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Abstract. We show that an affine-invariant code C of length pm is
not permutation equivalent to a cyclic code except in the obvious cases:
m = 1 or C is either {0}, the repetition code or its dual.

Affine-invariant codes were firstly introduced by Kasami, Lin and Peter-
son [KLP2] as a generalization of Reed-Muller codes. This class of codes
has received the attention of several authors because of its good algebraic
and decoding properties [D, BCh, ChL, Ho, Hu]. It is well known that every
affine-invariant code can be seen as an ideal of the group algebra of an el-
ementary abelian group in which the group is identified with the standard
base of the ambient space. In particular, if C is a code of prime length
then C is permutation equivalent to a cyclic code. Other obvious affine-
invariant cyclic codes are the trivial code, {0}, the repetition code and the
code form by all the even-like words, provided its length is a prime power.
In this paper we prove that these are the only affine-invariant codes which
are permutation equivalent to a cyclic code.

Our main tools are an intrinsical characterization of group codes obtained
in [BRS] and a description of the group of permutation automorphisms of
non-trivial affine-invariant codes given in [BCh]. These results are reviewed
in Section 1, where we also recall the definition and main properties of
affine-invariant codes. In Section 2 we prove the main result of the paper.

1. Preliminaries

In this section we recall the definition of (left) group code and the in-
trinsical characterization given in [BRS]. We also recall the definition of
affine-invariant code and the description of its group of permutation auto-
morphisms given in [BCh].

All throughout F is a field of order a power of p, where p is a prime
number. The finite field with ps elements is denoted by Fps . For a group G,
we denote by FG the group ring of G with coefficients in F. All the group
theoretical notions used in this paper can be easily founded in [R].

Definition 1. If E is the standard basis of Fn, C ⊆ Fn is a linear code
and G is a group (of order n) then we say that C is a G-code if there is a
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bijection φ : E → G such that the linear extension of φ to an isomorphism
φ : Fn → FG maps C to an ideal of FG.

A group code is a linear code which is a G-code for some group G.
A cyclic group code (respectively, abelian group code, solvable group code,

etc) is a linear code which is G-code for some cyclic group G (respectively,
abelian group, solvable group, etc).

Let Sn denote the group of permutations of n symbols. Every σ ∈ Sn

defines an automorphism of Fn in the obvious way, i.e. σ(x1, . . . , xn) =
(xσ−1(1), . . . , xσ−1(n)). By definition, the group of permutation automor-
phisms of a linear code C of length n is

PAut(C) = {σ ∈ Sn : σ(C) = C}.
An intrinsical characterization of group codes C in terms of PAut(C) has

been obtained in [BRS]. Four our purposes we only need to consider abelian
groups. So we record in the following theorem the specialization of [BRS,
Theorem 1.2] to abelian groups.

Theorem 2. [BRS] Let C be a linear code of length n over a field F and
G a finite abelian group of order n. Then C is a G-code if and only if G is
isomorphic to a transitive subgroup H of Sn.

In the remainder of the paper we assume that I = Fpm . Often we will
be only using the underlying additive structure of I; for example, FI is the
group algebra of this additive group with coefficients in F. Let S(I) denote
the group of permutations of I. Every element of S(I) induces a unique
F-linear bijection of the group algebra FI. For an F-subspace C of FI, let
PAut(C) = {σ ∈ S(I) : σ(C) = C}.

An affine-invariant code is an F-subspace C of FI formed by even-like
words such that PAut(C) contains the maps of the form x ∈ I 7→ αx + β,
with α ∈ I∗ = {a ∈ I : a 6= 0} and β ∈ I. These maps are called affine
transformations of I.

Observe that if Fpm
is identified with FI via some bijection from {1, . . . , pm}

to I, then the linear codes of length pm correspond to subspaces of FI in
such a way that the groups of permutations automorphisms agree. There-
fore if C is a subspace of FI and G is a group then C is a left G-code if
and only if PAut(C) contains a regular subgroup H of S(I) isomorphic to
G and it is a G-code if H can be selected such that CS(I)(H) ⊆ PAut(C).

Affine-invariant codes can be seen as extended cyclic codes. Recall that
a cyclic code C of length n over F is a subspace of Fn which is closed
under cyclic permutations, that is if (x1, x2, . . . , xn−1, xn) is an element of
C then so is (xn, x1, x2, . . . , xn−1). Cyclic codes are cyclic group codes via
the bijection φ : E → G given by φ(ei) = gi−1, where E = {e1, . . . , en} is
the standard basis of Fn and G is a cyclic group of order n generated by
g. Conversely, any ideal of the group algebra FG, with G a cyclic group
of order n can be seen as a cyclic code with a suitable identification of the
elements of G with the coordinates.
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The zeroes of a cyclic code C of length n are the n-th roots of unity α such
that x0 +x1α+x2α

2 + · · ·+xn−1α
n−1 = 0, for every (x0, x1, . . . , xn−1) ∈ C.

