 2.4 (4),
ny =m —oh+1 < mand us(b) € {v,v+2m""2}, where v is the unique integer satisfying 1 < v < 2m~"2
and v(1 4 2m=2171) = —1 mod 2m~"2.

We argue as in the proofs in Section 4: we use several b = (b7'by" [ba, b1]*, b72by? [ba, b1]*2) € BL. to compare
u(b) and u(b) with the help of (3.14). We use Lemmas 3.1 and 4.3 to verify that the different b constructed
belong to B... Moreover, b € B,; if and only if us(b) < uz(b) for every b € B.. Observe that (4) is equivalent
to uz(b) = v and in that case obviously us(b) < us(b). Thus we may assume that uz(b) # v and we must
prove that uy(b) = uz(b) for every b € B.. if and only if either (2) or (3) holds.

Suppose that us(b) = uz(b) for every b € B... We consider separately the two possible values of o). Firstly
assume that of = 1. If o = 0 < 01, n; = 0y + 1 and ny = 1 and we take b = (b}anl,bfolbg) € B,
then o} (b) = 0} (b), by Lemma 3.6 (2), so b € B, by Lemma 4.3 (2), and (3.14) yields the contradiction
2"~ = (0 mod 2™, since A = B = 2™~ !, Therefore 01 +1 < ny, 0 < 09, 0 =0 or 1 < ny. Then B =0. If
01 = 0 then take b = (by,b3 " by); if 0o = 0 < 01 < ny — ny then take b = (by, b3 “by), and if 0105 # 0
then take b = (by, 2" "2bL=2" " ") In each case b € B. by Lemma 3.6 (2) and Lemma 4.3 (2) and
A =0mod 2™, so congruence (3.14) yields again the contradiction that 2™~ = 0 mod 2™. Therefore oy = 0
and n; —ng < 01, so condition (3) holds. Next suppose 0] = 0. Then 01 +1 # n; and B, = B.. by Lemma 4.3.

The former implies that B = 0. Suppose that o; + 1 = ny and 0; > 0 and take b = (b%*?Olw2 ba, b2). By
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Proposition 2.3, 0; # 03 and hence b € B... Moreover, A = 2™~! so (3.14) yields once more the contradiction
that 2! = 0 mod 2™. Therefore 0; = 0 or 0y + 1 # na, so condition (2) holds.

Conversely, assume ug(b) # uz(b) for some b € B,;. Therefore uz(b) — uz(b) = 2™~"2 and we must prove
that neither (2) nor (3) holds. Suppose that o] = 1, o2 = 0 and n; — ng < 0;. In particular 1 < ng, by
Corollary 2.5 (2), and 2"t~ "2F1 | 25 by Lemma 3.1, so A = B = 0. Moreover, n; —ns + 1 < 01 < va(x2),
by Lemma 3.1, and therefore 252™m~°1+72=m1 = ( mod 2. Thus (3.14) yields the contradiction 2m~1 =
0 mod 2™. Suppose that 0] = 0, and either 0oa + 1 < ny or 03 = 0. This implies that A = 0. Since 0] = 0
and m > ng, Lemma 4.3 yields 01 + 1 # ny. Thus B = 0. Hence once more (3.14) implies the contradiction
that 2m~! = 0 mod 2™. O

6. PROOF OF THE MAIN THEOREM

By the arguments given in the introduction, the map associating inv(G) to the isomorphism class of a
finite non-abelian 2-generator cyclic-by-abelian group G of prime-power order is well defined and injective.
So to prove our main result it is enough to show that the image of this map is formed by the lists satisfying
the conditions in the Main Theorem.

We first prove that if G is a finite non-abelian 2-generator cyclic-by-abelian group of prime-power order
and

. / /
an(G) = (p,m,nl,ng,al,ag,01,02,01,02,u1,u2),

then the conditions in the Main Theorem hold. Condition (1) follows from the definition of p,m,n; and
ny. Conditions (2), (3) and (4) follow from the definitions of ¢; and w; and from (2.6) and Corollary 2.5.
Condition (5) is a consequence of Proposition 2.3.

