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Abstract

We investigate the group of automorphism Aut(QG) of a rational group algebra QG of a finite
metacyclic group G by first describing the simple components of the Wedderburn decomposition
of QG and then investigating when two of these simple components are isomorphic.

The aim of this paper is to compute the group of automorphism Aut(QG) of a rational group
algebra QG of a finite metacyclic group G. Aside of the interest of understanding Aut(QG) as an
important invariant of the QG, another motivation is the connection of the group Aut(QG) with
Zassenhaus conjectures [3, 15].

To describe the group of automorphism of a finite dimensional semisimple algebra A one can

proceed as follows. Assume that A = [[, A% where Aq,..., A, are non-isomorphic simple

7 )
algebras. For every ¢ = 1,...,n consider the symmetric group on k; letters acting on Af" by
permutation of the components and let Afi x Sk, be the corresponding semidirect product. Then

Aut(A) ~ [T, Aut(A;)* x Sy,. Moreover if A is simple then Aut(A) fits into an exact sequence
1 — Inn(A4) 5 Aut(4) 5 (Aut(Z(A)); A) — 1

where Inn(A) denotes the group of inner automorphisms of A; Aut(Z(A); A) is the group of auto-
morphisms of the centre Z(A) of A that fix the class of A in the Brauer group of Z(A) and ¢ and
r are the inclusion and restriction maps respectively [8]. Moreover, if A = QG is a rational group
algebra of a finite group G then Aut(Z(A4;) : A;) ~ Gal(Z(A4;)/Q(&m,)) where m; is the Schur
index of A4; and &,,,, is an m;-th primitive root of 1 (see [8] for the last isomorphism and [2] for the
existence of a primitive m;-th root of unity in Z(A;)). Therefore computing Aut(QG) for G a finite
group reduces to the following two problems:

Problem 1: Compute the Wedderburn decomposition of QG.

Problem 2: Recognize the components of the Wedderburn decomposition of QG that
are isomorphic.

*The second and third author have been partially supported by the D.G.I. of Spain and Fundacién Séneca of
Murcia



Although this method is present in previous works [3, 4, 6], the only non abelian groups for
which precise information on Aut(QG) is known are metacyclic groups of type Cy, : Cp with p
prime [6]. The obstacle relies in the difficulty of solving Problems 1 and 2. We quote the following
from [6]: “In order to generalize the results of the above metacyclic groups (that is for n prime)
to the class of general metacyclic groups, we need an algorithm means to determining the entire
collection of non-abelian simple components that would appear. This appears to be a complicated
process to work out for a general m and n.” In this paper we solve completely Problem 1 for
arbitrary metacyclic groups and provide information on Problem 2 for metacyclic groups of type
Cpm @ Cpg, where p and ¢ are two, non necessarily different, primes. In the way we also solve an
error in [6]. This paper of Herman has been the main source of ideas.

1 Notation and Preliminaries

In this section we establish the basic notation of the paper and show the main tools to be used.
We start with the following notation where r and m are coprime integers, p is a prime integer, G

is a group, H is a subgroup of G, R is a ring and E/F is a cyclic field extension of degree n with
Gal(E/F) = (o).

om(r) = multiplicative order of r module m.
v, = p-adic valuation.
(X) = group generated by X C G.
G’ = commutator of G.
Ng(H) = normalizer of H in G.
Z(R) = centre of R.
R* = group of units of R.
Aut(R) = group of automorphisms of R.
Rx] G = Rx*G = crossed product over G with coefficients in R, action o and twisting 7 [12].
(E,0,a) = Ex{o)=FE[u:u"=a,u 'zu=o0(z),(z € E)] = cyclic algebra over F [13, 14].
Ng/p = mnorm map of the extension E/F.
Nip = Ngw(E).
&n = complex m-th primitive root of unity.
Qm = Q(fm)
or = automorphism of Q,, given by o,(&,,) =&, (ged(m,7)).
Um,r,s) = (Qm,or,&;,), with mls(r —1).

We write H < G (resp. H <G) to mean that H is a subgroup (resp. normal subgroup) of a group
G.

It is well know that two cyclic F-algebras (E,0,a) and (E,0,b) are isomorphic as F-algebras
if and only if b/a € Ni/p [13, 14] and that (F,o,a) is split if and only if a € Np /- Rather than
comparing cyclic algebras as F-algebras we need to compare them as rings. That is the use of the
following Lemma. The notation R ~ S for R and S rings (or algebras) means that R and S are
isomorphic as rings (not necessarily as algebras).

Lemma 1.1 Let E/F be a finite cyclic field extension of degree n, Gal(E/F) = (o) and a,b € F*.

1. If ged(k,n) =1 then (E,0,a) and (E,d",a") are isomorphic as F-algebras. In particular, if
(k,om(1)) =1 then U(m,r,s) ~U(m,r*, ks) as central simple algebras.



2. Every automorphism 7 of E extends to a ring isomorphism (E,0,a) ~ (E,7"to1,7(a)) (not
necessarily of F-algebras). In particular, if gcd(m, k) =1 then U(m,r,s) ~U(m, 1, ks).

3. If there is a ring isomorphism f : (E,o0,a) — (F,0,b) and a ring automorphism g of (E,o,a)
such that f(x) = g(z) for every x € F then b/a € N g

4. (E,0,a) ~ My,(F) if and only if a € NE/F if and only if (E,0,a) and M, (F) are isomorphic
as F-algebras.

5. If E/Q is an abelian extension then (E,o0,a) ~ (E,o0,b) if and only if there is an automor-
phism f of F such that b/f(a) € N(E/F).

6. Assume now that (E,o,a) has index m and it is a simple quotient of a rational group algebra
of a finite group. Then &, € F. If there is a ring isomorphism f : (E,o0,a) — (E,0,b) such
that f(&m) = &m, then b/a € NE/F.

Proof. 1 is well known. To prove 2, notice that there is a unique ring homomorphism f :
Elui|u} = a,uj *zu; = o(z)(z € E)] — Elug|ul = 7(a),u; 'zuy = 77 'o7(x)(z € E)] that extends
7 and f(uy) = ug and f is obviously a ring isomorphism.

3. Just use that fg~! is an isomorphism of F-algebras.

4. Is a consequence of 3 and the obvious fact that every automorphism of F' extends to an
automorphism of M, (F).

5. Assume that F/Q is an abelian extension and let f : (F,0,a) — (F,0,b) be a ring isomor-
phism. Then the restriction of f to [’ extends to an automorphism ¢ of E. By 2, g extends to an
isomorphism ¢ : (E,0,a) — (E,0, f(a)), since Aut(E) is abelian. Then h = gf~!: (E, 0, f(a)) —
(E, 0,b) is an isomorphism of F-algebras and so b/ f(a) € N}, /P by 3. Conversely, assume that there
is an automorphism of f of E such that b/f(a) € N p- Then (E,0,b) ~ (E, o0, f(a)) ~ (E,0,a),
by 2.

6. The existence of a m-th primitive root of unit in F' is proved in [2]. Let f : (E,0,a) — (E,0,b)
be an isomorphism. If f(&,,) = &y, then the restriction of f to F' extends to an automorphism of
(E,o,a) [8] and 3 applies. i

We recall the following lemma for future use.

Lemma 1.2 Let m,r,n,s,t,z,y and z integers such that ged(r,m) = 1.
1. If m|n then there exists an integer j relatively prime with n such that r = 7 mod d.

2. If f is the smallest positive divisor h of x such that ged(xz/h,y) divides z then every prime
L . . o y
divisor of f is also a prime divisor of EIEamE
3. If n = on(r), t|ged(s,n) and m|$(r — 1) then the Schur index U(m,r,s)) divides n/t.

Proof. 1 is very easy to proof.

2. Let p be a prime divisor of f and d = gcd(%,y). Then v,(z) < min{v,(z),v,(y)} and
up(f) = vp(@) — vp(2). Thus vp(F) = vp(2) < vp(y) and hence vp(d) = vp(z) < vp(y). We conclude
that p divides 4.

3. The degree of A = U(m,r,s) is n and the assumption m|;(r — 1) implies that §Z{t € Z(A).
Then ff,?/t = NQm/K(éfr{t) and hence U(m,r,sn/t) is a split algebra. Thus the index of A is a
divisor of n/t (see e.g. [14, Theorem 32.19]). 1



1.1 Primitive central idempotents

In this subsection we recall some results from [11]. Throughout G denotes a finite group. If
H <K <@ then let K = ﬁZkeKkEQK and

K if K=H
K,H) = o~
(K, H) { [Tar/u(H — M) otherwise

where, in the last product, M/H runs through the minimal non trivial normal subgroups of K/H.
Finally let (G, K, H) denote the sum of the different G-conjugates of (K, H) in QG.

Theorem 1.3 [11] If G is a metabelian finite group and A is a maximal element of {B < G :
B is abelian and G' < B} then the primitive central idempotents of QG are the elements of the
form e(G, K, H) for (K, H) pairs of subgroups of G satisfying the following conditions:

(1) K is a maximal element in the set {B < G: A< B and B' < H < B} and
(2) K/H is cyclic.