It is well known that every cyclic code is uniquely determined by its zeroes
and conversely, if ζ is a primitive n-th root of unity and D is a union of
q-cyclotomic classes modulo n then there is a unique q-ary cyclic code of
length n whose set of zeroes is {ζi : i ∈ D}.

Let C ⊆ FI be an affine-invariant code and let C∗ denote the code ob-
tained by puncturing C at the coordinate labelled by 0. The permutation
automorphisms of C which fix 0 induces permutation automorphisms of C∗.
In particular, PAut(C∗) contains the maps of the form x → αx, for α ∈ I∗.
This maps form a cyclic group isomorphic to the group of units of the field
I. So, C∗ is a cyclic group code and C is the extended code obtained by
adding a parity check coordinate.

However not every code obtained by extending a cyclic code of length
pm − 1 is affine-invariant. We recall a characterization of Kasami, Lin and
Peterson of the extended cyclic codes which are affine-invariant in terms of
the roots of the cyclic code [KLP1].

The p-adic expansion of a non-negative integer x is the list of integers
(x0, x1, . . . ) with 0 ≤ xi < p and x =

∑
i≥0 xip

i. The p-adic expansion
yields a partial ordering in the set of positive integers by setting x � y if
xi ≤ yi, for every i, where (xi) and (yi) are the p-adic expansions of x and
y, respectively.

Let n = pm − 1 and let α be a primitive element of I, i.e. a generator
of I∗. Identify the standard basis of Fn, E = {e1, . . . , en}, with I∗ via the
map ei 7→ αi−1. A cyclic code C∗ of length n is determined by the following
set

DC∗ = {i : 0 ≤ i < n, αi is a zero of C∗}.
Since C∗ is a q-ary cyclic code, with q = pr, the set DC∗ is invariant under
multiplication by q modulo n, that is, DC∗ is a union of q-cyclotomic classes
modulo n. Conversely, every union D of q-cyclotomic classes modulo n,
yields to a uniquely defined cyclic code C∗ of length n with D = DC∗ . If C∗

is a cyclic code and C is its corresponding extended code then the defining
set of C is by definition DC = DC∗ ∪ {0} if 0 6∈ DC , and DC = DC∗ ∪ {n}
if 0 ∈ DC∗ .

Proposition 3. [KLP1][Hu, Corollary 3.5] Let C∗ be a cyclic code of length
n = pm − 1 and C the extended code of C∗. Then C is affine-invariant if
and only if DC satisfy the following condition for every 1 ≤ s, t ≤ n:

(1) s � t and t ∈ DC ⇒ s ∈ DC .

The trivial code and the repetition code of length n are cyclic with defining
sets {0, 1, 2, . . . , n − 1} and {1, 2, . . . , n − 1} respectively. Their duals, i.e.
Fn and the space of all the even-like words, are also cyclic with defining
sets ∅ and {0}. Recall that a word (x1, . . . , xn) is even-like if

∑n
i=1 xi = 0.

When n = pm − 1, except for the last one, all the others give rise to affine-
invariant codes of length pm: the trivial code, the repetition code and the
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code formed by the even-like words. These three codes are known as the
trivial affine-invariant codes.

For future use we describe the affine-invariant codes of length 4.

Example 4 (Affine-invariant codes of length 4). Let D be the defining set
of an affine-invariant code C of length 4 over F2r . Then C is trivial as
an affine-invariant code if and only if D is either {0}, {0, 1, 2} or {0, 1, 2, 3}.
Since D is invariant by multiplication by 2r modulo 3 and satisfies condition
(1), if r is odd then there are not non trivial affine-invariant codes. However,
if r is even then there are two non-trivial affine-invariant codes with defining
sets {0, 1} and {0, 2} respectively.

If C is a trivial affine-invariant code then PAut(C) = Sn, and therefore
C is G-code for every group G of order pm. So to avoid trivialities, in the
remainder of the paper all the affine-invariant codes are suppose to be non-
trivial. The group of permutations of a (non-trivial) affine-invariant code
has been described by Berger and Charpin [BCh]. In order to present their
description we need to introduce some notation.

We use the notation N o G to represent a semidirect product of N by G
via some action of G on N , which is going to be clear from the context. That
is, N and G are groups and there is a group homomorphism σ : G → Aut(N)
associating g ∈ G to σg. The underlying set of N o G is the direct product
N ×G and the product is given by (n1, g1)(n2, g2) = (n1σg1(n2), g1g2).

For every d|m let GL(IF
pd

) and Affd(I) denote the groups of linear and
affine transformations of I as vector space over Fpd . The group of Fpd-
automorphisms of the field I is denoted by Gal(I/Fpd). We identify every
element y ∈ I with the translation x 7→ x+y. Then Affd(I) = IoGL(IF

pd
).

Given two divisors a and b of m with b|a, let

Ga,b = {f ∈ GL(IF
pb

) : f is τ − semilinear for some τ ∈ Gal(Fpa/Fpb)}.