To prove (6) and (7) we fix b € B,, which exists by Proposition 2.3 (5) and the definition of B,;. Then
o, = 0i(b), u; = u;(b). Suppose that 01 = 1. Then (6a) follows from Proposition 2.3 (2) and Corollary 2.5 (3),
and (6b) from Lemma 2.4 (3). Furthermore, (6¢), (6d) and (6e) follow from Lemma 4.2, and (6f) and (6g) from
Lemma 5.1. This proves condition (6). Suppose now that o3 = —1. Then (7a) follows from the definition
of o1 and Corollary 2.5 (1). Suppose that oo = 1. Then ns < np, by Proposition 2.3 (2). Therefore
(7(b)i) follows from Corollary 2.5 (5a) and Lemma 4.3 (1); and (7(b)ii) follows from Corollary 2.5 (5b),
Lemma 4.3 (2) and Lemma 5.2. Finally, (7¢) follows from Corollary 2.5 (1) and Lemma 4.4. This proves
condition (7).

To complete the proof we need the following lemma, where for integers m and n with n > 0, |™*] and
[m],, denote, respectively, the quotient and the remainder of m divided by n.

Lemma 6.1. Let M, Ny, No,rq,79,t1,t2 be positive integers satisfying the following conditions:

(6.1) N = 1mod M,
(6.2) t;r; = t; mod M,
(6.3) S(r1|Ni) = t1(1—r3) mod M,
(6.4) S(ra| N2) = ta(r1 —1) mod M.

Consider the groups A = (a) and B = (by) x (ba) with |a| = M and |b;| = N; for i = 1,2. Then there is a
group homomorphism o : B — Aut(A) given by a®®) = a™ and a 2-cocycle p: B x B — A given by

p(BTIBY BP2bY?) = Q52 S(rle2)S (ralyn)Hearyt TV HITE2 |ty | M2 |
for b71bY € B with 0 < z; < Ny and 0 < y; < Na, fori=1,2.
Proof. The only non-obvious statement is that p satisfies the cocycle condition: namely,
(6:5)  p(bibg By - p(b{b, BEUbY) = p(b T BEEbY) - p(b by b by )7 ()

for b0y € B with 0 < z; < Ny and 0 < y; < Na for i = 1,2,3. To prove (6.5) we first make several
observations.
Let n be a non-negative integer. A case-by-case argument shows that if 0 < z; < n for ¢ € {1,2,3} then

(6.6) {[zl + 22]n +ng N rl —|—ng _ {zl + [z +2:3]nJ N r«g +ng |

n n n n



24 OSNEL BROCHE, DIEGO GARCIA-LUCAS AND ANGEL DEL RiO

We also observe that

[NL;J_l ) N;—1 N LLJ [TL]N,
S(ri|n)= TgNi rf+rilwi ZTf
=0 k=0 k=0
and hence from (6.1)
(6.7) S(ri|n)= L?\;J S(ri | Ni) + S (r; | [n]n,) mod M.

Arguing by induction on n, congruences (6.3) and (6.4) generalize to

(6.8) t1 = tiry +S(ra|n)S(r1 | Ny) mod M,

(6.9) to tor? —S(r1 | n) S (re | Na) mod M.
Let

R=r$S(ry | x3) S (ra | y2) + 18278 (ra | 1)S (r1 | [v2 + 23]w,)
R =rPrfS (ry | 22) S (ra [ y1) +75°S (r1 | 23) S (r2 | [y1 + v2]w,),

T, = tlrgz-l-y:; (T’gl \‘1'1 + [I2 +I3]N1J i \‘1’2 + I’gJ) ’

N, N,
) + 22N, + 23 1+ T2
T — ¢, pY1ty2tys [371—1 T+ T2
1 179 ]\/v1 + ]\[1 )
Y1+ [y2 + y3] N, Y2+ Y3
Ty =t
2 2 ({ N + Ny ;

+y2ln, + 3 T
= (| P o 252
2 2 N2 1 NQ

Then (6.6), (6.8) and (6.7) imply

T1I = t1r§’1+y2+y3 <\‘x1 + [x2 +x3]NlJ + \‘l'? + -TgJ)

N1 Nl
= T1 + tlT’gQJr% (Tgl — 1) \va + mSJ
Ny
_ y2+ys To + 23
=T —ry" " PS(ra [ y1) S (1 | N1) N
1
1—T

58 (ra | 1) S (11 | o + x3) + 75278 (ro | 11) S (r1 | [w2 + x3]w, ) mod M.
Similarly, (6.6), (6.9) and (6.7) imply
T3 =Ty +r3°S (r1 | 23) S (r2 [ y1 +y2) —r8°S (r1 | 23) S (r2 | [y1 + y2]n,) mod M.