If (K, H) is a pair of subgroups of G satisfying conditions (1) and (2) and e = e¢(G, K, H) then
QGe ~ M, (Qx * N/K) where N = Ng(H), n =[G : N|, k = [K : H] and if aH is a generator
of K/H and g,h € N, then o(gK) = & if g'agH = a'H and 7(gK,hK) = §£ if [9,h)H = o/ H
(Remark: N/K is abelian [10].)

In Section 2 we are going to use Theorem 1.3 to give a precise description of the primitive
central idempotents of QG for G a finite metacyclic group. We will need to decide when two pairs
(Hy, K1) and (Hy, K1) of subgroups of G satisfying conditions (1) and (2) of Theorem 1.3 give rise
to the same primitive central idempotent, i.e. e(G, K1, H1) = e(G, K2, H2). In order to deal with
this problem it is better to consider a more general class of pairs of subgroups.

A Shoda pair of G is a pair (K, H) of subgroups of G such that H < K, K/H is cyclic and if
g€ Gand [K,g)NK C H then g € K. If (K, H) is a pair of subgroups of G satisfying conditions
(1) and (2) of Theorem 1.3 then (K, H) is a Shoda pair of G. If H <K < G then (K, H) is a Shoda
pair of G if and only if the induced character Y& in G of one (resp. any) linear character y of K
with kernel H is irreducible. In that case there is a (necessarily unique) rational number « such
that ae(G, K, H) is a primitive central idempotent of QG and if A is an irreducible character of G
then A(e) # 0 if and only if A is the character of G induced by a linear character of K with kernel
H [11]. Using this and [5, Theorem 45.6] it is easy to prove the following proposition.

Proposition 1.4 Let (K, H1) and (K2, Ha) be two Shoda pairs of a finite group G and let oy, g €
Q be such that e; = c;e(G, K, H) is a primitive central idempotent of QG fori =1,2. Then ey = ey
if and only if there is g € G such that K{ N Hy = H{ N K.

1.2 Finite subgroups of division rings

A finite metacyclic group of type C,, : C,, is a group having an normal cyclic group of order m and
index n or equivalent a group given by the following presentation

Gmrms = (a,b] a™ =1,b" = a®, b tab = a") (1.1)
for m,r,n and s satisfying the following conditions:

m|r" —1, m|s(r—1). (1.2)



Our second tool is Amitsur’s classification of the finite subgroups of division rings. In this
section we collect the ingredients of this classification which are useful for us.

Theorem 1.5 [1] A finite metacyclic group G is isomorphic to a subgroup of a division ring if
and only if there are relatively prime integers m and r such that G ~ G ppns and U(m,r,s) is a
division ring, where n = op,(r) and s = m/ged(m,r — 1). Moreover if m,r,n and s are as above
then U(m,r, s) is a division ring if and only if one of the following conditions holds:

(A) ged(n,s) =1, and hence ged(m,r —1,s) =1,
(B) va(n) = va("2) =1, 2 < wa(m) < wa(r + 1) and ged(n, s) = ged(m,r —1,5) = 2 and 2%|r +1;
and one of the following conditions holds,
1. n=ged(m,r —1) =2 and m|r +1,
2. for every prime divisor q of n there is a prime divisor p of m such that q { oy, (r) and either
e p#2 and ged( 7’6771):1 or

9 ged(m,r—1)
e p=q=2, (B) holds and m/4 =6 =1 mod 2,

where § = om,(p)a/om,(r) being m, = m/p**™) and a is the minimum positive integers such
that r* = p* mod m,,, for some x:

Corollary 1.6 Let m be an odd positive integer and r and s positive integers such that m|s(r —1).
1. If o (r) is odd, then U(m,r,s) ~U(2m,T,s).

2. IfU(m,r, s) is a division ring then oy, (r) is odd.

Proof. 1. The degree of U(m,r,s) is n = oy, (r). Thus if n is odd then U(m,r,s) ~U(2m,1,2s) ~
U2m,r,s), by Lemma 1.1.

2. Assume that D = U(m,r,s) is a division ring and let n = 0y,(r). The group G = Gy s
is a metacyclic subgroup of the group of units of D and hence G has an irreducible character
whose degree coincides with the degree of D as a Z(D)-algebra which is precisely n. By Theorem
1.5, G ~ Gy na,s; fOr my,r1,nq and s; satisfying the conditions of Theorem 1.5. In particular
mn = |G| = min; and G has a abelian normal subgroup of index n;. By Ito’s Theorem [7, Theorem
6.15] the degree of every irreducible character of G divides n;. In particular n|n; and hence mq|m.
If n is even then m; and r; do not satisfy the conditions of Theorem 1.5. Indeed, since m; is odd
condition 1 does not hold. Furthermore if we take ¢ = 2 and p is a prime divisor of mq, then

t = ged(mq,r; — 1) is odd and hence péT_l is even so that condition 2 does not hold too. 1

2 The Wedderburn decomposition

In this section G = Gy s, @ metacyclic group as in (1.1). Since G is metabelian, Theorem 1.3
applies to describe the simple components of the Wedderburn decomposition of QG. In this section
we are going to give a more precise description in terms of some lists of integers. In order to state
the main theorem of this section we need to introduce the following notation:



Given a divisor d of n, a divisor v of m and an integer ¢ we set

Gd <(I, bd>a
mg = ged(r? —1,m),
By = {(v,i,c) € Z3:0 < vlmg,0 < dc|n, and v|s + i},
oy = 0y(r),
¢, = smallest positive divisor h of Jt such that ged(v, n/ho“) divides s,
Ny = O:LC'U ’
D, = gecd(ng,v),
n, = 1
v, = o
i, = an arbitrary integer satisfying v|s + i,n,
Ovi = Oy/ged(vyi) and
Hyiqa = {(a®a'b?).

By (1.2) for every v|m and k € Z one has s + i,r*n, = (5 4+ i,n,)r* = 0 mod v and therefore
V) ip(r? —1). Let
iy(rF —1)

/
U’U

Oy =
For every a = (v,j,t) € Z3 such that 0 < v|m, 0 < t|n, and j € Z let

Z(a) = 1,t + ’U}j, €a = Ey,jt = G(Ga Gova Hv,i(a),ovcvt) and Sa = v, gt — QGea-

Finally set

Amrns = { (v,4,t) € Z3 0<wvlm, 0<tln, 0<j< D, and ged(v,j,t)= 1} )

Now we can state the main result of this section that will be proof at the end of the section.

Theorem 2.1 Let G = Gy yrn,s be the group given by the presentation (1.1), with m,r,n and s
satisfying conditions (1.2) and A= Ap rns-

1. The primitive central idempotents of QG are the elements of the form e, with a € A.
2. Ifa; = (Ul,jl,tl),ag = (’l)g,jg,tQ) € A then

€a; =€y & VI =2, t1 =12 and j2= jlrk + agyt1 mod Dy, for some k € Z.

3. Ifa= (v,j,t) € A and i = i(a) then there are exactly o,; elements a’ € A such that eq = €,
namely the elements of the form o' = (v, ji,t), with 0 < k < 0,;, where jj is the remainder
module D, of jr* + Qg ot

4. Ifa = (v,j,t) € A andi = i(a) then there exist integers vy, c1,i1 and i’ satisfying the following
conditions
i'iy =1 mod cyt. (2.3)

Vv +cicpt =1+ 111 and

Moreover,

Sa = QGeq ~ M, ,(U(veyt, 1 + crept(r® — 1), i'viv — 7)),

for every list of integers vy, c1,i1 and i’ satisfying (2.3).



The next lemma provides information on the groups of the form Gy and H, ; 4.

Lemma 2.2 1. The subgroups of G containing (a) are the groups of the form Gg with d|n.
2. If d|n then G/, = (a™"~1) = (a™d).
3. Go,, is a maximal element of {A < G : A is abelian and G' < A < G}.

4. If dn, v|mg and i € 7 then H, ;4 = {a’b* : d|k and j = i% mod v}. Moreover if v|s + i%
then Hy; 4N (a) = (a¥) and Ng(Hy,;q4) = G

Oy,g°

5. Two subgroups of the form H,;q with 0 < d|n, 0 < vlmq and v|s +i% are equal if and only
if the v and d parameters are equal and the i parameters are congruent module v; that is if
0 <djln, 0 <vjlma; andij € Z (j =1,2) then

Hv17i17d1 = H1,27Z'2’d2 <~ V1 = Vg, d1 = d2 and 11 = 19 mod V1.

6. If dn then the subgroups of G4 containing G'; are the groups of the form H, ; 4. with (v,i,c) €
By.

7. Let (v,i,c) € By and H = H, ; 4c. Then G4/H is cyclic if and only if ged(v,i,¢) = 1. In that
case there are integers vy, cy,1, and i satisfying the following conditions:

viv+cic=1+i1i and i1 =1 modec (2.4)

If vi,c1,i1 and i’ is a list of integers satisfying (2.4) then x = a“'b¥ H is a generator of
Gq/H, (namely aH = z¢ and b*H = 2"'"1v—7),

8. Let d|n and assume that (v,i,c) € By and ged(v,i,¢) = 1. Then G,, is the unique mazimal
element of {B < G : G,,, < B,B' < H,; 4. < B}. Assume that d = o, and let vi,c1,41 and

i’ be integers satisfying conditions (2.4). Then
QGG(G, Gova Hv,i,ovc) ~ M,

Oy,4

(U(ve, 1+ cre(r® — 1), i'viv —4)).