We claim that Ga,b = 〈GL(IFpa ),Gal(I/Fpb)〉. Indeed, if f is τ -semilinear
with τ ∈ Gal(Fpa/Fpb) then τ is the restriction of σ for some σ ∈ Gal(I/Fpb)
and fσ−1 ∈ GL(IFpa ).

Theorem 5. [BCh, Corollary 2] Let C be a non-trivial affine-invariant code
of length pm over Fq, with q = pr. Let

a = a(C) = min{d|m : Affd(I) ⊆ PAut(C)},
b = b(C) = min{d ≥ 1 : pdDC = DC}

Then b|r, b|a|m and

PAut(C) = 〈Affa(I),Gal(I/Fpb)〉 = I o Ga,b.

A method to compute a(C) and b(C) was firstly obtained by Delsarte [D].
Later, Berger and Charpin founded two alternative methods to calculate
a(C) and b(C) which are sometimes computationally simpler [BCh].
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2. Affine-invariant cyclic group codes

Let C be an affine-invariant code. Then C is an I-code, since the group
of translations of I (which we have identified with the additive group I) is a
transitive subgroup of S(I) contained in PAut(C). So every affine-invariant
code is an elementary abelian group code. In particular, if the length of C
is prime then C is a cyclic group code. Next result shows that this one is
the only type of non-trivial affine-invariant cyclic group codes.

Theorem 6. A non-trivial affine-invariant code is permutation equivalent
to a cyclic code if and only if it has prime length.

Proof. Assume that C is a non trivial affine-invariant code of length pm

which is permutation equivalent to a cyclic code. Then C is a cyclic group
code. By Theorem 2, this implies that G = PAut(C) contains a cyclic
subgroup of order pm or equivalently G contains an element of order pm.
Let a = a(C), b = b(C), as in Theorem 5 and h = m/a. Let pt be the
maximum p-th power dividing a/b, and pu the minimum p-th power greater
or equal than h. We first show that the existence of an element g of order
pm in G implies a strong relation on these parameters which reduces to some
few cases.

By Theorem 5, G = IoGa,b. Furthermore H = IoGL(IFpa ) is a normal
subgroup of index a/b in G. Since the order of G is a p-th power and pt

is the maximum p-th power dividing a/b, gpt
is an element of order pm−t

in H. Furthermore, H is isomorphic to Fh
pa o GLh(Fpa), where GLh(Fpa) is

the group of invertible h×h matrices with entries in Fpa . Therefore there is
an element (x,A) ∈ Fh

pa o GLh(Fpa) of order pm−t. This implies that A has
order pk with m−t−1 ≤ k. Since the order of A is a power of p, and the fields
of characteristic p do not have elements of orden p, the only eigenvalue of A
is 1. We may assume that A is given in Jordan form and hence A = I + N
where N is an upper triangular matrix with zeroes in the diagonal. Then
Npu

= 0 and therefore Apu
= I. Thus m − t − 1 ≤ k ≤ u = dlogp(h)e and

we conclude that

(2) m ≤ 1 + t + dlogp(h)e < 2 + logp(a) + logp(h) = 2 + logp(m).

We have to prove that m = 1. Otherwise, (2) implies that either m = 2 or
m = 3 and p = 2.

Case 1: m = 2. We claim that in this case p = 2. Indeed, if p > 2
then 0 < logp(2) < 1 and t = 0, since pt divides m = 2. Hence 2 = m ≤
1 + dlogp(h)e ≤ 1 + dlogp(m)e = 2 and so h = 2.

Hence (x,A) is an element of order p2 in F2
p o GL2(Fp). Thus there

are x1, x2, y ∈ Fp such that ((x1, x2), A)p 6= (0, 1), where A =
(

1 y
0 1

)
.
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However

((x1, x2), A)p =
((∑p−1

i=0 (x1 + iyx2), py
)

, Ap
)

=
((

p(p−1)
2 yx2, 0

)
, 1

)
= (0, 1),

which is the desired contradiction.
Hence p = 2 and so C has length 4. Since C is non-trivial as affine-

invariant code, by Example 4, r is even and DC = {0, 1} or {0, 2}. By
the definition of b(C) we have b = 2 and hence a = 2. We deduce that
PAut(C) = I o F∗4. Hence I ' F2

p is the only subgroup of order 4 of
PAut(C) and we conclude that C is not cyclic group code.

Case 2: m = 3 and p = 2. Then t = 0 and 3 ≤ 1 + dlog2(h)e ≤
1+dlog2(m)e = 3, by (2). Thus h = 3, or equivalently a = 1 and hence b = 1.
Thus (x, A) is an element of order 8 in F3

2oGL3(F2). Then u = dlog2(3)e = 2
and so A4 = 1. If A2 = 1 then x4 = 1, a contradiction. Therefore A is a
Jordan matrix of order 4 and thus

A =

 1 1 0
0 1 1
0 0 1


However I+A+A2+A3 = 0. Then (x,A)4 = ((I+A+A2+A3)x,A4) = (0, 1),
a contradiction. �
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