Therefore
T/ +Ty+R —R=T, —rP S (ry | 1) S (1 | w2 + 3) + To + 1528 (1 | £3) S (72 | y1 + y2)
FrPrPTES (ry | @) S (ra | y1) — r82S (11 | 23) S (r2 | y2)
=T =TS (r2 | 11) S (r1 | @) = v eS8 (ra | 41) S (1 | 2)
+ T+ 188 (r1 | 23) S (ra | y2) + 1§78 (r1 | 23) S (r2 | y1)
PP TRS (| 22) S (r2 [ 1) = 1828 (r1 [ w2) S (ra | y3)
=1T1 + 715 mod M,
which implies (6.5). O
We are ready to finish the proof of the Main Theorem. Let I = (p,m,n1,ns, 01,032,071, 02,01, 05, U1, us)

satisfy conditions (1)-(7) in the Main Theorem. We prove that I = inv(G) for some finite non-abelian
2-generator cyclic-by-abelian group G of prime-power order. Let 1,72 be as in (1.1) and ¢; = uipm_"; for
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i = 1,2. Then, by conditions (2), (4), (6b) and (7), the congruences (6.1)-(6.4) hold for M = p™ and
N; = p™i. Using the notation of Lemma 6.1, consider the group extension

1-A—-G—B—1

realizing the action ¢ and the 2-cocycle p. That is, G is generated by a,b; and b2, and these generators
satisfy the relations a” = a’#, [ba,by] = a and bY * = a', because p(ba, b1) = a, p(b;, b)) = 1if k < p™ and

p(b;, bfnl*l) = a'. This implies that G is the group given by the presentation in (1.4). From now on, the
notation for B and its variants refers to this group. Observe that b = (by,bs) € B, 0(b;) = o; and o(b;) = o;
for i = 1,2 by the definition of the r;’s. Moreover, o' (b) = (0}, 05) and u(b) = (u2,u1), by the definition
of the t;’s. Also, b satisfies the conditions in Lemma 2.2, as the parameters satisfy conditions (6a), (7b)
and (5). Then b € B’ and therefore 0o(G) = (01,02,01,02). Hence b € B, by the definitions of r; and t;.
Using Lemma 4.2 if o1 = 1, or Lemmas 4.3 and 4.4 if o7 = —1, it follows that b € B/, since the parameters
satisfy conditions (6¢), (6d) and (6e) if o3 = 1, and otherwise they satisfy conditions (7b) and (7c). Finally,
Lemmas 5.1 and 5.2 yield b € B,, since the parameters satisfy conditions (6f), (6g), (7b) and (7c). Therefore
inv(G) = I, as desired.

7. IMPLEMENTATION OF OUR CLASSIFICATION

In this section we present some GAP [GAP22] functions dealing with finite non-abelian 2-generator cyclic-
by-abelian p-groups. The related code is available at [BCGLAR22].

The function CbA2GenByOrder (p,n) constructs the list of all 12-tuples inv(G) with G a finite non-abelian
2-generator cyclic-by-abelian group of order p™. For example, there are exactly 273 and 100 isomorphism
classes of such groups of order 2!° and 30, respectively.

gap> 11:=CbA2GenByOrder(2,10);;12:=CbA2GenByOrder(3,10);;
gap> Length(11);Length(12);

273

100

We select the groups G and H with the following invariants:

gap> 11[210];12[92];
[ 2, 5’ 3’ 2, _1’ 1’ O, 1’ 1’ 4, 1’ 7 ]
[ 3’ 3’ 5’ 2’ 1’ 1, 2, 1! 1’ 2’ 2’ 1 ]

By (1.1), (1.3) and (1.4)
G = <b17b2 ‘ a = [bg,bl],a,25 = 1,ab1 = ail,abz = a1+247b%3 = a24,b%2 = CI,7.2>

and
3 q 5 _:2 a2 .9
H= <b1,b2 | a=[ba,b1],a® =1,a" =a'"3 a" = a3 =a®* 03 = a? ‘5>.