Proof. 1, 2 and 3 are obvious.

4. Set H = H, ;4 and K = {a’b* : d|k and j = i% mod v}. By using that v|mg|r? — 1 one
deduces G, = (™) < (a”) < H and one can easily prove that K is a subgroup of G. Then H < K
because a’,a’b? € K. Thus to prove that H = K one can assume that K is abelian by factoring
out by G/. If d|k and j = is mod v, then a/b* = aj_ig(aibd)k/d € H. This proves that H = K.

Assume now that v|s +i%. If € H N (a) then z = a/b* for j and k integers such that n|k

and j = z'% mod v. Then z = a/**% and Jj+ s% = (i% +s) ¥ =0 mod v. Thus z € (a’) and this

proves that H N (a) = (a"). !

Since G, < H < G4, Ng(H) > G4 and hence Ng(H) = G, for some divisor ¢ of d. In particular
a normalizes H and, since (a) is normal in G, if x is a divisor of d then H < G, if and only if
a™ b = b=*a'b%*® € H if and only if a’"" 1) = ¢ p¢ (a"bd)i1 € H if and only if v|i(r* — 1) if and
only if ¥ =1 mod v/ ged(v, ) if and only if o, ;|x. Therefore t = o,;.

5. It follows from 4, by noticing that H,; 4 N (a) = (a¥) and H,; 4/(a") is cyclic of order n/d.

Notice that if d is a divisor of n then G4 is a metacyclic group and therefore to prove 6 and 7
one may assume without loss of generality that G = G4, that is d = 1.

6. From 4 one deduces that if (v,i,¢) € Bi(= By) then G' = (a™) C (a”) < H,; .. Conversely,
let H be a subgroup of G containing G’. We want to show that H = H,; . for some (v,1i,c) € Bj.



Factoring out by G’ one may assume that G is abelian. Let H N (a) = (a), with v a divisor of m.
Then H/(a") ~ H{a)/{a) < G/(a). Since G/{a) is cyclic of order n and it is generated by b(a),
H{a)/({a) is cyclic generated by b°(a) for some divisor ¢ of n. Then there is ¢ € Z such that H/(a") is
generated by a’b(a’) and hence H = (a’, a’b®) = H, ;.. Finally, (a'0°)c = a**'% € HN (a) = (a”)
and therefore v|s 4 i%.

7. Let (v,i,¢) € Bi(= Bg) and set H = H, ;.. Then G/H has the following presentation:
{a,bla’ = 1,b° = a’,ba = ab). The order of G is vc and, by the classification of the finite abelian
groups, its period is ve/ ged(v, i, ¢). Thus G/H is cyclic if and only if ged(v,i,c) = 1.

Assume that ged(v,i,¢) = 1. By Lemma 1.2, there is i1 € Z such that and ged(i1,¢) = 1 and
i1i = —1 mod ged(v,¢). From this the existence of vy, c1,4 € Z satisfying (2.4) follows.

Now assume that v1,c1,41 and i’ are integers satisfying (2.4) and let x = a® b¥"H, a1 = aH and
by = bH (remember that we are assuming that d = 1). Thus a} = a%b§ = 1 and = = a{'b"'. Having
in mind that G/H is cyclic one has

¢ __ ccrpcty _ cci—ity _  1—viv
¢ =ai by =aj =a =a

and, if ¢ +#'iy = 1, then

i'viv—i i'(1—c1c)—i(1—7i"i1)

(] s ocrs (4] ic! -/ /
. — _ g —clilertic) _ aill bllzlal (i'ertic’) _ bzlu—i-cc — by
This proves that z is a generator of G/H.

8. Let d|n and (v,1,¢) € By. Set H = H,; 4. and
X={B<G : G,,<B, B'<H<B}

Since oy |0, Go,, < G,,. Moreover, since v|mg, one has o,|d and therefore

G, =(a"""1<(a") <H<Gy<G,,.

This proves that G,, € X. Let B € X. Since G,,, < B then B = G; for some divisor ¢ of oy,.
Thus B = ("' ~') € HN (a) = (a). This implies that v|rf — 1 and then o,|t which implies that
B = Gy C G,,. We conclude that G,, is the unique maximal element of X.

In the remainder of the proof we assume that d = o, and set z = a®b% H. By 4, N = Ng(H) =
Gy, where 0 = 0, ;. Thus [G : N] =0, |Gy : H] = vc and N/Gy is cyclic of order d/o, generated by
b°H. By Theorem 1.3, QGe(G, Gg, H) ~ M,(Qyu 7 N/K) where o and 7 are given as in Theorem
1.3. Since N/Gy is cyclic, Qu x7 N/K is a cyclic algebra U(vc,u,t), where v and t are integers
satisfying (bH) °z(bH)° = z* and (b°)¥/°H = z*.

Using 7 one obtains (b°)%°H = b*H = z7*1*~" and

(bH)_"x(bH)" — b ogct bdilbOH — aclrobdilﬂ' — :Ccclro—l-il(i’vlv—i)

cey (r°—1)+ce1 —i1i+i1i’ viv 14ce1 (r°—1)+viv(ind’ —1) ml—i—ccl (re—1),

= X =T

where the last equality is a consequence of the fact that 14’ =1 mod ¢ and x has order ve. Thus
one can take u =1+ ccy (r° — 1) and ¢ = i'viv — i as wanted. |

Now we show some relations on the numerical information attached to the group G.

Lemma 2.3 Let v be a divisor of m, t a divisor of nl, and i an arbitrary integer.

1. ged(%,v) = D, and therefore v|s + % if and only if i = iyt + v, j for some j € Z.



2. If v|s +in, then ged(i, c,) = 1, or equivalently ged (i, + v, j,¢,) = 1, for every j € Z.
3. Every prime divisor of ¢, is also a prime divisor of v),.
4. If j € Z and i = it + v} j then

ged(v,i,¢0t) =1 & ged(v,i,t) =1 < ged(v,j,t) = 1.

Proof. 1 is obvious.

2. Let h = ged (4, ¢y). Then v]s—i—%?v/;’}“l and hence ged(v, ZU/;;;)‘S By the definition of ¢, & > ¢,
and hence h = 1.

3. Is a particular case of Lemma 1.2 for z = J, y = v and z = s.

4. Since ged(v, 7,t)| ged (v, 4, t)| ged(v, i, ¢pt), we only have to prove that ged(v, j,t) = 1 implies
ged(v, 4, cpt) = 1. By means of contradiction assume that ged(v,j,t) = 1 and ged(v, 4, ¢pt) has a
prime divisor p. We claim that p divides ¢. Indeed, otherwise p divides ¢, and hence p divides
vl, by 3. This implies that p divides i,t and hence p|ged(iyt, c,) contradicting 2. So p|t and
hence p divides v]j and using that p divides v and ged(v,t,j) = 1 one deduces that p divides
vy, Therefore v,(v) > v,(Dy) = vp(52), by 1. Thus wvy(t) > vp(ny) — vp(v). Since ¢ is a divisor

of nl,, vp(n,) > vp(t) > 0, and hence vp(n,) > vp(Dy). Thus vy(Dy) = vp(v) < vp(ny) and

vp(t) < wvp(nl) = vp(ny) — vp(Dy) = vp(ny) — vp(v) < vp(t), a contradiction. J

We have collected enough tools to prove Theorem 2.1.

Proof of Theorem 2.1. We start proving that for a; = (vq,,71,t1), a2 = (va,, j2,t2) € Z3 with
vr|m and tl|n;l (I =1,2) then e,, = eq, if and only if v; = vo, t1 = t9 and jo = jlrk—%awk mod D,,
for some k. Statement 2 is an obvious consequence of this.

Set iy = i(a;), dj = oy, and ¢ = ¢ty (I = 1,2). By Proposition 1.4, e,, = eq, if and only
if there is ¢ € G such that Gg, N HY = GZ1 N Hy, iy dyes = Ga N Hy, iy dye,- In such case

1yi1,dicr
(a"') = Gg, N H? N(a) = Ga, N Hy, iy doe, N (@) = (a¥?). Thus vy = vp and as a consequence

v1,i1,d1€1
di = dy and Hgl7i17dlcl = Gg, N thil,dlq = Gg, " Hy iy dies = Hypigdic,- By Lemma 2.2,
Ne(Huy iy dyer) = Go,, ;, and therefore g can be taken of the form g = b* for some 0 < k < 0y, 4, -
k .
Then Hy, ik diey = Hgl ivdie; = Huvyigdico- Applying Lemma 2.2 once more one deduces that

€1 = cg, or equivalently t; = to, and i1rF =iy mod v;. Set v = v, and ¢t = ¢;. Then v|z’1rk — iy =
ipt(r® — 1) + vl (j1r* — ja) = v (ag ot + j17* — j2) and therefore jo = jir* + ay, mod D,. The
converse follows by reversing the arguments.

1. By Lemma 2.2, A = G, is a maximal abelian subgroup of G containing G’ and the subgroups
of G containing A are the groups of the form G4 with d|o,,. Since G is metabelian, by Theorem 1.3
the primitive central idempotents of QG are the elements of the form e(G, Gy, H) with d a divisor
of o, and H a subgroup of G such that G4 is maximal element in the set Xg = {B < G: A <
B and B’ < H < B} and G4/H is cyclic. We are going to use this in the remainder of the proof
without specific mention.