CbA2GenPcp(x) constructs a power-conjugate presentation [HEOO05, Section 9.4.1] for the group G with
x = inv(G).

gap> G:=CbA2GenPcp(11[210]) ;DG:=DerivedSubgroup(G) ;;0rder(DG) ;
<pc group of size 1024 with 10 generators>

32

gap> AbelianInvariants(G);NilpotencyClass0£fGroup(G);

(4, 8]

6

gap> H:=CbA2GenPcp(12[92]) ;DH:=DerivedSubgroup (H) ; ; Order (DH) ;
<pc group of size 59049 with 10 generators>

27

gap> AbelianInvariants(H) ;NilpotencyClass0fGroup (H);

[ 9, 243 ]

4

gap> StructureDescription(G);

"C8 . ((C32 x C2) : C2) =C32 . (C8 x C4)"



26 OSNEL BROCHE, DIEGO GARCIA-LUCAS AND ANGEL DEL RiO

gap> StructureDescription(H);
"C81 . (C27 : C27) = C27 . (C243 x CO"

InvariantsAndBasis(G) takes as input a finite non-abelian 2-generator cyclic-by-abelian p-group G and
outputs a pair (inv(G), [b1, b2]) where [by, ba] is an element of the set B,; of G, so G = (b1, be) and by and bo
satisfy the relations of (1.4). The function Invariants(G) only outputs inv(G).

gap> ib:=InvariantsAndBasis(G);
[[2,5,3,2,-1,1,0, 1,1, 4,1, 7
gap> bl:=ib[2]1[1];; b2:=ib[2][2];; a :=
gap> Order(a);

32

gap> a"bl=a"-1 and a"b2=a"(1+274) and b17(273)=a"(274) and b2~ (272)=a"(7*2);
true

gap> Invariants(H);

[3,3,5,2,1,1,2,1,1,2,2,1]

1, [ f1*£f3xf5, f4 ] ]
Comm(b2,bl);;

AreIsomorphicGroups (G,H) decides whether two finite non-abelian 2-generator cyclic-by-abelian p-groups
G and H are isomorphic by comparing inv(G) and inv(H). If so then IsomorphismCbAGroups(G,H) returns
an explicit isomorphism.

gap> G:=SmallGroup(278,465);

<pc group of size 256 with 8 generators>
gap> inv:=Invariants(G);

[2,4,2,2, -1, -1,0,1,0,0,1, 11
gap> H:=CbA2GenPcp(inv) ;

<pc group of size 256 with 8 generators>
gap> ArelsomorphicGroups(G,H);

true

gap> IsomorphismCbAGroups(G,H);

[ f1, fixf2 ] -> [ f1, 3 ]

gap> K:=SmallGroup(278,532);

<pc group of size 256 with 8 generators>
gap> ArelsomorphicGroups(K,H);

false

gap> Invariants(K);

[2,2,5,1, -1,1,0,0,1, 2,1, 1]

DescendantsCbA2Gen(p,n) computes representatives of the isomorphism classes of finite non-abelian
2-generator cyclic-by-abelian groups of order p™, using the p-group generation algorithm [O’B90] as imple-
mented for GAP in [GNOH22].

gap> x:=DescendantsCbA2Gen(2,10);;
gap> Length(x);
273

CheckNumber (p,n) and CheckIsoClasses(p,n) compare the outputs of CbA2GenByOrder (p,n) and
DescendantsCbA2Gen (p,n), returning true if they agree. More precisely, CheckNumber (p,n) returns true
if the outputs of CbA2GenByOrder(p,n) and DescendantsCbA2Gen(p,n) have the same cardinality. The
output of CheckIsoClasses(p,n) is true when the list obtained by applying Invariants to the list
of groups given by DescendantsCbA2Gen(p,n) coincides, possibly up to reordering, with the output of
CbA2GenByOrder (n,p).

The following calculation demonstrates the correctness of the Main Theorem for a certain range of values.
It is a costly calculation, which for large values requires 8Gb of memory. We have verified that the output
is true up to the following orders: 22, 31 510 79 118 137 and 238.
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gap> CheckIsoClasses(2,12);

true
gap> CheckIsoClasses(3,10);
true
APPENDIX A. THE OPERATORS S(— | —) AND 7 (—,— | —)
Here we prove some useful properties of the operators S (— | —) and 7 (—, — | —) defined at the beginning

of Section 2.

Lemma A.1. Let x and y be integers and let a,b,c and d be positive integers.

a, ifx=1;
1 S - a
(1) Sala) {xm_117 otherwise.

(2) S(x|1+a)=14+28(z]|a).
(8) S(x|ab)=8(x]|a)S(z*|b).
(4) (& =T (z,1]a) =8 (z|a)—a.