First we prove that if a = (v,7,t) € A then e, is a primitive central idempotent of QG. Set
i = i(a) and H = Hy;o,c,t- Notice that (v,i,c,t) € B,, because v|my,, t|n)|n, and v|s + i%.
Therefore v|my,, ovcytln and v|s + ;2. Moreover ged(v,4,cpt) = 1, by Lemma 2.3, and hence
G,,/H is cyclic, by statement 7 of Lemma 2.2. By statement 8 of Lemma 2.2, G,, is the unique
maximal element element of Xp and we conclude that e, = e(G,G,,, H) is a primitive central
idempotent of QG.




Conversely, let e be a primitive central idempotent of QG. Thus e = e(G,Gy4, H) with d a
divisor of o,,, H a subgroup of G, G4 a maximal element of Xy and G4/H cyclic. By statement 6
of Lemma 2.2, H = H,,; 40 with (v,4,¢) € Bg and ged(v, 4, ¢) = 1. Moreover d = o,, by statement 8
of Lemma 2.2. Thus (v,4,¢) € B,,, hence v|s+i7*; and so ged(v, ;%;) divides s or equivalently c,|c,
that is ¢ = c,t for some t|n,. Thus t|n, and v|s +i%*. By Lemma 2.3, i = i,t + v,,j for some j € Z
and ged(v, j,t) = 1. Thus e = e(G, Go,, Hyiopcot) = €v,jt- If j = j1 mod D, then e = e, j, ¢+, by
the first paragraph of the proof, and ged(v, j1,t) = ged(Dy, j1,t) = ged(Dy, j,t) = ged(v, 7,t) = 1.
Thus by replacing j by its remainder module D,, we may assume that (v, j,t) € A and the proof
of 1 is finished.

3. By 2, the elements of A that give rise to the same idempotent than (v, j,t) are the elements
of the form (v,j1,t) € A with j; = jr* + ag,t mod D, for some k € Z. If i = i,t + v)j and
i1 = iyt + vl j1, then j; = j’rk + agt mod D, if and only if i = ir® mod v. Therefore there are
as many integers 0 < j; < D, satisfying j; = jr* + ay, mod D, as classes module v of elements
of the form ir*, and this number coincides with the number of classes module ged(i, v) of powers of
r which is equal to o0, ;. Moreover this o, ; classes module gcd(i, v) are realized with the exponents
0 < k < 0y; and therefore the o, ; different elements of A that give rise to e, j; are the elements
of the form (v,j1,t) with j; running on the reminders module D, of the elements of the form
gk + agot, with 0 < k < 0,;.

4. Ifa = (v,j,t) € Aand i = i(a) then (v,i,cyt) € B,, and ged(v,i,t) = 1, by Lemma 2.3. Now
statements 7 of 8 of Lemma 2.2 apply. |

3 Aut(QG) for n = pq

The aim of this section is to provide enough information to compute Aut(QG) for G = Gy s
where n is the product of two primes. The case of n being prime was considered in [6]. Unfortunately
there is an error in the main theorem of [6]. Our results will also correct this error along the way.
Following the program explained in the introduction we first have to compute simple components
of the Wedderburn decomposition of QG and then classify these simple components in isomorphism
classes. The first can be done as explained in Section 2. We are going to present a more precise
description in Proposition 3.1. Theoretically one could attack the second problem by using classical
methods including the Brauer-Witt Theorem, and methods to compute local Schur indices of cyclic
algebras and Hasse invariants. Unfortunately these methods are usually difficult to apply in concrete
examples.

Throughout this section p and g denote prime integers, not necessarily different, G = G, 1 s 15
a metacyclic group as in (1.1) with n = pg and A = A, ;. By Theorem 2.1 the primitive central
idempotents of QG are parametrized by the elements of A. We define the following two equivalent
relations in A:

ar=ay & Sg =95, and a3 ~azy & Sg ~ S,

Solving Problem 1 of the introduction for G is equivalent to describing the partition A/ = and
solving Problem 2 is equivalent to describe the partition A/ ~.

If P; and Po are two partitions of a set then we write Py < Po if Py is less or equally fine than
P,, that is if every element of P; contains an element of P,. For every d|n let Ay = {a = (v, j,t) €
A:o, =d}. Then P = {A, Ay, Ay, Apg} is a partition of A. If a1 = (v1,j1,t1), a2 = (v2, jo,t2) € A
then the degree of S, is 0,, and therefore

a] = az = ai ~ a = Oy; = Oyy-
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Thus P < A/ ~< A/ = and hence describing A/ = and A/ ~ reduces to describing A;/ = and
A/ ~ for k|pg. To avoid trivialities we do not consider k¥ = 1 and by symmetry we also do not
consider k = ¢. So in the remaining of the paper we study the partitions A/ = and Ay/ ~ for
k=p and k = pq.

31 A,/=and 4,,/=

If v|m and o, = pq then n, = 1 and therefore
Apg = {(v,0,1) : v|m,r? Z1 £ r? mod v}.

By Theorem 2.1, Ay, = A,/ =, that is the =-classes of Ay, have one element.

For every divisor v of m let [v] denote the set of elements of .4 whose first coordinate is v and
let @ = {[v] : v|m,0, = p}, a partition of A,. By Theorem 2.1, Q@ < A,/ = and thus describing
A,/ = reduces to describing [v]/ = for every v|m such that o, = p.

Fix v|m such that o, = p. A simple argument shows that

p, =] @ ifgvandgls; o [ 1 ity
1, otherwise;

and therefore
{(v,0,1), (v,0,9)}  ifgqtv
[v] =< {(v,0,1)} if glv and gt s (3.5)
{(v,7,1): 0<j < q} ifqlvandgq|s.

Let a = (v, j,t) € A, and @ the =-class containing a. By Theorem 2.1 and (3.5), if gt s or ¢ f v
then @ = {a}. Assume that ¢|s and ¢g|v. Then one can take i, = —s/q and with this choice one has
i(a) = %= By Theorem 2.1, @ has cardinality 0y.i(a), & divisor of 0, = p. Assume first that g|r —1.
Then using v|(r - 1)5 one has that o, ;) = 1 if and only if v|(r — 1)i(a) if and only if v|(r —1)2 if
and only if q| . Therefore if vg(v) < vy((r —1)s) then [v] = [v]/ = and otherwise [v] is formed
by =-classes of cardlnahty p and this implies that p = ¢, so that [v]/ = has exactly one element.
Assume now that ¢ { 7 — 1, then o, ;) = 1 if and only if v[(r — 1)i(a) = (r — 1)M if and only
if ¢ divides M =(r—1)j— # if and only if @ = (r —1)j mod gq. Therefore in this
case [v]/ = has exactly one element of cardinality 1, namely {(v,j,1)}, where j is the solution of
the equation (r — 1)X = @ in Zg. This implies that p|¢ — 1 and [v] is formed by one =-class of
cardinality 1 and qp classes of cardinality p.

The following proposition collects the information obtained about the description of A,/ = and

Apq/ =
Proposition 3.1 1. Ay, = A,/ =.
2. If ¢t s then A, = A,/ =.

3. Assume that A, # A,/ = (and so q|s). Then every =-class has either 1 or p-elements and
the =-classes with p elements are embedded in the sets of the form [v] with v|m, o, = p and
qlv.

(a) If q|r — 1 then p = q and the =-classes with p elements are the sets of the form [v] with
vlm, o, =p and vy(v) = vp((r —1)s).
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(b) If ¢+ r —1 then plg — 1 and for every vim such that q|v, [v]/ = ormed by one class
with one element, namely {(v,7,1)} with 0 < j < q and (r — ) s od q, and
(q —1)/p classes with p elements.

Now we focus on the description of the ~-classes. The Schur index of a central simple algebra A
is denoted by ind(A). The index ind(C') of an equivalence class C' of A/ ~ is by definition ind(S,),
for a a representative of C.

For every divisor v of m we choose i, as follows:

—5 if 0, = pq or q|v,q 1 s and o, = p,
iy =14 —s/q if qlv,q|s and o, = p, (3.6)
—sy ifgfvando,=p

For every subset X of A,, we set X = {v: (v,0,1) € X}. Let v € A,,. By Theorem 2.1, and
having in mind that n, = 1 and we have taken i, = —s then

Sv01~U(v,T,8).
The main result on the components of degree pq is the following.

Theorem 3.2 Assume that ¢ < p and let C be a class of Apq/ ~ with |C| > 2. Then there is an
integer d such that either C = {d,2d} with 21 d or ¢ = 2 and one of the following conditions holds:

1. C C {3d,4d,6d}, with gcd(6,d) = 1 and ind(C)|p.
2. 2p+1 is prime, 2p+ 1 1d|r — 1, ind(C)|2 and one of the following conditions holds:

(a) C C {2pd, (2p + 1)d, 3pd} with 2,p|d and if 3pd € C then 31 d. In this case ind(C) =

(b) C C {4pd, 3pd, 6pd, (2p+1)d,2(2p+1)d}, with ged(2p, d) = p # 2 and if {3d,6d}NC # 0
then 31 d. Moreover if 4pd € C' then ind(C) =

(c) C C {8d,12d,5d,10d} with p =2, ged(10,d) = 1 and if 12d € C then 3t d. Moreover if
8d € C then ind(C) =

(d) C C {9d,18d,7d,14d}, with p = 3, gcd(21,d) = 1 and if C N {18d,14d} # 0 € C then
21d.

As a consequence one obtains the following restrictions on the cardinalities of the ~-classes of

Apg.

Corollary 3.3 Let C be an isomorphism class of simple components of the Wedderburn decompo-
sition of QG rpq,s, With ¢ < p prime integers formed by simple algebras of degree pq. Then

1. |C| <5 and if ind(C) = pq then |C] < 2.
2. If either m or pq is odd then |C| < 2.
3. If m is odd and ind(C') = pq then |C| = 1.

4. If 3tm or 2p+ 1 is not prime then |C| < 3.
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5. If ged(m, 6) =1 then |C| = 1.

Before proving Theorem 3.2 we prove some lemmas which will be used to recognize isomorphic
simple components of QG. The Euler function is denoted by ¢.

Lemma 3.4 If d|v are integers then
1. ¢(v) = ¢(d) if and only either d =v or d is odd and v = 2d.
2. ¢(v) = pp(d) if and only if p =2, ged(d,§) =1 and 3 is either 3, 4 or 6.
3. ¢(v) = pqp(d) with g < p if and only if one of the following conditions holds:

(a) v =pqd and p,q|d.
(b) v=2pqd, p,q|ld and gcd(2,d) = 1.
(c) ¢ =2 and one of the following conditions holds:
(c1) v =4pd, p|d and ged(2p,d) = p # 2.
(c2) v =3pd, p|d, and gcd(3p,d) = p # 3.
(c8) v =6pd, p|d, and gcd(6p,d) =p # 2,3.
(c4) v=28d, p=2 and gcd(2,d) = 1.
(¢5) v=12d, p =2 and ged(6,d) = 1.
(c6) v=9d, p=3 and ged(3,d) = 1.
(¢7) v=18d, p =3 and gecd(6,d) = 1.
(¢8) v=(2p+1)d, 2p+ 1 prime and gcd(2p+1,d) = 1.
(c9) v=22p+1)d, 2p+ 1 prime and gcd(2(2p+1),d) = 1.

Proof. Write v = p{* - -pz’“qlﬁ1 . qlﬁl and d = p{* ---p)* withpy,...,pk,q1,. .., q different primes,
a; > > 1forevery 1 <i<kand 3 >1forevery 1 < j <1I. Then

B(v) a1—y1 ap—k B1—1 Bi—1
— . . 1) (g —1
qb(d) b1 Py q; q (Q1 ) (QZ )

and the rest of the proof is elementary. |

Lemma 3.5 Let VU{k} be a set of positive integers such that k = [Q, : NyevQy], for everyv € V
and let d = ged(V).

1. k=114f and only if |V| =1 or v is odd and V = {d, 2d}.
2. If k = p is prime then p = 2, ged(6,d) = 1 and V C {3d, 4d, 6d}.

3. If k = pq with ¢ < p prime integers then ¢ = 2, 2p + 1 is prime 2p + 1 1 d and one of the
following conditions holds:
(a) 2,p|d, V C {2pd,3pd, (2p + 1)d} and if 3pd € V then 3 1d.

(b) ged(2p,d) =p # 2, V C {4pd,3pd, 6pd, (2p + 1)d, 2(2p + 1)d} and if {3pd,6pd} NV # 0
then 31 d.

(¢) p=2,ged(10,d) =1, V C {8d,12d,5d, 10d} and if 12d € V then 3 1d.
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(d) p=3, ged(21,d) =1, V C {9d,18d,7d,14d} and if V N {18d,14d} # 0 € V then 21 d.

Proof. Note that Qg = Ny Qy .

1 and the sufficient conditions in 2 and 3 are consequences of Lemma 3.4. We have to prove the
necessary conditions of 2 and 3.

2. Assume that k£ = p is prime and let v1,v2 € V such that Q,, # Q,,. Then Q4 C Q,, NQy, #
Qu,; and hence Qg = NyeyQ,. By Lemma 3.4, p =2 and V C {3d,4d, 6d} with ged(6,d) = 1.

3. Assume now that & = pg with ¢ < p. We claim that there are vi,v9 € V such that
[Qu,;, Qu, N Qu,] = pg for i = 1,2. Otherwise for every vi,ve € V such that Q,, # Qu,, [Qy, :
Qu, N Qy,] is either p or ¢, which by case 2, should be 2. Thus ¢ = 2, Q,, N Q,, = Qg with
ged(6,d) = 1 and one can assume that v = 4d and ve € {3d, 6d}. Then there is v3 € V'\{4d, 3d, 6d}
and then [Q, : Qy, N Qy, N Qy,] = 2p for every v € V. By assumption [Q,, : Qy, N Qy,] # 2p and
hence, using 2, we deduce that [Q,, : Qy, N Qu] = 2, Qy, N Qy, = Qg with ged(6,d’) = 1 and
v1,v3 € {4d’,3d,6d'}. Thus d’ = d and this leads to a contradiction.

So let vi,va € V be such that [Q,,,Qy, N Qy,] = pg. Thus Q,, N Q,, = Q4 and the pairs
(v1,d) and (vg,d) satisfy one of the conditions (a), (b) or (c) of Lemma 3.4. This leads to a
very big list of cases that can be reduced having in mind that ged(vy/d,va/d) = 1. Obviously
{v1,v2} # {pqd,2pqd} and therefore ¢ = 2 and one of the following cases holds:

(a) {v1,v2} = {2pd, (2p + 1)d} with 2,p|d.

(b) {v1,v2} = {4pd, (2p + 1)d} with ged(2p,d) = p # 2; or {vi,v2} = {3pd, (2p + 1)d} with

ged(3p,d) = p # 3; or {vi,v2} = {3pd,2(2p + 1)d} with ged(6p,d) = p # 2,3; or {vi,v2} =
{Gpd (2p + 1)d} with ged(6p,d) = p # 2,3.

(c) {v1,v2} = {8d,5d} with p =21{d; or {v1,v2} = {12d,5d} with p =2 and ged(6,d) = 1.

(d) {v1,v2} ={9d,7d} with p = 3 1 d; or {vi,v2} = {9d, 14d} with p = 3 and ged(6,d) = 1; or
{v1,v2} = {18d, 7d} with p = 3 and gcd(6,d) = 1.

If v € V then [Q,, Q,, N Q,] is divisor of 2p and using all the previous information one easily
obtains the desired conclusion. |

Now we are ready for the

Proof of Theorem 3.2. Let C be a ~-class of Ay, with at least two elements, let V = C,
d = ged(V) and write S, = Sy 0,1 for every v € V.

We claim that the centre K, = {x € Q, : o,(x) = 2} of S, is the same for every v € V. If
v1,v9 € C then there is a field isomorphism f : K,, — K,,. Since Q,,/Q is a Galois extension, f
extends to an automorphism of Q,,. Thus Ky C Q,, and this implies that Ky C K;. By symmetry
Ky C K.

Let K be the common centre of all the S, with v € V. Then K is a subfield of index pq in Q,
for every v € C and k = [Qy : NuevQy] = is independent of v. If £ = 1 then by Lemma
3.5, V- ={d,2d} for some odd integer d.

In the remainder of the proof we are going to use several times Lemma 3.5 without specific
mention and the following argument: If vi,v2 € C and v = ged(vy,v2) then & ,&, € K C
Qu; N Qu, = Q, and hence *12[2s. Moreover if v is even, then the same argument shows that
w2,

Assume that k£ # 1. Then ¢ = 2 and hence k = 2 or k = 2p. If k = 2 then ged(6,d) = 1 and
4d € V C {4d,3d,6d}. Then 6|s (because either 3d or 6d belongs to V') and from 4d, 3d|s(r — 1)
one deduces that 6d|5(r — 1). By Lemma 1.2, if 3d € V' then ind(C) = ind(U(3d,r,s))|p and if
6d € V then ind(C) = ind(U(6d, 7, s))|p.

Pq
[muGVQu:K]
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Assume now that k = pq, and so K = Ky, so that d|r — 1. Then 2p + 1 is prime and one of the
cases (a)-(d) of Lemma 3.5 holds. We consider the four cases separately.

(a) Since 2pd, (2p + 1)d € V, one has 2p(2p + 1)|s (here we use that 2|d), and hence (2p +
1)d|5;(r — 1). We conclude that ind(C) = 1.

(b) If {3pd, 6pd} NV = 0 then 4pd, (2p+1)d € V and hence 4p(2p+1)|s and (2p+1)d|5; (r — 1),
concluding that ind(C) = 1. Otherwise V N {(2p + 1)d,2(2p + 1)d} # 0 and so 3p(2p + 1)|s and
(2p+1)d|5(r—1). If (2p+1)d € V then ind(C) = ind(U((2p+1)d,r,5))[2. If 2(2p+1)d € V then r
is odd and therefore 2(2p+1)d|2(r —1). Then we conclude that ind(C') = ind(U(2(2p+1)d,r, 5))[2.

(c) In this case p =2 and 5d € V. If 8d € V' then 20[s and 5d|§(r — 1), so that ind(C) = 1. If
12d € V then 30[s and 5d|5(r — 1) concluding that ind(C')|2.