Proof. The first three properties are obvious. The fourth holds since

(:L'fl)T(z,l|a):(zfl)ini:i(azjfl):S(x|a)fa. 0
j=11=0 j=1

Lemma A.2. Let p be a prime integer and let s and n be integers with n > 0 and s = 1 mod p.
(1) If p is odd, or p=2 and s = 1 mod 4, then vy(s" —1) = vy(s — 1) +v,(n). Therefore v,(S (s | n)) =

vp(n) and opn (s) = pmaxOn—vp(s—1)),

(2) If p=2 and s = —1 mod 4 then
1 if 24 m;
w1 = (" F24m
va(s + 1) + va(n), otherwise;
0, if 21n;
v (s |m) = rafn
va(s+ 1) +wva(n) — 1, otherwise;

and if n > 2 then oan(s) = gmax(1l,n—vz(s+1))
3) If v,(s — 1) = a and either n or n — 1 is a multiple of p*~® then
P

0 mod 2™, ifp=2,a=1<m, andn =0mod 2™ 1;
S(s|n)= 1 mod 2™, ifp=2,a=1<m, and n =1 mod 2™ !;
n+2""1mod 2™, ifp=22<a<m andn#0,1mod2m 21
n mod p™, otherwise.
Proof. (1) is clear if s = 1 (with the convention that oo +n = 0o and n — 00 = —oo < 0) so suppose
that s # 1. Then S(s|n) = S;L:f? and hence v,(S (s | n)) = vp(s™ — 1) — vp(s — 1). Thus, to prove (1) by

induction on v,(n), it is enough to show that if p { n then v,(s" —1) = v,(s—1) and v, (s? —1) = v,(s—1) +1.
Let a =vy(s —1). So s =1+ kp® with p{ k. Then

s" =1+ knp® + Z (n) k'p' = 1 + knp® mod p**t.

i
i=2

Thus, if p { n then v,(s™ — 1) = a. Moreover s# = 1+ kp®*t + 37 , (P)kip™®. If 2 < i < p then

vp((%)p™) =1+ ap > a+ 2. In particular, if p # 2 then v,(s? — 1) = a+ 1. If p = 2 then s = 1 mod 4, by

hypothesis. Therefore a > 2 and hence 2a > a + 1 and 5% = 1 + k2%+! + k2229 = 1 + k2%+! mod 2972, So,

in both cases v,(s? — 1) = a + 1, as desired.

The hypothesis s = 1 mod p implies that o,n(s) = p™ for
m =min{i >0 : s*' =1 mod p"}=min{i >0 : vp(spi —1)>n}

=min{i >0 : i+vy(s—1) >n}=max(0,n —vp(s—1)).
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(2) The argument above shows that in general v,(s™ — 1) = vp(s — 1) if p { n. In particular if 2 { n then
va(s" —1) = va(s—1) = 1, and consequently v3(S (s | n)) = v2(s™ —1) —va(s—1) = 0, because by assumption
s = —1 mod 4. Since s> = 1 mod 4, if 2 | n then (1) yields

va(s" — 1) = wa((sH) 2 — 1) = wa(s? +1) + 2 (g) =vg(s+1)+va(s—1)+ve(n) — 1 =wvy(s+ 1)+ va(n).

The assertions about v2(S (s | n)) and ogn(s) follow as in the proof of (1).

(3) The statement is clear if @ > m so we assume that a < m.

Suppose first that either p is odd or ¢ > 2. In that case, by (1), opm (s) = p™~* and thus the multiplicative
group (s) generated by s in Z/p™Z is formed by the classes represented by the integers of the form 1 + ip®
with 0 <7 < p™~®. Thus

p'lilf(l_l p'filfa_l
S(slpm™) = (L+ip") =p™ =" +p* Y i
— i=0
m—a 1)pm—a
= pmfa +pa (p 5 )p
= pmeg (pm " —1)p™
2
| p™ % mod p™, if p # 2
= gm=a 4 9m=1 1164 2™ otherwise.

Recall that s* = s/ mod p™ if i = j mod p™ . Thus S (s | bp™ %) = bS (s | p™~*) mod p™ for each integer
b. Therefore, if p™~* divides n then

S(s|n)= S(sp™™)

n mod p™, if p#£2;
N+ smea 271 mod 2™, ifp=2;

pmfa

equivalently

S(s|n) n+2m" 1 mod 2™, if p=2andn#0mod2m ¢t
s|n)=
n mod p™, otherwise.

If n =1 mod p™~® then s" ! =1 mod p™, and the previous statement for n — 1 yields

n+2""tmod 2™, if p=2andn#1mod2m !,

n mod p™, otherwise.