(d) Similar arguments shows that 3|s and v|5(r — 1) for some v € V, concluding that ind(C)|2.

By Theorem 3.2 the equivalence classes of Ap,/ ~ of index pg have at most two elements and
the classes with two elements are of the form {v, 2v} with v odd. In fact if G = Gy, ;. s With m even
and n and arbitrary odd integer then for every v|m such that v is odd and o, = n then the ~-class
containing a = (v,0,1) € Ay, ,n s contains at least two elements. Indeed, o’ = (2v,0,1) € Ay s
and using Theorem 2.1 and Corollary 1.6 it is easy to see that S, >~ U(v,r,s) >~ U(2v,r,s) >~ Sy.
This contrast with [6, Corollary 3.1] which states that if n = p is prime then every non commutative
division ring appears at most once in the Wedderburn decomposition of QG. The following example
contradicts this statement: Let G = Gy, rp s with m odd and o,,(r) = p odd prime and assume that
G can be embedded in the group of units of a division ring. It is easy to construct such a group
by using Theorem 1.5 (see Example 3.11). Then QG has a simple component that is a division
ring D ~ U(m,r,s). If Cy denotes the cyclic group of order 2, then G1 = G x C2 ~ Gamry p,2s
where ry is odd and r; = r mod m. Moreover QG has two simple components isomorphic to D,
because QG ~ (QG)2. The error in the proof of [6, Corollary 3.1] relies in an error in the proof of
[6, Theorem 3] based in deducing that &5, = £3£,; is a norm from the existence of an isomorphism
(Qa,0,85;) ~ (Qa4,0,&7). This is correct if the isomorphism is an isomorphism of simple algebras
but it is not if it is just a ring isomorphism (see Lemma 1.1). In fact [6, Corollary 3.1] is quite
close to be true, namely a non commutative division ring appears at most twice in the Wedderburn
decomposition of QG p,s. This is a direct consequence of the following Theorem that can be
easily proven using Theorem 2.1 and the subsequent Lemma 3.9.

Theorem 3.6 Let G = Gy, rps be a metacyclic group with p prime. There is a one to one corre-
spondence v — S, = Sy01 ~ U(v,r,s) from X = {vlm : v {r—1} to the set of noncommutative
simple components of the Wedderburn decomposition of Qg. If vi,va € X then S, ~ S,, if and
only if ind(Sy,) = ind(Sy,) and one of the following conditions holds:

1. v1 = vg.

2. {v1,ve} = {d,2d} with 2{d.

3. ind(Sy,) =1, p =2 and either {vi,va} = {4d,3d} or {v1,v2} = {4d, 6d}.

3.3 A,/ ~

In the remainder of the paper we study A,/ ~. It is clear that the index of every C' € A,/ ~ is
either 1 or p and therefore for every a € A,, S, is either a split algebra or a division ring. The goal
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is obtaining a characterization of when two elements a1, a2 € A, are ~-equivalent. By Subsection
3.1, {ALl, Aglgp , ALI, Ai,q} is a partition of A, where

.Ajlgk = {a=(v,j,t) € Ay : qlv and 0, ;q) = k}
.A);f,k = {a=(v,j,t) € Ap:qfvandt=Fk}
In order to state the main result of this section we establish the following ordering

AP < Al < Aft < Ald.

Theorem 3.7 Let X < X5 be two elements of {AQ,AL”,A?,AL‘]} and let a1 = (v1,J1,t1) € X3
and ag = (v2, j2,t2) € Xo. Then a; ~ ag if and only if ind(S,,) = ind(S,,) and one of the following
conditions holds:

1. X1 = X9 and one of the following conditions holds:
(a) v = va.
(b) {vi,v2} = {d,2d} for d an odd integer.
(c) p=2, X1 # ALP, ind(Sq,) = 1 and {vi,v2} C {3d,4d,6d} for d an integer such that
ged(d,6) =1 and Qg ~ Z(Sq,) ~ Z(Sa,)-

2.p=2, X1 = A]‘Dp, Xy = A;(,q, ind(Sy,) = 1, vi|(r — )yq and one of the following conditions
holds:
(a) qua = 3v1 and ged(3,v1) = 1.
(b) qua = 4vy and ged(2,v1) = 1.
(c) qua = 6v1 and ged(6,v1) = 1.
(d) 2qua = 3v1 and ged(12,v1) = 2.

3. X1 = .A;l, Xo = .A;q, q|r — 1 and one of the following conditions holds:

(a) ¢ =2 and v; = vs.

(b) p =2, q =3, ind(Ss,) =1 and there is dlr — 1 such that ged(6,d) = 1, v; = 4d and
either vo = d or vy = 2d.

4. X1 = AJDl and Xy = .A;l or Xo = A;q, p=q=21s,ind(Sq,) =1 and there is djr — 1 such
that ged(6,d) = 1, v1 = 2d and vy = 3d.

5. qls, X1 = AE, Xy = A;l and one of the following conditions holds:

(a) ¢ =2 and v; = 2vs.

(b) ind(Sa,) =1, p =2 and there is d|r — 1 such that either ¢ =2, v; = 4d and vy = 3d or
q =3, v1 = 3d and vy = 2d.

6. qls,mr—1, X; = .A;'ol, Xy = .Aioq and one of the following conditions holds:
(a) v1 = qua.

(b) q# 2, {vi,qua} = {d,2d} for some 21d and either ind(Sy,) =1 or p # 2.
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(c) ind(Sy,) = 1, p = 2 and there is d|r — 1 such that ged(6,d) = 1 and either {vi,qua} =
{4d, 3d} or {v1,qua} = {4d, 6d}.

We start with a description of S, for every a € A,. By the election of i, made in (3.6), for
every a = (v, j,t) € Ap we have

%, if glv and ¢s
i(a) =it +v,j =4 —s, ifglvandqts
—syt if gt

We denote by m' the greatest divisor of m which is not multiple of g. We are going to fix integers
x and y such that
xm/ +yq = 1.

Lemma 3.8 Let a = (v,j,t) € Ay and s1 = s/¢* with k > 0 and ¢*|s.
1. If ¢gts,cq=1 mod s and a € AII,} then Sq ~U(vqg, 1+ (r —1)cg, s).

2. If q|s and a € A\pl then S, =~ U(v, r, s—qjv).

3. Ifac .Alf’ then Sg ~ M,(Qy).
4. Ifa € .A;[,l then S, ~U(v,r, sy) ~U(v,r,s1).
5. Ifa € .A;r,q then Sq ~U(vg, 1+ (r —1)yq, 1+ (s — 1)yq) ~U(vq, 1+ (r — 1)yq, 1 + (s1 — 1)yq).

Proof. We are going to use Theorem 2.1 and the notation established in it without specific
reference.

Ifae Ai,p then o,; = p and ¢,t = 1. Then v|r? — 1 =r® — 1 and so S, ~ M,(Qy).

Ifgts,cg=1 mod sand a € A]‘,l then c,t = ¢ and ¢ = —s. Let ¢; = ¢ and ¢; be integers such
that ¢c1g = 1+ 415 and set v1 = 0 and ' = —s. Then ¢y, i1, v1 and i’ satisfy the conditions of (2.3)
and hence Qe, = U(vq, 1+ (r — 1)cq, s).

Assume now that ¢|s and a € Apl. In this case c,t = 1 and therefore v; = i1 = ¢ = 0 and
¢1 = 1 satisfy the conditions of (2.3). Thus S, ~U(v,r, —i(a)) =U(v,T, S_q”j).

If ¢ v then v|m/, i = —syt and ¢,t = ¢q. Thus the conditions of (2.3) are satisfied setting
vy =(1 —H’)x’%l, c1 = (1+14)y and i1 = ¢’ = 1. Moreover 1 +cic,t(r—1) =1+ (1 —syq)yq(r—1) =
1+yq(r —1) mod vq and i'viv — i = (1 — syq)zm’ + syt mod vq.

If a € A;l then ¢ = 1 and 1+ ciept(r — 1) = 1+ yg(r — 1) = r mod v and ¢yt — i
(1 — syq)am’ + sy = sy mod v. Thus S, ~ U(v,r,sy). Moreover, since ged(q,v) = 1, S,
U(v,r, syq) ~U(v,r,s) ~U(v,r,s1), by Lemma 1.1.

Pl

Ifa € A;f,q then ¢t = ¢ and therefore i'viv —i = (1 — syq)am’ + syq = xm/ + syg =1+ (s — 1)yq
mod vq. Thus S, ~ U(vg,1 + (r — 1)yq,1 + (s — 1)yq). Finally assume that ¢|s and let | =
xm/ +y**t1q. Then ged(qu,1) = 1 and applying Lemma 1.1 we obtain S, ~ U(qv, 1+ (r — 1)yq, 1 +
(s = Dyq) ~U(qu, 1+ (r — L)yq,I(1 + (s — yq)) = U(qv,1 + (r — 1)yg, 1 + (s1 — 1)yq), because
I(1+ (s —1)yq) = y**gs = (yg)f sy =s1 =14 (s1 — 1)yg mod v and I(1 + (s — 1)yq) = xm/ =
1=1+(s1—1)yg modq. 1

The order of a complex root of unity is its order as an element of the multiplicative group
C*. It is not difficult to prove, using Lemma 1.1, that if £! and &2 have the same order then
U(U, T, 31) = Z/l(’U, r, 52)'
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Lemma 3.9 Let Ay = U(my,r1,s1) and Ay = U(ma,re,s2) be cyclic algebras of degree p and
assume that my; < ms.

1. If Ay ~ As then one of the following conditions holds.

(a) mi = my.
(b) mq is odd and mg = 2m;.

(¢) p =2 and there is an integer d such that gcd(6,d) =1, r; =ry =1 mod d and either
{m1,ma} = {3d,4d} or {mi,me} = {4d,6d}. Moreover in this case ind(A;) = 1.

2. Assume that r1 = 1o, &L and E7 have the same order, and either my = my or my and p

are odd and mo = 2my then Ay >~ As if one of the following conditions holds:

(a) ind(A;) = ind(Ag).
(b) S1 = S§9.

Proof. 1. Let K; be the centre of A; (i =1,2). If f: Ay — As is an isomorphism then f induces
an isomorphism f : K; — K. Since Qp,,/Q is a Galois extension f extends to an automorphism
of Qp,. Thus Ko C Qpy, NQuyy, and [Qp, = K] = [Qn, : Ki] = p = [Qu, : Ko]. Similarly K is
a common subfield of index p in Qy,, and Qp,,. Thus [Qp, @ Qm, N Qny] = [Qmy @ Qumy N Q]
and this number, denoted k, is either 1 or p. By Lemma 3.5, if £ = 1 then either m; = mq or
mq is odd and my = 2my and if Kk = p then p = 2 and there is an integer d such that either
{my,ma} = {3d,4d} or {mi,mo} = {4d,6d}.

In the latter case Qp,, N Qp, = Q¢ = K1 = Ko and therefore r; =1 mod d. If m; = 4d then
r; = —1 mod 4 and if m; = 3d or 6d then r; = —1 mod 3. By changing r; and ro if needed
one may assume that 1 = ro, denote r to this number, and hence r = —1 mod 12. By means of
contradiction assume that A; is a division ring, and hence so is Ay. By Corollary 1.6, m; and mo
are even and therefore m; = 4d and mo = 6d. Since A; is a division ring, &oq = —&4 & N&mi/(@d.
However &5 = &, € Némi/(@d, and therefore —1 ¢ N&mi/(@d, Ay ~ U(4d,r,2) ~ U(4d,r,2d) =
(Q24,0r,—1) and Ap ~ U(6d,r,3) ~ U(6d,r,3d) = (Qgg,7,—1). On the other hand, Ay can be
rewritten as (Qgq, 07, —1) = (Quq,0,, —3). Now we use statement 6 of Lemma 1.1. First notice
that A; and As are simple quotients of rational group algebras. Indeed, A; is a simple quotient
of QGy4q,r22 and Az is a simple quotient of QGeq,23. If f : A1 — Ay is an isomorphism then
f(&) = f(=1) = -1 =¢&. Thus 3 = (-3)(-1)"! ¢ NG,/ We are going to see that this leads
to a contradiction. Using Theorem 1.5 one deduces that 04(2) and o04(3) are odd. Let f = 04(3),
p a prime of Qg above 3 and ¢ a prime of Q4q above p. It is well known that f is the residue
class degree of p relative to the extension Q;/Q [9]. Since f is odd, the residue class degree of ¢
relative to the extension Quq/Q is 2f and this shows that the completion F' of Qg at p (resp. the
completion E = Fi] of Q44 at ¢) is the unique unramified extension of the completion of Q at 3,
of degree f (resp. 2f). Since the value of 3 at p is 1 and [E : F] = 2, one has that 3 ¢ NE/F [14,
Theorem 14.1] and so 3 ¢ N Qa? which is the contradiction searched.

2. Assume that the conditions of 2 holds. If s; = so then Ay ~ As by Corollary 1.6. Assume
that ind(A;) = ind(Asg). If mq is odd then U(mq,r,s1) = U(2m1,7,2s1) and 53;21 = {1 have the
same order. Therefore it is enough to prove the statement under the assumption that m; = mao,
denote this number by m. The centres of A; and Ay are equal (call it K') and hence the statement
is obvious if A; and Ay are split. So assume that A; and As are division rings. By Lemma 1.1,
a; =& & N, /5 while al e Ng,. k- By assumption (a}) = (ab) and therefore if the order of a}
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is w then a; and ay have order pw. Thus there exists ¢ coprime with pw such that ag = a. By the
Chinese Remainder Theorem one may assume that ged(¢, m) and so Ay ~ Ay, by Lemma 1.1. |

Before proving Theorem 3.7 we need one more ingredient that is of interest in itself.

Proposition 3.10 Letv a divisor of m such that o, = p and C = [v]NX with X € {A}}, ALP, Aﬁ}, ALq}.
1. One of the following conditions holds:

(a) All the elements of C' are ~-equivalent.

(b) p=yq, qr—1, 1 < vy(v) < vy(s), X = .Ajlgl, C = [v] and is formed by exactly two
~-classes C1 and Cy: C1 = {(v,k,1)} where s = vk mod qgcd(s,v). Moreover S, is
split if a € C7 and S, is a division ring if a € Co.

2. Assume that q|s, q|v, m is even and v is odd.

(a) if 2 # p # q then all the elements of [v] N Aﬂ and [2v] N AL} are ~-equivalent.

(b) If p = q then there is a bijection f : [2v] N .Ajlpl — [v] N .AJUI such that a ~ f(a) for every
a € [2v].

Proof. 1. Assume that C'/ ~ has at least two elements. By Proposition 3.1 and Lemma 3.8,

X = AL,I, qls, qlv and ¢|r — 1 and therefore C' = [v]. If p # g and a = (v,j,t) € C then using

Lemma 1.1 one obtains S, ~ U(v,r,s; = %) ~ U(v,r9,s), that is all the elements of C' are

~-equivalent, a contradiction. Thus p = ¢ and the degree of S, is p = ¢ and &7 = &2, does not
depend on j. By Lemma 3.9, the cardinality of [v]/ ~ is at most two (and so it is exactly two) and
[v]/ ~ is formed by a class of split algebras and another of (isomorphic) division rings.

] s—vj\ P s—vj
Let 0 < j < psuch that S, j1 ~ U(v,r, S;UJ) is not split. Since &5 = <§v P ) = Ng, /(&7 ),

—vj

where K denotes the centre of S, ; 1, if w is the order of £, then the order of & * is pw. Therefore
(&pw) NN*, = (&), because [(&w) 1 (§pw)] = p. Hence, if d = ged(v, s) then S, ;1 is split if and

WK
s—vk
only if (& * ) = 1 if and only if v\%% if and only if s = vk mod pd, if and only if § = 7

mod ¢. Since [v]/ ~ has two elements then 3 is not a multiple of ¢, that is v(v) < v4(s), and

therefore there is exactly one k € Z, for which S, ;1 is split.

2. Assume that the conditions of 2 holds. Since v is odd then ¢ # 2 and hence v,(v) = v4(2v).
By Proposition 3.1, [v] N .,4;‘)1 and [2v] N .Ai,l have the same cardinality (g, if g|r — 1 and vy(v) <
vg((r—1)s), 0if glr — 1 and 1 if v4(v) < ve((r — 1)s)). Moreover, if a; = (v, j1,1) € [v] N ALI and
az = (2v,j2,1) € [2v] N .A,Ll then Sy, ~U(v,r, %) and Sq, ~U(v,r, H%)

(a) If 2 # p # q then Soy ;1 ~ U2v,19,s) =~ U(v,1%,s) ~ Sy j,1, for every 0 < ji < g, by
Corollary 1.6.

(b) If p = ¢ then the map f : [2v] — [v] given by f(2v,j,1) = (v, j1, 1) where j; is the remainder
of 25 module ¢ satisfies statement (ii) by Corollary 1.6. 1

Proof of Theorem 3.7. Write S; = S,,. If a1 ~ a3 then ind(S;) = ind(S2). So in the remainder
of the proof we assume ind(S7) = ind(S2) = 1.

We first show that a; ~ ag if one of the cases 1-6 holds. Notice that if 4 = 1 then to prove
a1 ~ a9 it is enough to show that the centres of S; and Sy are isomorphic.

19



In case 1(a), S1 ~ Sy is a consequence of Proposmon 3.10.

In case 1(b), ¢ # 2 because if X; = Ap or .Ap then g|d and otherwise ¢ 1 2d. Thus ¢d is odd and
if v; = d then by using Lemma 3.8 one has that S1 ~ U(mq,71,s1) and Sy = U(2mq,7r1,51) ~ 51
with m; odd. Thus Z(S1) ~ Z(S2) and hence one may assume that ¢ = p. Then p is odd and
S1 ~ S5 by Corollary 1.6.

In case 1(c) the centres of S; and Ss are isomorphic to Qg.

2. In this case Z(S1) = Qy, and Q,, C Z(S2) € Qqu, by Lemma 3.8 and the hypothesis
v1|(r — 1)yg. Moreover the hypothesis (a)-(d) imply that [Qgu, : Qv ] =2 = p = [Qqu, : Z(52)] and
hence Z(S2) = Qy, .