S(s|n):S(s|n—1)+5”_1E{

Now consider the case p = 2 and @ = 1. If m > 2 then S(s|2™7!) = (1 + 5)S (s* |2™72). Let
b=wy(s+1). Asa=1,b>2and vy(s> — 1) = b+ 1 > 3. Applying the results above for s> and 2™~ 2 in
the roles of s and n respectively, we deduce that S (52 | 2"‘_2) = 22 mod 2™. In particular, 22 divides
S(s?]2m72). As 4| (s+ 1) we deduce that S (s | 2™~) = 0 mod 2™. Arguing as above, we deduce that if
2m=1 divides n then S (s | n) = 0 mod 2™. Applying this to n — 1 we deduce that if n = 1 mod 2™~! then
s" 1 =1mod 2™ and S (s | n — 1) = 0 mod 2™. Hence

S(s|n)=8(s|n—1)+s""'=1mod 2™, O
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In the proof of the following two lemmas we will use the following equality:

-1
T (s,t|p"t) = Z st = pz Z sitd

0<i<j<pntit k=0 kpn <i<(k+1)p",
i<j<pntl

p—1

= E s't! + g s't
k=0 \ kpn<i<j<(k+1)pm kpn <i<(k+1)p™,

(A1) (k+1)pn<j<pnt?

p—1

— § gkp" kp § st +8kp t(k+1)p § ’ gt
k=0 0<i<j<pn 0<i<pn,0<j<p™ (p—k—1)

p—1
=S (0" D) T (s, | ") + 7S (s | ) 3 ST HS (¢ | p (0~ k= 1))
k=0

Lemma A.3. Suppose that s =t =1 mod p and n is a positive integer. Then

0 mod p", ifp#2;

T(s,t]|p") =
(s,t 1) {2"‘1m0d2”, ifp=2.

Proof. We argue by induction on n with the case n = 1 being obvious. Suppose that the statement holds for
n. Observe that s?" = t*" =1 mod p"*!. Moreover, by Lemma A.2 (3), S (s | p*) =S (¢t | ip") = 0 mod p".
Hence, by (A.1), T (s,t|p"™) = pT (s,t|p™) mod p"™'. By the induction hypothesis, if p # 2 then
T (s, t | p") is a multiple of p™ and hence T (s, ¢ | p"™) = 0 mod p"*!. If p = 2 then T (s,t | 2") = 2"~ 4a2"
for some integer a and hence 7 (s,¢ | 2"*1) = 2" mod 2" O

Lemma A.4. Let m be a positive integer, and let s1,ss be integers such that s1 = —1 mod 4 and so =
1 mod 2. Denote 04 = max(0,m — va(s1 + 1)) and 03 = max(0,m — va(se — 1)). If n is a positive integer
such that max(01,02) < n —1 then T (s1,s2 | 2") = 2"~ mod 2™.

Proof. We proceed by double induction, first on m and then on n. As s; = so = 1 mod 2,
T (51,82 ]2") =T (1,1]2") =2""! mod 2

for every n. Now assume that both m > 2 and the induction hypothesis holds for m — 1 and proceed
by induction on n. If n = 1 then 07 = 05 = 0, so s = —1 mod 2™ and s; = 1 mod 2™, and hence
T (s1,82|2) = T(=1,1]2) = 1 mod 2™. Assume that both n > 2 and the induction hypothesis holds
for n — 1. Observe that the hypothesis max(01,02) < n — 1, combined with Lemma A.2, implies that
s2"' = 52" =1 mod 2™. This and (A.1) yield

T (s1,82]2") =2T (31,52 | 2"_1) +S (31 | 2"_1) S (52 | 2"_1) mod 2.
By Lemma A.2,

va (S (81 \ 2”71) S (82 | 2"71)) > (S (51 | 2"71)) +l=n—1+4wv(s1+1)>n—14+m—oy,

which is at least m by hypothesis. Hence T (s1, 82 | 2") = 2T (51, s9 | 2”‘1) mod 2™. If max(01,02) <n—1

then we can apply the induction hypothesis (on n) to deduce that T (s1,s2 | 2"71) = 2772 mod 2™, and the
result follows. Thus we can assume max(01,02) =n — 1. Write m =m — 1,

01 = max(0,m — va(s1 + 1)) = max(0,01 — 1)
and

09 = max(0,m — va(sy — 1)) = max(0, 05 — 1).
As max(01,02) =n —1> 1, max(61,02) = n — 2, so by the induction hypothesis (on m) T (51, S2 | 2”‘1)
2""2 mod 2™~ . Hence T (s1,s2 | 2") = 2T (51,82 | 2"7') = 277! mod 2™.

O il
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