3. Let s; = 5/¢%(®). By Lemma 3.8, S; ~ U(vy,r,51) and So ~ U(qui, 1+ (r — 1)qy, 1 + (s1 —
1)qy) ~ U(qui, 7,1+ (s1 — 1)qy), where the last isomorphism is a consequence of v|m/|qgy — 1 and
the hypothesis g|r — 1. In case (b), Z(S1) ~ Qq ~ Z(S2). To prove that S; ~ S5 in case (a) notice
that 14 (s1 —1)gy = 1+ 2(s1 — 1)y = s1 mod 2v; because v1|m/|2y — 1 and s is odd.

4. By Lemma 3.8 in this case S1 ~ U(4d,r,s), So ~U(3d,r,s) if Xy = .A;f;l and So ~ U(6d,1 +
2(r = Dy, 1 +2(s — 1)y) if Xo = Ai,q. Since 2|vi|m then r is odd and hence 1 + (r — 1)yqg = r
mod 6d. Thus S; and S have the same centre (namely Q) and so they are isomorphic.

5(a). In this case vy is odd, S7 ~ U(vy, 7, 5_5”1) and Sy ~ U(2vy = v1,7,5/2) by Lemma 3.8.
Thus Z(S1) ~ Z(S2) and so one may assume that ¢ = p. Thus implies that p is odd, by Corollary
1.6, and applying Lemma 1.1(1) with k = 2 one obtains Sy ~ U (v1,7?%,s) ~ Ss.

5(b). In this case it is easy to prove that Z(S7) ~ Qg ~ Z(S2).

6. In this case S1 ~ U(v1, T, 575”1 ). Since g|s,r—1 then Sy ~ U(qua, 1+ (r—1)yq, 1+ (s—1)yq) ~
U(qua,r, 1+ (s —1)yq). This implies that Z(S7) ~ Z(S2). Thus one may assume that i = p and so
either v; = qug or p,q # 2 and {v1, qua} = {d, 2d} for some integer d. We claim that if v|m with
vg(v) = 1 and ind(Th) = ind(T>) = p for T1 = U((v, ,S_Qj”) and Ty = U(v, 7,1 + (2 — 1)yq) then
T, ~ Ty. To prove the claim first notice that g\m’]yq — 1 and hence ¢(1 — (7 — 1)yq) = s mod v.
If p # q then applying Lemma 1.1(1) for ¥ = ¢ one obtains 71 ~ U(v,r%,s) ~ T,. Otherwise

pEt 1—(2-1
&; =& = 55( (G=Dva) and T ~ Ty by Lemma 3.9. The claim implies that S7 >~ S5 if v; = qus.

In the second case S ~ S5 follows by applying the claim for v = d combined with the isomorphism
U(d,r,s) ~U(2d,r,s) (Corollary 1.6).

Conversely assume that S; ~ S3. We have to prove that one of the conditions 1-6 holds.

If X7 =X = Aif) then Sy, ~ M3(Q,,) and Sy, ~ M3(Q,,) (Lemma 3.8) and hence either
condition 1(a) or 1(b) holds. If X; = Xy # A Jyp then using Lemmas 3.8 and 3.9 one deduces that
one of the conditions of 1 holds.

In the remainder of the proof we assume that X; # X5 and so X9 # .Al‘)p . We write Sy ~
U(ng,ra, s2) with ng, ro and s taken as in the isomorphisms in Lemma 3.8.

Assume that X = Aflgp and in particular ¢|s and ¢|v;. Then the centre of Sy is isomorphic to Q,,
and therefore Q,, is a subfield of index p of Q,, and 72 =1 mod v;y. Since 0,, =p, r Z1 mod vy
and therefore Xy = A;r?q which implies that ro = 14 (r — 1)yq and ny = qua. Thus v1|(r — 1)yq.
Furthermore, ¢(ng) = po(v1), vi|2ne and if ng is even then vi|ng. By Lemma 3.4, p = 2. If ng is
even then % is either 3, 4 or 6 and ged(vy,ng/v1) = 1 and if ng is odd then 2:2 is either 3, 4 or 6
and ged(vy,2n9/v1) = 1. This implies that one of the conditions 2(a)-2(d) holds.

In the remainder of the proof we assume that X; # Ap and write S1 ~ U(n1,r1,s1) with nq,
r1 and s; taken as in the isomorphisms in Lemma 3.8. Since X < Xy < AL" one can take r; = r.
By Lemma 3.9, one of the following conditions holds:

(A) niy = ng.
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(B) {n1,n2} = {d,2d} with d odd.

(C) i =1, p =2 and there exists an integer d such that ged(6,d) = 1, r; =1 mod d and either
{n1,n2} = {3d,4d} or {n1,ns} = {4d,6d}.

We claim that if Xy = A;f,q then g|r — 1. Indeed, if f : S; — S92 is an isomorphism then
a = f‘l(f,llj(s_l)yq) is a central root of unity of S; and therefore a” = a. Applying f to this
equality one deduces that qua = na|(r — 1)(1 + (s — 1)yq) and hence q|r — 1.

Assume that X; = Ai,l and hence X = .A;f,q. Then v4(n2) = 1 and ¢ 1 n; and in particular
ny # ng. If condition (B) holds then ¢ = 2, n; = v; = v2 = d and ng = 2d. If condition (C) holds
then ¢ = 3, v1 = n1 = 4d and ny is either 3d or 6d. Thus one of the conditions of 3 holds.

In the remainder of the proof we assume that X; = Ai,l and hence X3 is either ALI or .A;(;q. Thus
Q‘Ul and QTUQ-

Assume first that ¢ { s. Then ¢?|n; = qu; and ¢? { no. This is not compatible with either (A)
or (B) and hence i = 1, p = ¢ = 2 and there is an integer d satisfying the conditions of (C) such
that n1 = 2v; = 4d and no = v9 = 3d if Xy = .A;l and no = 2v9 = 6d if X9 = A;p. Thus v1 = 2d
and v9 = 3d and so condition 4 holds.

It remains to consider the case g|s. Then ny = v; and s1 = %. Suppose that Xy = A;l, SO
that ng = vy and 19 = r and s2 = sy. Then ¢ { n2 and hence ny # ny. If S; ~ S5 and (B) holds
then ¢ = 2 and v; = 2vq. If (C) holds then p = 2 and either ¢ = 2, v; = 4d and vy = 3d or ¢ = 3,
v1 = 3d and vy = 4d. Thus one of the conditions of 5 holds.

Finally assume that Xy = A;f;q, so that ng = qua, 19 =14+ (r —1)yg and sy = 1+ (s — 1)yq. We
have seen above that ¢|r — 1 and hence one may assume that ro = r. If (A) holds then v; = quy. If
(B) holds then {v1,qua} = {d,2d} with d odd. This implies that ¢ # 2 and if i # 1 then p # 2, by
Corollary 1.6. If (C) holds then either {v1,qu2} = {4d,3d} or {vi, qua} = {4d,6d}. So one of the
conditions of 6 holds. [

We finish with one example that shows how one can obtain finite metacyclic groups with different
isomorphic components with prescribed properties.

Example 3.11 If r =6,p=5,d=5-311=" = =311 = — gy then D =U(d,7,s)
is a division algebra of degree p by Theorem 1.5 and QGaq,p, s has two dngferent simple components
that are isomorphic to D (Theorem 3.6).

Let now D = U(d,r, s) be an arbitrary cyclic division algebra of prime degree p and assume that
ged(6,d) =1 (for example take d,r, s and p as in the previous paragraph). Since ged(6,d) = 1 one
has U(d,r,s) ~ U(d,r2,12s) and therefore one may assume that 12|s. By the Chinese Remainder
Theorem there is an integer r; such that 1 = r mod d, r1 = —1 mod 12. By changing r by r;
one may assume that r = —1 mod 12.

Let G = Gi24,r2p,s and A = Aj24,2ps- By the conditions above 12|r2 — 1 and d|rP — 1, while
3tr—1,44r—1anddf{r—1 Then a1 = (3d,0,1),a2 = (4d,0,1) € Ay, and a1 # a2
by Theorem 2.1. Moreover A1 = Sy, ~ U(3d,r,s) and Az = S,, ~ U(4d,r,s). We claim that
Ms(D) ~ Sq, =~ Sa,, that is a1 # a2, a1 ~ ag and S,, is neither a split algebra nor a division ring.

First notice that the degrees of the three algebras coincides. Indeed, the degree of My(D) is
2p and the degrees of Ay and As are 034(r) and o44(7) respectively. Since ged(6,d) = 1, 03q(r) =
lem(o3(r), 04(r)) = 2p, because r = —1 mod 3 and the degree of D is p. Similarly o4q(r) = 2p. Let
u be a unit of D such that D = Qglu|{qu = ug)), uP = &) and set

0 -1 0 1 0 1
x:§§(1 —1>’ y:5§<—1 0> and “1:“<1 0)‘
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Notice that x is a 3d-th root of unity and y is a 4d-th root of unity. Thus Q3q and Q4q are
strictly maximal subfields of Ms(D). Then Ms(D) = Q(z)[u1] = Q(y)[u1] and it is easy to see that
zu; = wrz”, yup = ury" and u%p = fﬁs = z® = y®, because s is multiple of 12. This proves the

claim.
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